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Abstract

Fractional calculus is a dynamic research field for mathematicians,
engineers and physicists. Analysis of qualitative behavior of fractional
order differential equations is an advanced topic and it has significant
growth due to its applications in real world problems. Study on
fractional order differential equations with non-singular kernel is an
emerging area in fractional calculus and it gives impressive results.
This paper aims to study the Hyers-Ulam stability of nonlinear hybrid
fractional order differential equation with Atangana-Baleanu-Caputo
operator. From the defined hypotheses and standard fixed point

theorem, the existence of solutions is obtained. Sufficient condition
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which ensures the Hyers-Ulam stability of the nonlinear hybrid
fractional differential equation is established. An example with
numerical illustration is given to support the theoretical outcomes.

1. Introduction

Theory of derivatives and integrals of arbitrary order is known as
fractional calculus which started in a conversation between L’Hospital and
Leibniz in 1695. Fractional Calculus (FC) is used to describe and model
the physical phenomena to analyze the qualitative behavior of dynamical
system in terms of long duration where both past and future data are needed.
In this case, the fractional order differential equations (FODES) with
retardatory and anticipatory arguments on the unbounded intervals of real
line are considered. FC has a number of applications related with real world
problems in the field of science and engineering, such as fluid flow,
heat conduction, artificial intelligence, control theory, image processing,
fractals theory, population dynamics, data fitting, finance, chemistry and
viscoelasticity [1, 7].

In modelling natural phenomena, fractional order systems give accurate
and exciting results comparing to integer order systems because of
its memory effect. Academicians analyzed the fractional differential
inequalities related to hybrid fractional order differential equation (HFODE)
and examined the qualitative properties of the solution [5, 8, 13-15]. Also,
they derived the solutions of maximal and minimal. In [4], the authors
have investigated the analysis of first order HFODE. In [16], they have
established the existence results of HFODE using Riemann-Liouville
derivative. Nonlinear HFODE and integro-HFODE with boundary conditions
are studied in [11, 18]. Stability of HFODE with P Laplacian operator is
discussed in [6]. In [17], researchers studied the results on positive solutions
and stability of HFODE with singularity.

The study of fractional differential operators in the absence of singular
kernel is an interesting topic. Caputo and Fabrizio introduced a new
fractional operator with exponential kernel [10]. Later, Atangana-Baleanu
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presented a fractional operator containing Mittag-Leffler function as its
kernel in the sense of Caputo [2]. These operators have been provided to
demonstrate the fractional order model in different aspects. Also, some
fractional derivatives (FDs) such as Caputo FD, Riemann-Liouville FD, the
conformable FD, the Hadamard and Hilfer FD are used to discuss the FODE.
Analysis of FODE using Atangana-Baleanu-Caputo (ABC) operator is an
advanced topic, where the ABC operator is nonlocal and has a non-singular
kernel. Stability of nonlinear FODE using ABC operator is analyzed in [3].
In [9], Kucche and Sutar studied the nonlinear FODE with ABC operator.
Also, they extended their work to analyze the hybrid FODE with ABC
operator in[12].

Inspired by the above mentioned analysis of hybrid FODE with ABC
operator, we propose to study the stability of the following nonlinear hybrid
fractional order differential equation (NHFODE) with of Atangana-Baleanu-
Caputo (ABC) operator in the following manner:

ABC v(ic) = g, V(&) _ x. v(nlx
35 pg| PG DS | i, wla(), &

v(0) = vy,
where ke U =[0,7], T >0 and O0<¢g<1 ABCDg is an ABC
0

operator, f e C(UxR - R\{0}), ge C(U xR - R) and h: U xR - R,
¢ and n arefunctionsfrom U intoitself.

The significance of analysis of NHFODE is in consisting of various
dynamic systems as special cases. The core abjective of the paper is to
establish the stability of the solution of hybrid fractional order differential
equation (1) using ABC derivative. This research article is coordinated as:
The basic properties of ABC derivative are presented in Section 2. Section 3
deads with the existence of the solutions, and new sufficient condition
ensuring Hyers-Ulam stability is determined in Section 4. To support the
analytical results, an example with numerical illustration is provided in
Section 5. Finally, Section 6 presents the conclusion of the paper.
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2. Prerequisites

This section recollects some important properties that are essentia to
derive the main results.

Definition 2.1 [12]. Let v € AC(U, R) be a solution of ABC-NHFODE
(1) if the mapping v — f( o) is completely continuous for every

veR and v satisfies equation (1), where AC(U, R) ={z|z: U — R} is
completely continuous.

Definition 2.2 [2]. Suppose v € HY(0, 7) and ¢ < [0, 1]. Then the left
ABC operator of v of order ¢ isdefined by

ABCpeu(k) = (‘5) . g[—ﬁ(K—x)ﬂo'(x)dx-

Here the normalization functionis B(g) with B(0) = B(1) =1 and E. isthe

) ) ) V=00 hV
Mittag-L effler function (one parameter) defined by E_(h) = > .
ar I'(vg+1)

The corresponding fractional integral is defined by

AB Tou(x) = U(K) + Z5u(x).

B() B()

Here gZ5u(k) = %J‘g (k. —3)*Lu(y)dy isaRiemann-Liouville fractional
integral of v with fractional order c.
Lemma2.1[12].If 0< g <1, then 5 Ig(Aéscpio(K)) = v(k) - v(0).
Lemma 2.2 [12]. Consider the ABC-FODE as follows:
6480 Dou(x) = f(x, v(x)), kel =[0,7T], T >0,

v(0) = vg. @)
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The integral equation corresponding to (2) is
1-g¢ S b -1
v(K) = vg + 5= F(x, V(K)) + —~— K— f(x, v(yx))dy.
() = vo + 5 (e 00 + gy | (6~ 0F G o)
Lemma 2.3 [4]. Let P be a subset of Banach algebra @ and let

X1:® > D, Xy:D—> D and X3:P — O betheoperators such that

(1) X4 and X, are Lipschitzians with Lipschitz constants A and v,
respectively,

(2) X3 iscompletely continuous,
B v=AX3v+ X L=>veP,VveP,
(4) MR <1, where R = sup{|X3(v)|: v € P}.

Then the operator v = X,0X 30 + Xv hasasolutionin P.

3. Existence of Solutionsfor Equation (1)

This section focuses on establishing the existence of solution of equation

(1.

v —g(x, v(¢(x)))
f(x, v(E(x)))

isincreasingin R almost everywhere for each k € &. Then v € AC(U, R)

Theorem 3.1. Let he C(U xR, R) and suppose v —>

is a solution of ABC-NHFODE (1) iff v is a solution of fractional integral
equation

L 1-¢ h(x, v(n(x)))
) f(0,v9)  Blg) "
oli) = T, v((x)) +;Ig(o—x)"_lh(x v(n(x)))dx

BO@ o Jo |

+9(x, v(E(x)), kel ©)

Proof. From Lemma 2.2, suppose v isasolution of ABC-NHFODE (1).
Then v satisfies the following equation:
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v(x) — g(x, v(¢(x)))
f(x, v(E(x))

= Y0 1_€ K, L K
= oo B e v

’ m I(?(U — 2 (e, o) dy, k€ U, (4)

which leads to equation (3).

On the contrary, suppose v satisfies equation (3). Then equation (3) can
be written as equation (4). Employing the operator ABR D¢ to equation (4),
we have

ABR V() — 06 G0 _ ABR e[ B0 ABgepi o
oF () = O g+ TRR, v

Vo

- o) ABRDE (1) + h(k, v(n(x)))

__ Yo __ S ¢
o Uo)gg[ 52|t w0
Hence, we obtain

48R (20 = 906, 0EEDY Y0 o[- ¢ el e uinc
D'%( Tk, () ) f(o,oo)gg[ F52 | = s, ().

From Theorem 1 in [2], the relation between the fractional differential

derivatives 5% DS and “5C DS isasfollows:

A o 006) = Gl o _ o
e v LR UG

Now, taking x = 0 in equation (4) and using the fact that g(0, v(0)) =0
and h(0, v(0)) = 0, we have

Vo _ Lo
(0, u(0)) _ (0, vg)’ (5)
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For every x € U, let z. : R — R bethe mapping defined as
(e}
ZK(G) = m, ceR.

Since z, isanincreasing function, also it is injective. From the definition of
z,., equation (5) can be written as z,(v(0)) = Zg(vg). Since z; isinjective,

we have v(0) = vg. This proves the theorem.

In order to derive the existence of solutions of ABC-NHFODE (1), we
define the following hypotheses:

(H1) Let g € C(U x R, R) be continuousand 32 > 0 such that

| 9, v(E(k))) — gk, V(E(K)) | < M v(E(k)) = v(E(K))].
(H2) Let f e C(U x R, R\{0}) be continuousand 3y > O such that
() | £ (e, 0(E(x))) = (s, vE(D)] < v] 0(E(K)) = v(E(K)) |-

(if) The mapping v a%(]i’))o), K € U isincreasing in R amost

everywhere.
(H3) Let h: C(U x R — R), suchthat | h(k, v(n(k)))| < z(k) ae.
Here x e U, ze C(U, RY).

Theorem 3.2. Suppose that the hypotheses (H1)-(H3) hold. Then
ABC-NHFODE (1) hasa solution if

gl o) o

Proof. Let ® = (C(U, R), |- ), here | v | = Supieys| v(k)|. Then @ is
a Banach algebra with multiplication defined by (vv)(x) = v(k)v(x),
v, ved, kel Define
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o S =N
1- xU P g+——}%gg+ﬂo@@»|

Here Rt = Sup | f(x, 0)|, fromtheinequality (6), M > 0.
kel

M=

(7)

Consider theset P = {v e @ :||v| < M}. Here P isaclosed, convex
and bounded subset of Banach algebra .

Let X1: D> D, Xy: D> d and X3:P — O be the operators
defined by

(CD) (X)(x) = g(k, v(E(x))), x € U.

(C2) (X2v)(x) = f(xk, v(E(k)) keU.
(C3)

(Ya0) () = 525 + e, Ml v ()

B(@)(l c;),[ (=) *h(x, v(n(x)dx.

From the defined operators, equation (3) can be written as
v = XX 30+ XV, ve .
Now, we show that the operators Xy, X, and X' satisfy the
conditions of Lemma 2.3. The proof contains five claims.
Claim 1. Xy isLipschitz.

From the Lipschitz condition on g, for any v, ve ® and x € U, we
have

[ (X10) (k) = (X1v) () | = | g(x, v(E(x))) - g(x, v(E(x)))]

< M v(E(x) = V(&) -
Thisleadsto | Xjv — Xqv || < AJv - v].
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Claim Il. X', isLipschitz.

From the Lipschitz condition on f, for any v, ve ® and x € U, we

have
[ (X20) (k) = (X2v) ()| = | Fx, v(E(x))) = f(x, v(E(x)))]
< 7] v(&(x)) = v(E(x)) |
whichyields | Xo0 — Xov [ <y v - v].
Claim I11. X5 is completely continuous.

We prove that X'3: P — ® is acompact and continuous operator on
P into @. Firstly, we establish X3 is continuous on P. Let {v,} be a
sequence in P converging to a point v € P. From Lebesgue dominated

convergence theorem, we have

Vo 1- o
ooy * e, M vn(n()

lim (¥30,)(x) = lim «
o0 " m I o (<= 2)F iz, va(Go)de

L 1-¢ .
= f(O,Ooo) " B(gg) aim, ik, on(n(x))

+ B ), = 05 im R vz}

_ Y 16 ik vln(x
=70, Uo)+ B0 h(ic, v(n(x)))

+ mj‘; (k = %)°th(x, v(n(x)))dy

= (X3v)(x), Vk € U.

It provesthat X5 isacontinuous operator on P.
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From the hypothesis (H3) for any v € P and x € U, we have

Vo
f(0, vo)

| (X30)(10)] <

+ | s, o))

. m J' :(K — 1571 h(x, v(n(x)) |dy

< v 1-¢ « o K o
“ f(O,OUO) 50 MW soa=g fo( 05 2() |y
| 2]«

<|_ Yo 1-¢
‘ o, oo>‘+ 50 21 Boa—o-

Thisleads to

|(X3U)(K)|S‘f(+ouo) +(1—Q+KTQQJH veP, kel (8

From equation (8), X3 isuniformly bounded on /.

Now, we show that X'3(P) is an equicontinuous set in ®@. Let v e P

and 03K1<K2§T.Then

| ao(iy) - Xguliz) | < TS5 Ny, oin(iee)) - ez, vln(e2))|

S
T BlOE-9)

I oK1 (kg = %) h(x, v(n(x))dy
x 9

Ko 1 )
o R L
Since h(x, v(n(x))) is continuous on the compact set U x [-R, R], itis
uniformly continuous, and therefore
| h(k, v(n(x1))) = iz, v(N(k2)))[ —> 0 @s [k — ko | — O for every v e P.

(10)
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From (H3),

j ;1 (1 = ) (. v(n(x)dy
_ I :12 (k2 = 1)5 " h(x, v(n(x))dx
< OKl {1 =057 = (e = 05 (e, o)) [y
+ J': (k2 = 1)5 h(x, v(n(x)) |dy
< e = 0F T = (e =07 ) o
+ J': (k2 =057 2(x) |dx

[T =05 = (e = 0

<zl *° , L
S IR
K1

< 25 + (2 = k1)® = K + (= k1))
<[ z] (k2 - x1)°.
Hence
[ 01 =20 MG, v o

. —0as|ky—k1| > 0,veP. (1)
_ I NCE 15 h(x, v(n(x)dy,

From equations (9), (10) and (11), we obtain that

| X30(k1) — X3v(kp)| = 0 &8s |ky — k1| > O foreach v € P.
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Hence X'3(P) is an equicontinuous set in ®. Since X3 is a uniformly
bounded and equicontinuous set in @®, from Ascoli-Arzela fixed point
theorem, X'3 is completely continuous.

Claim IV. Let v e ®. For any v € P, consider the equation in the
form of operators v = X',vX 30 + X'qu. Let us prove that v € P. From the
assumptions (H1), (H2), (H3) and from the inequality (8), we have

[u(K)[ = | X0X30 + Xv |
S|X20X30|+|X1l)|
< | &gl Xgo] +] ol

< (| f(x, v(&(K)) - F(x, 0) + F(x, O))

O I T R PR S k4 |
U £(0. o) *(1 g*l—qJB(q)J

+] 9(, v(¢(x))) - g(x, 0) + g(x, 0)|

s{XIU(K)|+Rf}Uf(+OUO)

which gives

mo| 1%y
11| 752

Therefore, | v || < M.

o) <

Claim V. The constants u, v and R of Lemma 2.3 corresponding to the
operators X1, X', X3 defined in (C1), (C2), (C3), respectively, are

Sz
u=Av=yand R = Fll-c+ | el
! ‘ ( : 1—QJB(Q)

Lo
f (O, Uo)
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From inequality (6), it follows that

WR = Ay U v

k> |1zl
70, vg) +[1—<;+TJ@] <L

From Claim | to Claim V, it is evident that the conditions given in
Lemma 2.3 are satisfied. Therefore, v = XouX 30 + Xqv has a fixed point

in P, whichisasolution of ABC-NHFODE (1). This concludes the proof.
Theorem 3.3. Under (H1)-(H3), the zero solution of (1) is attractive.

Proof. From Theorem 3.2, the solution of (1) existswhich liesin P. All
functions of v(k) tend to 0 as k — . Then the solution of (1) - 0 as

k — oo which concludes the proof.
4. Hyers-Ulam Stability
The Hyers-Ulam stability (HUS) of integral equation (3) is presented in
this section.

Definition 4.1. The integral equation (3) is HUS if there exists a
nonnegative constant A satisfying the following:

For any & > O, suppose

0% * e N o)
R gk, vlg(0)| 5.
B g ), (0 e o) d

Then there exists v(k) satisfying
S0 2 h(k, v(n(x))

) = s, vicoop| OO
“ @D Jo (K0l v

+ g(x, v(E(x))
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such that
| u(k) — v(Kk)| < AS. (12)

Theorem 4.1. Under the hypotheses (H1)-(H3), the ABC-NHFODE is
Hyers-Ulam stability.

Proof. From Theorem 3.2 and Definition 4.1, let v(x) be the solution of
(3) and v(k) be the approximate solution satisfying (12).

Here v(0) = v(0) = vg. Then we have

[ v(x) = v(x)]

h(k, o(n(x))
f(x, o(z;<r<)>{5( 2 }

+ B o (=07 Ml oo

+ 9(x, v(E(x))

f(x, v(@(x))){‘“ )

(s, v(n(x)) }
B(c) (1 S)

[ e = MG Ve a

+ 9(x, v(E(x)))
<[ f(x, v(E(k)) = Fx, v(E(x))|

B( )Ih(K v(n(x))) - h(x, v(n(x)))|

* mfo (k — 0 Y h(x, () - h(x, v(n(x))) |d,

+1 90k, v(&(x))) - g(x, v(E(x)))|

l_
<yl o(i) = v(x) [+ (B(S "B El— 9))
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x| z][[ v(x) = v(i) | + A v(i) = v(x) |

KQ
P*x”“wa@ B@ﬂ—@ﬂ“‘”

[lo—v|[<Alv=v].

Therefore, from Theorem 3.2 and Definition 4.1, we conclude that the

S
integral equation is HUS with constant A = v + A + ” ” l-¢+ .
e TR BR) o)

This compl etes the proof.
5. Numerical Example

Example 5.1. Consider the following ABC-hybrid fractional order
differential equation

v(p) = g, v(E(R))
o[ 5] it

2
mmo@m»rq%éﬂ{éww@m»+°Eﬁjj&ﬁﬁ”q (13)

Here

J’__

f““mw=%%%mwmm+vmnwmmq 3

1+ o(E(w)]

s _ (W] .
(1, v(n(w))) (7+eM) @+

From the calculations, we have

| 9k v(E(R)) = g, vEW)) | <

| v(E(w) = vE) |,
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| £ (0 (&) = T VERD | < 35| 0(ER) = v(EW],

V) - v < H .
| (s v(E(R))) = hiu, v(EW)) | RIS

Therefore, y = — i, A = %el_“ which imply that

2t
Iv||=0.045 |%|=0339, |z|=0.102.

Hence

y+h+|z ||&,E5 + B(g)ﬁ— @)J = 0.5625 < 1.

Therefore, the corresponding ABC-NHFODE (13) is Hyers-Ulam stability.
For different values of ¢, the values of A are calculated and presented in
Table 1. The stability of the system (13) is graphicaly shown in Figure 1.
From Figure 1, we observe that when the fractional order ¢ = 0.1, the value

of A attains the maximum, as the value of fractiona order increases, the

value of A decreases and it becomes stable. The surface plot corresponding

to Figure 1 is plotted in Figure 2. Surface plot shows the functiona

relationship between the variables A, ¢ and Z-axis.

Table 1. Different valuesof A for ¢ € (0, 1]

0.1 0.2 0.3 0.4 05 0.6 0.7 0.8 0.9

A 0.573 | 0559 | 0.547 | 0536 | 0.525 | 0.516 | 0.507 | 0.499 | 0.492

0.486
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0.58

4
057 F

056+

055

0.54

<1 0.53F

052

051F

05k

0.49+

048 1 1 1 1 5 | 1 1
0.1 0.2 03 0.4 05 06 0.7 0.8 039 1

c

Figure 1. Graphical representation for Example 5.1 for different values of

fractional order C.

5
w10

\\\\\\\\\\\\l\\\\\l\\\\\l\\\l\\l\l\\l\\ H\\\\\\“ J\.“.‘““‘.“‘n |
M

0
Q\m\m\ n\um\m\1111&1111\}1},‘}1\‘}1%“‘ i

m\m I
1.‘1\11&:-:{.}&-}&}11\111&1:-}1““““1'.11&
\

Figure 2. Surface plot corresponding to Figure 1.
6. Conclusion

This article discussed the Hyers-Ulam stability (HUS) of nonlinear
hybrid fractional order differential equation using Atangana-Baleanu-Caputo



18

S. Britto Jacob and A. George Maria Selvam

operator. Utilizing the defined hypotheses and Arzela-Ascoli fixed point
theorem, the existence of solutions is established. Sufficient condition which
ensures the Hyers-Ulam stability of ABC-NHFODE is derived with the help
of Definition 4.1. The analytical results presented in Sections 3 and 4 are
supported with an example in Section 5. The graphical representation of
Example 5.1 exhibits the stability of equation (13). In this paper, based
on the fractional integral inequalities and comparison results in [12], the
stability of the hybrid nonlinear fractional order differentia equation is
analyzed.
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