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Abstract

We consider a nonsmooth optimal control problem described by a
system of second-order hyperbolic equations with Goursat boundary
conditions. A number of necessary optimality conditions are proved in
terms of directional derivatives.

1. Introduction

The main result of the theory of necessary conditions for first-order
optimality, Pontryagin’s maximum principle, was proven for various optimal
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control problems described by ordinary differential equations, as well as
partial differential equations, under the assumption of smoothness of the
right-hand sides of the equations describing the controlled process and

quality criteria according to state vector [1-5].

To date, based on theoretical and practical needs, much attention has
been paid to the study of various nonsmooth optimal control problems. In
works [2, 6-8], various non-smooth optimal control problems described by
ordinary differential equations were studied. The proposed work is devoted
to the study of one problem of optimal control of Goursat-Darboux systems
without the assumption of smoothness in the state vector of the quality
functional and the right side of the equation describing the process under

study.
2. Problem Statement

Consider a controlled process described in a rectangle D = [t,, ;] %

[x0, x;] by a second-order hyperbolic system
Zy = Alt, x)z, + B(t, x)z, + f(t, x, 2, u) 2.1)

with Goursat boundary conditions:

2(ty. x) = a(x), xO[x. 5],

2(t, xg) = b(t), 1 O[rg, 1]

a(xo) = b(1o)- (2.2)
Here A(t, x) and B(t, x) are given (n X n) measurable and bounded matrix
functions, a(x), b(¢) are given absolutely continuous vector functions, and
u = u(t, x) is measurable and bounded vector function of control actions

with values from a given non-empty and bounded set U [0 R", for almost all

(t, x) 0D, ie.,
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u(t, x) =U OR", (t, x) OD, (2.3)

where f(t, X, 2, u) = (fl(t, X, Z, u), - fn(t, X, Z, u)) is continuous in the

set of variables in a dimensional vector function that satisfies the Lipschitz
condition with respect to z, and each of its components is directionally

differentiable with respect to z.

Each control function that satisfies the above restrictions will be called

an admissible control.
It is assumed that the boundary value problem (2.1)-(2.2) for a given
admissible control u(z, x) has a unique absolutely continuous solution

z(t, x) defined in D.
It is required to minimize terminal function
S(u) = d(z(ry, x7)), (2.4)

defined on the solutions of the boundary value problem (2.1)-(2.2) generated

by all possible admissible controls.

Here ®(z) is given Lipschitz and directionally differentiable scalar

function.

An admissible control u(f, x) that delivers a minimum value to the

functional (2.4) under constraints (2.1)-(2.3) will be called an optimal

control.
3. Optimality Conditions

Let some admissible control u(t, x) be suspicious for a minimum, and
(8, &) O[tg, 1) x [xp» x;) be an arbitrary regular point (Lebesgue point, see,
for example, [1, 3, 4]) of the control, u(t, x), v U be an arbitrary vector,
and € >0 be an arbitrary sufficiently small number such that 6 + € <1,

§+e<ux.
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We determine the special increment of the admissible control u(t, x)

using formula

N v—u(t,x), (t,x)0D(e)=1[6,8+¢)x[E E+¢),
Bu(t. x. &) = {0, (t,x) O D\D(e). G-

Az(¢, x; €) is a special increment of state z(t, x), corresponding to

increment (3.1) of control u(¢, x) and z(¢f, x; €) = z(t, x) + Az(t, x; €).

From the introduced notation, it is clear that z(t, X; s) is a solution to

the boundary value problem
7 (t, x5 €) = A(t, x)z,(t, x; €) + B(t, x)z,.(t, x; €)
+ f(t, X, z(t, X; 8), u(t, x) + Au(l, X; 8)), (3.2)
2(tg, x; €) = a(x), z(t, xq; €) = b(z). (3.3)

From the boundary value problem (3.2)-(3.3), it follows that the

increment Az(, x; €) of the state z(t, x) is a solution of the boundary value

problem:
Az, (2, x; €) = A(t, x)Az, (¢, x; €) + B(t, x)Az,(t, x; €)
+ f(t, x, z(t, x; €), u(t, x) + Du(t, x; €))
+ f(t, x, z(t, x; €), ult, x)),
Az(tg, x; €) =0,
Az(t, xp; €) = 0.

From here, passing to the integral equation, we obtain
topx
Bz(t, xi €)= 2t ) = [ (A $)Be(t, 55 €) + BT, )82, (T, 5 ¢)
o X0

+ f(T, S, z(T, S; s)u(r, s) + Au(r, S; 8))]

x[=f(t, x, z(1, 5), u(t, s))]dsdr. 3.4
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Let us assume

W, %) = (e, x), oo o (1, 1)) = Tim S E) 26 )
€-0 €

From the estimate given, for example, in [3, 4], we obtain that
| Az(z, x; €) | = z(z, x; €) = z(r, x) | < Lie, (¢, x) O D, (3.5)
where L; is a positive constant.
From (3.5), it is clear that ¢ O [t, 8), x O [xg, &), A(t, x) =0.

Taking into account the estimate (3.5) from (3.4) and using the fact that

the vector function f (t, X, 2, u) has directional derivatives with respect to z,

we obtain that for 7 > 0 and x > &,

h(t, x)

_ (> of (1, s, z(T, 5), u(t, s
= [0 [Atw ) Tl )+ Bl sy o)+ L0 20 D W g

x[£(6. € 2(8. &). v) - f(6, & z(6, E). u(6, E))]. (3.6)

The integral equation (3.6) is equivalent to the following partial

differential equation:

s, 2) = L 5,52;’)2’)”0’ D s a2t x)

+ B(t, x)h,(t, x), t 26, x 2 &, (3.7)

with boundary conditions
h(B, x) = (8, & (6. €). v) = f(8. &, (B, &), u(6. &) (3.8)
h(t, &) = (8, &, 2(6, &), v) = £(6, & 2(8, &), u(®, €)). (3.9)

By assumption, the function ®(z) is differentiable in any direction and

satisfies the Lipschitz condition. Therefore, using the formula

Z(t, x; €) = z(t, x) + en(t, x) + o(g; ¢, x),
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we get
S(u(, x; €)) = S(u(t, x))
= ®(z(1y, x) + ehlty, x) +o(&: 11, x)) = Pz(ry, x1))
= ®(z(1y, x1) + eh(ty, x) + o(e; 11, x1)) = P2y, xp) + ehly, xp))
+ ®(z(n, xp) + ehlty, x)) = Pz(ty, x1)). (3.10)
By virtue of the Lipschitz condition, we obtain that
| ®(z(r), 1) + €hlty, x) + o(e; 11, x)) = D(2(y, 1) + €hlry, x))| < Lye,
where L, is a positive constant.

Therefore, from (3.10), we get that

oy _ L 0D(z(t1, xp)) N
S(u(t, x; €)) = S(u(t, x)) = SW}M; o(€).

It follows from the resulting expansion.

Theorem 3.1. For an admissible control u(t, x) to be an optimal
control, it is necessary that the inequality

0b(z(1, 1)) .

6h(t1, Xl) - (3.1

holds for all variations h(t;, x|) of the state z(t;, x;).

From the obtained general optimality condition (3.11), we can obtain
more constructively verifiable necessary optimality conditions, in particular

Pontryagin’s maximum principle.

Let the functions f(, x, z, u) and ®(z) be continuously differentiable

with respect to z. Then the boundary value problem (3.7)-(3.9) takes the
form

Bl ) = Al )y (6, 2) + Bl )by, 1) + L% 5&;”2’) u(t. x)) 319
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h(B, x) = £(6. &, (6, €). v) = f(8. & (6. €). u(®. €)). (3.13)
h(t. €) = f(8. & 2(6, €). v) = £(8. & 2(8. €). u(6, T)). (3.14)

Based on the formula for the integral representation of solutions to the
linear Goursat-Darboux boundary value problem (see, for example, [5]), the
problem (3.12)-(3.14) admits the representation

e, x) = R(. 3 19, 30) /(8. & 2(8.€).v) = £(8. & (6. €). u(®. )]
- [ Rl vt B )
x[£(8. & (6. €). v) = f(6. & 2(6. &). u(®. €))]dt
- [ R 0.4 )

x[£(6, &, z(6, &), v) = f(6, & z(6, &), u(®, &))]ds.

Note that R(¢, x, T, s) is an (n X n) matrix function, which is a solution to

the Volterra integral equation

R(t, x, T, 5) = IXR(I, x, T, B)A(T, B)dB

t
+J R(t, x, a, s)B(a, s)da
T

J I (t, x, a, B) £, (a, B, z(a, B), u(a, B))dadp. (3.15)

By entering the notation

K(e, %) = R, % 1, %0) - | et R(:, x, T, §)B(T, §)dt

- I Ex R(, x, 8, 5)A(T, £)ds, (3.16)



680 Aysel T. Ramazanova
from (3.15), we get that

h(e, x) = K(n, 1) [£(8, & 2(6, &), v) = f(6, & 2(8, &), u(6, &))]. (3.17)
Taking into account (3.17) from the inequality (3.11), we obtain that

o' (z(t, x))
07

x[£(8. & 2(8, &), v) = £(8. & (B, &), u(6, E))] = 0. (3.18)

K(t, x)

Assuming that

) 0P(z(1, 1))
0z

H(®, & 2(6, ). u(6. £). w(8. §)) = W(6. &) (8. & (6. ). u(6, €)).

w(o, &) =-K'(1, x

1

from the inequality (3.18), due to the arbitrariness of (6, &)

[t0- t;) % [x0, x;) and v O U, we arrive at the following statement:

Theorem 3.2 (An analogue of Pontryagin’s maximum principle). If the

functions f(t, x, z, u) and (z) are continuously differentiable with respect
to z, then for optimality of the admissible control u(t, x), it is necessary that

the inequality

H(8. €, 2(8. &). v. w(6, €)) - H(B. &, 2(6. &). u(6. ). w(6, §)) < 0.

holds for all v O U, (8, &) O[tg, t;) * [x0, x1).
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