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Abstract

This paper focuses on obtaining the exact solution of the functional

differential equation: y'(¢) = ay(t) + by(—t) subject to the initial
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condition y(0) = A. The standard series approach is applied to obtain

the solution in a power series form. The convergence issue is
addressed. In addition, the exact solution is established in terms of
elementary functions such as hyperbolic and trigonometric functions.
The exact solutions of some special cases, at particular choices of a
and b, are determined. The obtained results may be introduced for the
first time regarding the solution of the current problem.

1. Introduction

In this paper, we consider a specia kind of a delay differential equation
(DDE) in the form:

y'(t) = ay(t) + by(-t), y(0) = A4, N

where a, b, L € R. The initial vaue problem (IVP) (1) is a special case of
the pantograph delay equation [1-10]. The pantograph is a particular device
which collects the current in electric trains. In fact, the IVP (1) can be solved
via several approaches such as the Adomian decomposition method (ADM)
[11], the homotopy perturbation method (HPM) [12], and the Laplace
transform method [13-17]. However, the standard series method is preferred
in this work for its simplicity when compared with the above approaches.
The standard series method was successfully applied to solve the delay
differential equation describing the light absorption in interstellar physics
(known as the Ambartsumian model) under different situations [18-20]. So,
the objective of this work is to extend the application of the standard series
method to deal with the present model. The convergence issue will be
addressed. In addition, it will be shown that the power series solution has
other equivalent forms in terms of elementary functions such as the
hyperbolic functions, the Mittag-Leffler functions, and the trigonometric
functions.

Also, the IVP (1) enjoys several interesting special cases of the constants
aand bsuchas a=0,a+b=0, and a-b=0. The exact solutions of

such specia cases will aso be constructed in a direct manner. Moreover, the
special case b = 0 is not considered here. Thisis because it isatrivia case
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in which the corresponding exact solution is already well known as
y(t) = re?,

2. The Standard Series M ethod

Here, we apply the standard series method in the form:
y(t) = D ont", 2
n=0

to search for a solution of equation (1). Substituting (2) into (1), we have

Z nogt" ™t = az ont" + bz on(-1)"t", (3)
n=1 n=0 n=0
i.e.,
D (n+Donat" = > (@a+(-)"b)ont". (4
n=0 n=0
Thus
D [+ Dopeg - (@+ () "b)op]t" =0, (5)
n=0
which leads to
(N+Dopy1 — @+ (-D)"b)o, = 0. (6)
Therefore,

a+(-1)"b
On41 = {%}mn, n>0. (7)
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Accordingly,

1
ol :i(a+ b)og,
1 1 2 )
®2 —E(a—b)ml _E(a b*) o,
03 = %(a+ b)wy = %(a2 —b2)(a+ b)wp,

1 1
Wg = Z(a_ b)wg = Z(az - bz)zﬁ)o,

o5 = %(a+ b)oy = é(a2 ~b2)%(a + b)og,
_1 1. 2 23
g —E(a—b)w5 —a(a b*) e,

1 1
07 == (a+b)og = ﬁ(a2 ~b?)3(a + b)wy,

)
Applying the initial condition y(0) = A on the series (3) gives ®g = A. In

view of (8), the coefficients w,, can be compacted in the form

n
i(az - b?)3, if n=2, 4,6, ... (even),
!
(Dn = (9)

by n+1 n-1
ﬁ(a +b)2 (a-b)y 2, if n=135, .. (odd).

2.1. Convergence

Theorem 1. For all a, b € R, the series

y(t) = Y ont", (10)
n=0
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with the o, defined by (8) or (9) has an infinite radius of convergence and
hence the series converges, vVt € R.

Proof. Assume that p is the radius of convergence. Then the ratio test
leads to

n+1
L jim [ ot T gy [ ©ned g
P now ont n—ow| On
= lim a+ ()" It (12)
N—o0 n+1 .

The term (-1)" = +1 according to n is even or odd, hence, the limit (11)

becomes
1=|im‘aib‘|t|=o, va b teR, (12)
p n—oo n+1

which compl etes the proof. O

3. The Exact Solution

In this section, the solution of the IVP (1) is to be expressed in exact
forms in terms of some elementary functions such as the Mittag-L effler, the
hyperbolic, and the trigonometric functions. First of all, the series solution
(2) can be written as

y(t) = wg + Zmntn

n=1
0 0
= K+Zm t2n_1+2m t2n (13)
2n—1 2n 1
n=1 n=1

where wo,_1 and w,, areobtained from (9) as

Ot = 5 (a+b)"(@a-b)"L

Gn T (@% - p?)".  (14)

S
2n—m
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Accordingly, equation (13) becomes

o]

© .2n-1
y(t) = 7{1+ Zﬁ(a +b)(a-b)" 1+ Z
n=1 n=1

2n
(tzn)! (a2 - bz)n:|1 (15)

i.e.,

0 2n+1 0 2n+2
y(t) = 7{1+ Zﬁ(a o)™ a-b)" + Zﬁ(a2 - b2)”+1].
n=0 n=0

(16)
3.1. Solution in terms of hyperbalic trigonometric functions (a > b)

We have from (16) that

W 2n,2n+1 W 2n+2,2n+2
y) = {“ (a+ b)z be (2n +)1)I Z_%)( (2n)+ 2)

_ aeb i( [42 _ 2 )N+ 20+ . i( [32 _ b2t)2”+1

=M1+
Va2 _p2 o (2n+1) (2n + 2)

[T R
=15 Z( (2n+1§' nzz;)( (2n+2))|

(2n)!

=1 1/a+ sinh(va? —bzt)+z( a _bzt)zn]

= x_,/ Zi E sinh(vVa? - b?t) + cosh(va? — bZI)}, a>h. (17)

3.2. Solution in terms of Mittag-L effler functions

Here, it is noted that equation (16) can be written using the Gamma
function in the form:
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= g2ntl ©p2n+2
y(t) = 7{1+ZF(2 ) (a+b)"a- b)n+2r(2 3 (a® —b2)”+1}
(18)
or
(@ =bH)t%)" ((a® - b?)t?)"
y(t) = 7{1+(a+b)tZW+(a bz)tzzm}_
(19)

Using the definition of the two-parameter Mittag-L effler function

Eq,p(2) = nz_;,—F(wZ] B (20)

equation (19) takes the following final form:
y(t) = A[L+ (a+ b)tE, »((a% - b?)t?) + (a® — b?)t?E; 5((a% - b?)t?)]. (22)

This last form can aso be used to establish the solution in terms of
trigonometric functions via some properties of the Mittag-L effler functions.
This point is declared below.

3.3. Solution in terms of trigonometric functions (b > a)

Supposethat b > a. Then we can rewrite (21) as
y(t) = AL+ (a+ b)tEy o(—(Vb? — a®t)?)
~ (b® - a*)t°E; 3(- (Vb - a’1)?)]. (22)
Applying the following properties:

o) = S0, B = 1002 (23
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for z=b% — azt, we have

. 2 2
By 2(-(Vb? - a1)?) = Wﬁ f_ajt‘) (24)
(a2 2
Ez,g(—(vbz—azt)2)=1_(0;’23(_22)15 3 (25)

Substituting (24) and (25) into (33) and simplifying, we obtain
y(t) = 7{1/% sin(vb? — a2t) + cos(Vb? — azt)] b>a (26)

It is easy to show that the solution (26) is periodic with a period equals
provided b > a.
b — a®
4. Special Cases

In this section, we aim to derive the exact solutions of the IVP (1) at
some interesting special cases for the constants a and b such as a =0,

a=-b,anda=»h.
41. a=0
In this case, the IVP (1) reducesto
y'(t) =by(-t), y(0) =2 (27)

The solution in terms of trigonometric functions can be directly obtained
by setting a = 0 into equation (26), and this gives

y(t) = A[sin(bt) + cos(bt)], b > 0. (28)
42. a=-b

Let a =-b =0c. Thenthe VP (1) becomes

y'(t) = o(y(t) - y(-t)), y(0) = 2. (29)
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The solution of this case is directly obtained by substituting a = ¢ and
b = —c into equation (26), thus y(t) = A. This constant solution satisfies
the VP (29), Vo € R.

43. a=Db
Let a =b = p. ThenthelVP (1) becomes
y'(t) = u(y(t) + y(-)),  y(0) =2 (30)
On substituting a = p and b = p into equation (26), it is noted that the
first term in the right hand side equals g which forces us to use L ’Hospital’s

rule. This can be done as follows. Equation (26) can be rewritten as

y(t) = x_,/gj 2 sin(ybra)b-a)t)+ COS(O)] b>a

— A 20 lim Si”(@*'(b‘a)t)u}

b-a—0 Jb-a

-0

=x_@lim@+l}, e=b-a—0
L €

= M1+ 2ut), (31)

@4@.

where lim;_,q

5. Conclusion

In this paper, exact solutions were obtained for the functional
differential equation y'(t) = ay(t) + by(-t) under the condition y(0) = A.
The standard series approach was applied to obtain the power series
solution. The convergence of the series solution was addressed and proved.
The obtained power series was successfully modified via some algebras
and accordingly the exact solution was established. The exact solution was
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expressed in terms of elementary functions such as Mittag-L effler functions,
hyperbolic functions, and trigonometric functions. In conclusion, the current
approach can be further applied on the full pantograph model y'(t) = ay(t)

+ by(ct), ce R.
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