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Abstract

In this paper, we apply Cartan’s equivalence method to distribution of

planes to give a proof of the local equivalence between two planes.
1. Introduction

Elie Cartan, in the years 1905-1910, has laid down a method for
determining if two geometric structures are equivalent. The authors in [8, 9]
have expanded the method, and later in the years 1997-1998 by Bryant et al.
in [10], who have clarified the methodology of Cartan. The general
classification problems for symplectic Monge-Ampere equations were
studied in [1, 3, 4, 7, 14, 15], and others: they showed that to any differential
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2-form ® in the manifold of 1-jets of functions on a 2-dimensional smooth
manifold M, J IM, we can associate a Monge-Ampere equation £, which

is entirely determined by the sign of the Pfaffian function Pf(w) at each

pointof D < J M. Locally, the application of Cartan’s method to study the
equivalence problem to classify Monge-Ampere equations in [11, 12] in two
variables leads to three non-zero orbits: a negative space, a null space and
a positive space, which correspond, respectively, to three types of Monge-
Ampeére equations: hyperbolic, parabolic and elliptic equations. In [10],
Bryant et al. applied the equivalence method to classify Monge-Ampere
equations of hyperbolic type and the elliptic type in [6]. The works of
Kushner et al. in [2, 13] contain results on equivalence of Monge-Ampere
equation to homogeneous Laplace equation. Those results are formulated in
terms of the number of coefficients in the Monge-Ampere equation and can
be explicitly satisfied with just finite number of usual algebraic operations
and partial differentiations.

Our aim in this work is to apply the equivalence method to distribution
of two planes. The proof of the local equivalence of two planes is carried
out in two steps: in the first step, we define for a smooth manifold M a

G-structure for some subgroup G of GL(n, R), and in the second, we define

the fundamental formula for the equivalence method given in [9] by
do=—-0A®+T,
where 1 e Q° (M x G) is the torsion of the pseudo-connection ¢ and

o= ("), forms a local coframe. Finally, we follow the Cartan’s

equivalence method to prove that the system of structural equations is
involutive, which according to Cartan, gives the local equivalence.

2. Basic Definition

Let M be an n-dimensional smooth manifold, where n € N and G be a

subgroup of GL(n, R). Then a G-structure of basis M is a reduction of the
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coframe bundle of M. In other words, Vx € M, denoted by (¢,),.,, 2

basis of 7,.M and R(M) smooth manifold contains the set of frames of
M. For all frames R = (x, {¢,}) and g € GL(n, R),

R-g= (x’ {E’L}) with e, = ezg}'

We define a right action of GL(n, R) over R(M), a G-structure,
denoted G, is a submanifold G < R(M) having the property:

VReG, VgeGL(n,R), R-geg ifandonlyif g e G.

This means that two frames of G are in the same bundle (two frames have

the same origin x) if and only if they are deduced from one another by a
transformation matrix in the group G. This group is called structural
group of G. For example, R(M) is a GL(n, R)-structure, while the

orthonormal basis of Riemannian manifold is an O(n, R)-structure.

Each diffeomorphism ¢ : M — M, can be extended uniquely in
a diffeomorphism ¢ : R(M) - R(M), for each frame R = (x, {¢,}),

denote:
®(R) = (p(x), {g,}) with &, = ¢'(x)e,, (1)

where ¢'(x) is the Jacobian matrix of ¢(x), then Vg € GL(n, R), we can
prove that

(R -g)=9¢R) g

Definition 2.1. Two G-structures G and G having M and M bases
are equivalent if there exists a diffeomorphism ¢ : M — M such that the
extension ¢ : R(M) — R(M) defined by (1) satisfies

*G)=G.
Then we can write G ~ G, the restriction of ¢ to the manifold G ¢ R(M)

is an isomorphism of G into G.
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Let us now recall some properties for local equivalence of two G-
structures.

Definition 2.2. Let G c R(M) and G c R(M) be two G-structures.
Then we say that G and G are locally equivalent in (x, X) e Mx M
if there exist neighborhoods U of x and U of X and an isomorphism

0:Gly = Glg-

Proposition 2.3 [10]. Let 0 and © be two canonical forms defined
over two G-structures G and G, and let ¢ :G — G be a diffeomorphism

between these two manifolds. Then the following conditions are equivalent:

(1) The diffeomorphism ¢ is an isomorphism of G-structures.
(2) The diffeomorphism § satisfies ¢*(0) = 6.
The diffeomorphism ¢ : G — G is an isomorphism of G-structure if and

only if $*(8) = 0, this means that the graph of ¢ in G x G satisfies the Pfaff
system in [10]:

0=0,
0! A A0 % 0.
Theorem 2.4 (Darboux). Let (), M;) and (Q,, My) be symplectic

manifolds of the same dimension. Then for any two points a € M,

and b e M,, there exist neighborhoods O;>a and O, >b and a

diffeomorphism ¢ : O — O, such that ¢(a) = b and ¢"(0,) = O;.
Corollary 2.5 [13]. Let (Q, M) be a 2n-dimensional symplectic

manifold. Then for any point a € M, there exist local canonical

coordinates (¢', ..., ¢", Dl> s Pp) Such that gq'(a)= p,(a)=0, for

1=1, .., n and Q has the following canonical form:

n
Q= Z:a?qZ A dp,.
1=1
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3. Application of Equivalence Problem to Distribution of Planes

In this section, the equivalence problem is applied locally to give
equivalence between two planes on contact manifold of dimension 5. Then a
criterion in terms of the differential invariants is obtained for a given system
to be locally equivalent to the system associated to the linear homogeneous
Laplace equation or to a Euler-Lagrange system. On the contact manifold

M, one can locally find a coframing ® = g_ln, where 1 is a local section

from G > M and g € g. The exterior derivative of this equation is

do = g_ldg A+ g_ldn. 2)

Definition 3.1. Let G € GL(n, R) be a subgroup and B = M xG.
Then a G-structure B — M is a principal subbundle of the coframe bundle
F(M) — M, having G as a group of structure. A pseudo-connection in the
G-structure is a g-valued 1-form on B whose restriction to the fiber tangent
spaces V;, < T B equals the identification Vj, = g induced by the right

G-action on B.
Let us introduce a pseudo-connection ¢ € QI(B) ® g that satisfies the
fundamental formula for the equivalence method given in [9] by:

do=—p A o+T,

where t € Q2 (B) is the torsion of the pseudo-connection @. A consequence

of 2),for 0<4, 3, k<4 is

¢=-g 'dg and t= g ldn = %Tfkoﬂ A of.

3.1. Calculation of structural equations
The first step of equivalence method of Cartan is to calculate the
structural equations. Let us consider M = R3. Given two distributions of

planes D and D in the Grassmannian bundle Gry(R>) in [5] defined by:
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D:{R3 5 x b P(x) e Grn(R%)},
D:{R*3x P(x)e Grz(R3)}.

There exists a diffeomorphism @ : R® — R® such that d(® (P(x))) =

P(®(x)) is not always true. In this study, we tried to find some conditions
such that an application can be a diffeomorphism.

Denote by (e;, e, e3) a basis of R> such that (e[, e,) a basis of P(x).
Denote by R(R?) the bundle of frame in R>, denote G € R(R?) such that
G=R>xS and

a a b
s[4 Bl_|4 2 3
= =|a ar b2 c GL(3, R )
0 0 b
: i 12 12
with the condition ajay — ayai # by # 0.

A local section o of G is given by vector field, in other words, an

application
R3 5 x b o(x) € G with o(x) = (x, (X;(x), X5(x), X3(x))),
where (X7(x), X5(x)) is a basis of P(x). Any frame R € G of origin x is

deduced in a single way from o(x) by right multiplication by a group matrix

G. Let g € G such that
o(x)=R-g.
Then an element of G is given by a pair (x, g) € R3 x S. Forall x e R3,

there exists a basis (v|(x), vy(x)) of P(x) < T xR3. By considering v3(x),

we obtain a basis (vj(x), vo(x), v3(x)) of T xR3:
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al a b
x, (. va, ) ()| @y a3 by ||ed
0 0 b

Consider the 1-form 0 = (8!, 62, 6%) of coframe defined by

dal dab  db

3

0% = > f{(x, 4, b)dx* and dS = {dx,|day da3 db
k=l 0 0 db

Locally, we have 6 = So or 6 = Sy0”, in other words, 69 = Sfw’.

Then
do=d(Sw)=dS A+ S -do
=(dS- S ASo+ S do
=(dS-STHAO+S-do. 3)
d0“ in the basis of 2-forms differential of G :
do% = d(Sfo’) = dSf A o + 8§ - do.

Consider a coframe: & = (Ttl, ves n7) of the structural group G. Then the
set (0, ©) forms a coframe of G-structure G = M x S. We can prove that
ds -S7' is a matrix of forms of Maurer-Cartan, then there exists a tensor
Afl, such that (dS - S71)¢ = 4fi.n¢. We have 6% = Sfw”, then we can find
a tensor T, such that Sf - dw” = 720" A 6°. Then the decomposition of

d0% in the basis of 2-forms of the differential of G have the form:

do% = Af.n¢ A 00 + 740" A 0°.
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Let us calculate the Maurer-Cartan forms of group G:

2 2
2 2 aiby —ayh
1 1 a —q A
day day db 3
la 1 2 2 11 ash —ajb
(dS . S )b = 12 2 dal da2 db2 —(12 al b—
aja; — araj 3
0 0 dby 2
a4y — aq
0 0
by
which can be written as
o o
as-s'=|n* o x ,
0 0 n
where nl, - n’ are the Maurer-Cartan forms which satisfy:
1 _ 1 2,1 1,1
s —ﬁ((lzdﬂl —azdaz),
aja; —azaj
2 1 1,1 2,1
s :ﬁ(aldaz - a dal),
ajaz —azag
2 2 1 1 12 12
1 aib, —as>b arb; — a;b aja, —aa
713:12 — 102 21da11+21 12da%+12 21db1,
aja; —azaj by by
4 1 2,2 1,2
T :ﬁ(azdal —azdaz),
ajay —axay
5 1 1,2 2,2
T = ﬁ(aldaz —a da1 ),
ajay —ara
2 2 1 1 1.2 1 2
1 aib, —asb arby — aib aja, — ara
n6:12 — 102 21da12+21 12da%+12 21db2,
aja; —aray b3 b3 b3
7 1
n' =—db;.
by 3
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Since do” is a 2-form, it can be written

b _ b na c
do” = Zace{12,23,31}B“Ce no

The calculation of structure equation gives:
do' =x' A0l 472 A02 470 A 01 +T11261 Nk +T21392 NCE +T31193 Aol
d0? =n* A0+ 12 A0 + 70 A 0%+ 7201 A 0% + T30% A 03 + TH0 A0,
d0> =1’ A 0%+ T30 A 0% + 75502 A 0° + 75,0 A 0!,
where:
1 1,1 1,2 3
Tty = 1By + apBi + by By,

| | pl ) 3
Th3 = a1 B3 + ayBy3 + by B3,

1 1,1 1,2 3

T31 = a1B31 + ay B3 + b B3y,
2 2l 2,2 3

T3 = ai Biy + a3 By + by By,

2 2,1 2,2 3
T53 = ai By3 + a3 Byz + by B33,

2 21 2.2 3

T37 = ai B3| + a3 B3| + by B3y,
3 3

T2 = b3Bpy,

3 3
T53 = b3 B3,

3 3
T3 = b3B3).
3.2. Absorption of the torsion

The second step of Cartan’s algorithm consists to simplify the maximum
of coefficients T, fc in structure equations. We change the forms, for

1=1,..7,

' =n' + 1,09
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We obtain some relations in the form:

b b bt b a1
Tc;c =Tye + Aczka - Aaz)‘w

' =n+ AO, where A = (%) is a matrix of functions “unknowns”, we

have T' = T + L(A), where L is a linear operator which depends only on the

tensor Aj... We start by changing the form n'* = * + 1,0,

We obtain:

Ty = Ty =2y + A4,
nl=Th -2 +33,
nl=r -+,
=75 - 2% + 3,
3 =Th - 23 +25,
Tf =T -2+,
T3 = Ty,

T35 =T33 + A5,

, 3.7
I3y =131 — M.

Then we can choose the parameters klz, k23, k3, 24 , B , l6,

“

7& and ?jz such

that the new coefficients 7' are zero, except Tl'g = T132 which is invariant.

Then to absorb the torsion, we should suppose:
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S T11292,

R o T21393,

TCS - TCS - T31191,
ot - T12292,
TES —> TES - T22393,

7% > b - T32191,

TC7 —> TC7 — T33161 + T23392.

This means © = © + A(l)e, where

0 -7, o0
0 0 -Th
) 0
AD — 0 _Tl22 0
0 0 -Th
T4 0 0
T3 T 0

The variables A}, 2%, 23,23, 23,33, 4%, 04, 23,323,258, 28 and 2] are
arbitrary. Write

AQ2) @0l
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Then, if we change the form © — © + A® with A = A(l) + A2, the structure

equations become
do' =gl A0l + P A 0%+ 10 /\63,
do? =n* A0+ A 0% + /\93,
do’ =n’ A 0> + 750" A 62,
: 3 _ 3 . . .
with 775 = b3By, is an invariant.
3.3. Normalisation

Suppose that A = T132. Then we can write:

dd0®)=dn’ A0 —n" Ad0> +dh A0 A0% —2d0! A 0% + 20! A d0?
=dn’ A0 —an’ AB' A 0% +dh A0 A0+ A0 A G2
+ AT A A 62,
A0 AT A02 —n0l AR A0 = (@h - MnT = (! + 7))
A 6" A 6% mod 6°.
Horizontally, according to 0! A 07 A O , we have
dh=Mn’ = (x' + 7).

Consider the sub Gj-structure G; < G, such that the subgroup G; < G

acts on

1 1
ay ay b
S=|ab a3 b, |eGLE3, R?), where
0 0 b

aja3 — ayat

B =1.
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We can normalize Gj to the subgroup

1 00
S=[0 1 0|eGLB3,R?), with p>0and p'a =1.
0 0 p

Then we have the fundamental formula of equivalence method

d9=nAD+rT,
where
i o 7
n=|n* © =
0 0 =’

Recalculate after the structure equations in the new subgroup with

condition n! + 1> = 1’. Now, it is not possible to change the form. After

new absorption of torsion, we can find the new structure equation in the

form:
do' =7 A0+ 12 A 0% + 1P A0,
d0? =Tc4/\91+7t5/\92+7c6/\93,
do® = (' + ©°) A 0> + 20! A 0%
Then

0=d(d0>)=dr 0" A0%>mod6’.
Then, on G;, normalize A = 1. In fact, denote the change of form:
0! « 6!,
0% « 02,

03 0> =plo’.
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Then
do’ =d(p 1) =dp ' A 0% +p I (n! + ) A 07 + 10! A 0?)
=dp_1 NG +(Tc1 +n5)/\§3 +0l A 0%

We have a’p_1 is semi-basis, then there exist functions a and [ such

7

that dp_1 = of + BOZ, then absorb in ' without changing the expression

n' +7° =n’. The equation of structure can be written:

do' = A0+ 72 /\92+n3/\93,
do? =n* A0l + 10 A 0% + 10 A0, (5)
do® = (r' + )~ 0> + 0! A 0.

3.4. Involution test (test of Cartan)

Assume that we have an equivalence problem in the basis (91, .y 07).
Denote by r the dimension of group Gj. The equation of structure can be

written as:

n r n
do? = ZZA;knk A0+ Z 767 A of, 1=1..n (6)
J=1 k=1 3:1=1

where 7% are the Maurer-Cartan forms and A;k are the coefficients of
structure. We can write n* = K’;GJ, then we obtain the following system,

where the unknowns are ?J; :
r
Z(A‘;k}\l]; - Alzk)\’];) = T;k’ Z’ ]7 l = 17 ey n’ ] < k' (7)
k=1

Definition 3.2. Denote by r1) the number of independent variables in
the linear system:
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,
Z(Agzkklf —Ay=0, wal=1.un j<k (8)
k=1

In other words, ) is the dimension of the solutions of the system (8).

In the example of p-plane, we have » = 6 and n = 3. In (5), replacing
ik by ?Jf ol + 7»]592 + k’§93 , we obtain the following linear system:
1 3 2 3
7\, - 7\,1 = )\, - )\,2 = 0,
4 6 6 5
7\, - }\,1 = 7\, - 7\,3 = 0,

€)]
A=, = -3,

4 5 1
Ay =21 = =M.
In equations (9), the ten variables Ah, Ak, 23, 23, 2%, 28, 23, 23,
K63, ?fl‘ can be selected arbitrarily. We have

MO

To continue the description of the involution test of Cartan, we define
the reduced characters of Cartan.

Definition 3.3. Denoting X = (x', .., ") e R” and the matrix M of

dimension n x r defined by

n
M(X)=Mp(X):= ZA;kx], =1L ..n k=1,..,r
7=1
In this definition, A;k are defined in (7). Then, if we denote by
S1s - Sy_15 Sy, the reduced characters of Cartan, one defines:
M(X;)
S|+t s = max  rg :

; .
Xl,...,XkER M(Xk)

and s,, is defined by the equation sy + -+ s, + 5, = 7.
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Definition 3.4. Denote by 0 a basis of cotangent bundle 7,R and
81, ..., S, the reduced characters of Cartan, denote by (1) defined in (3.2).
Then we say that 0 is involutive if Cartan test satisfies:
S|+ 285 + -+ ns), = A0,
Remark 3.5. One has always:

’

A < S| + 285 + -+ ns),.

In our problem, we have in equations (5), » = 3 and » = 6. Then

1 1.1 0 0 O
(A3 + A3 + Ay )j<,<3 =10 0 0 1 1 1.
1<k<6
1 0001 0

Then, for X = (xl, xz, x3) IS R3, we find
X2 0 0 0

X X
MX)=|0 0 0 x x* x| (10)
0 0

x3

For X =(0, 0,1), we have rgM(0,0,1) =3, then s{ =3. And we

have:
X x2 X 0 0 o0
0 0 0 x x* ¥
o X0 0 0 X 0
§] + 8§ = max rg | ) 3
X,yeR? |y y* 3> 0 0 0
0 0 0 » 0




Application of Cartan’s Equivalence Method ... 129

For X =(0,0,1) and ¥ = (1, 1, 0), then s7 + s5 = 5, which gives

sh=2and s3=6-3-2=1.

We have 51 + 2s5 +3s5 =10 = (), then the system (5) is involutive.

Conclusion 3.6. The equivalence method of Cartan is a crucial tool to

prove the local equivalence between two G-structures. Hence, we defined a

structure of distribution of planes over a manifold M and used this method

to prove the local equivalence between two planes.
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