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EXISTENCE OF MILD SOLUTION FOR ( )Ψ,k -HILFER 

FRACTIONAL CAUCHY VALUE PROBLEM OF 
SOBOLEV TYPE 

 

Abstract 

In the context of solving ( )Ψ,k -Hilfer fractional differential 

equations with Sobolev type, we initially explore a more generalized 
version of the ( )k,, βα -resolvent family. Subsequently, we present 

various properties associated with this resolvent family. Specific 
instances of this resolvent family, such as the 0C  semigroup, sine 
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family, cosine family and others, have been previously discussed in 
other academic papers. By combining this resolvent family with the 
( )Ψ,k -Hilfer fractional derivative, we examine the existence of           

mild solutions to ( )Ψ,k -Hilfer Sobolev type fractional evolution 

equations, without requiring the existence of the inverse of E. 
Ultimately, two existence theorems are derived. 

1. Introduction 

The theory of fractional order differential equations has garnered 
increasing interest due to its wide applicability in various fields such as 
physics, engineering, and medicines, see [2-4, 6, 13, 15, 16]. Hilfer [7] 
proposed the Hilfer fractional derivative, which exhibits technical properties 
that make it more general than previous fractional derivatives. This makes 
the Hilfer fractional derivative a powerful mathematical tool for analyzing 
real world phenomena and driving technical advancements [5]. Another 
important contribution is the introduction of the Ψ -Hilfer fractional 
derivative by Sausa and Oliveira [17], which generalizes key fractional 
derivatives like the Hilfer, Caputo and Riemann-Liouville. The flexibility of 
the kernel Ψ  is beneficial as it allows for unification and extension of 
previous studies on fractional differential equations, which are essential in 
addressing various issues. A more general derivative called the ( )Ψ,k -

Hilfer fractional derivative was proposed by Kucche and Mali [10], 
encompassing the Ψ-Hilfer derivative. Special cases like the k-Hilfer-
Hadamard fractional derivatives, ( )Ψ,k -Caputo, and ( )Ψ,k -Riemann-

Liouville derivatives can be derived by selecting the appropriate kernel Ψ  
with [ ]1,0∈v  and .0>k  

The existence, uniqueness and continuous dependence of solutions have 
been extensively studied in fractional abstract evolution equations. 
Specifically, our focus is on the existence of mild solutions. To establish this, 
various technical tools such as the fixed point theorem and the iterative 
technique are employed. 
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In reference [14], Ponce has made significant contributions by 
delineating the properties of resolvent families, and, more notably, by 
applying these properties to explore mild solutions for two types of fractional 
nonlocal problems. Additionally, in the publication denoted [1], Chang et al. 
delved into Sobolev type fractional differential equations, achieving the 
approximate controllability through the employment of resolvent operators. 
However, the broader studies of more general resolvent families of operators 
have been relatively neglected. In response to this gap, the present study 
endeavors to introduce more general resolvent families of operators, aiming 
to engage in a detailed discourse on the norm continuity and compactness of 
these operators, thereby extending the scope of existing research. The 
findings of our research can be seen as an extension of the conclusions 
presented in the works of various scholars. 

The manuscript is organized in a logical and coherent manner. Section 2 
presents a compendium of essential definitions and preliminary concepts that 
form the foundational knowledge for the subsequent sections. Section 3 
delves into the properties of continuity and compactness within the context 
of our proposed generalized resolvent family. Section 4 is dedicated to an in-
depth exploration of the existence of mild solution for ( )Ψ,k -Hilfer 
Sobolev type fractional Cauchy problems. Notably, we have formulated two 
theorems, each derived through distinct methodologies, thereby enriching the 
discourse with a multifaceted perspective. Section 5 provides an example. 

2. Preliminaries  

Let J be a finite closed interval of ,R  and X be a Banach space endowed 
with the norm .⋅  Let ( )XJC ,  be the Banach space of all continuous 

functions from J into E with the usual norm ( ) ,max txx JtC ∈=  where 

( )., XJCx ∈  To avoid confusion, the norm in ( )+R,JC  is defined by 

( ) ,max txx Jt∈∞ =  for ( )., +∈ RJCx  Moreover, we denote by 

( )YX ,B  the space of all bounded linear operators from Banach space X to 

Banach space Y, and we abbreviate this notation to ( )XB  when .YX =  
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Let RR →Ψ :  be a strictly increasing odd function with continuous 
derivative and ( ) .0≠Ψ′ t  

Definition 2.1. The operator family ( ){ } ( )XtS t B⊂≥0  is called general 

exponentially bounded (GEB) if there are ,0>M  R∈ω  satisfying 

( ) ( ) .0, ≥≤ Ψω tMetS t  

We say that a type of ( )tS  is ( )., ωM  Set 

( ) { 0inf0 ≥∃=ω
∈ω

MS
R

 such as ( ) ( ) }.0, ≥≤ Ψω tMetS t  

Definition 2.2 [8]. Let f and h be two functions. Then the generalized 
convolution of f and h is defined by 

( ) ( ) ( ) ( ( ) ( )( )) ( )∫ Ψ′Ψ−ΨΨ=∗ −
Ψ

t
drrrthrfthf

0
1 .  

Definition 2.3. Let f and h be two functions. Then another generalized 
convolution of f and h is defined by 

( ) ( ) ( ) ( ( ) ( )( )) ( )∫
∞

∞−
−Ψ Ψ′Ψ−ΨΨ=∗ .1 drrrthrfthf  

Let 0, >ηk  and η,kg  denote the function 

( )
( )

( )⎪
⎩

⎪
⎨

⎧

≤

>
ηΓ

Ψ
=

−
η

η

,0,0

,0,
1

,

t

tk
t

tg
k

k
k  

where ( )zkΓ  denotes the k-gamma function 

( ) ( )∫
∞ −− >=Γ
0

1 .0Re, zdsesz k
s

z
k

k

 

Definition 2.4 [11]. Let 0, >η k  and h be integrable on [ ]., ba  Then 
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( ) ( ) ( ) ( ) ( )( ) ( )∫ −
η

Ψη
+ Ψ−ΨΨ′

ηΓ
=

t

a
k

k
a

k dsshstskthI 1; 1  

is called the ( )Ψ,k -Riemann-Liouville fractional integral of a function h of 

order .η  

Definition 2.5 [10]. Let +∈> Zmk ,0  with ,1 mkm ≤η<−  and the 

function h be n times continuously differentiable on [ ]., ba  Then 

( ) ( )
( )

( ) ( ) ( ),;1;;,, thIdt
d

t
kIthD mkv

a
k

m
mkv

a
kv

a
Hk Ψη−−

+
Ψη−

+
Ψη

+ ⎟
⎠
⎞

⎜
⎝
⎛
Ψ′

=  [ ]1,0∈v  

is called the ( )Ψ,k -Hilfer fractional derivative of h with order η  and 

type v. 

Definition 2.6 [8]. Let [ ) .,0: R→∞h  We define the more general 

Laplace transform of h as follows: 

( )( ) ( ) ( ) ( ) ( )∫
∞ Ψλ−

Ψ Ψ′=λ
0

.dtttheth tL  

Definition 2.7. Let .: RR →h  We define the more general Fourier 
transform of h as follows: 

( )( ) ( ) ( ) ( ) ( )∫
∞

∞−
Ψλ−

Ψ Ψ′=λ .dtttheth tiF  

If h is a function with values in E, then integrals which appear in above 
definitions mean Bochner integrals. 

Theorem 2.1. Let 0, >η k  with mkm ≤η<− 1  and h be a piecewise 

continuous function. Then 

( ( )) ( )λΨη
+Ψ thD vHk ;,

0
,L  

( ) ( )( ) ( )λλ= Ψ
η

thk k L  
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( )
( )

( )
( ) ( ) ( )∑

−

= =

Ψη−−
+

−−−
η−

−

⎥
⎥
⎦

⎤

⎢
⎢
⎣

⎡
⎟
⎠
⎞

⎜
⎝
⎛
Ψ′

λλ−
1

0 0

;1
0

1 .
m

i t

mkvk
i

imimk
mkv

thIdt
d

t
kkk  

Proof. We first show that 

( ) ( ) ( ) ( )( ) ( )λλ=λ
⎥
⎥
⎦

⎤

⎢
⎢
⎣

⎡
⎟
⎠
⎞

⎜
⎝
⎛
Ψ′ ΨΨ thkthdt

d
t

k mm
m

LL  

( ) ( )∑
−

= =

−−−

⎥
⎥
⎦

⎤

⎢
⎢
⎣

⎡
⎟
⎠
⎞

⎜
⎝
⎛
Ψ′

λ−
1

0 0

1
m

i t

i
imim thdt

d
t

kk  (2.1) 

is true, where .+∈ Zm  

In fact, for 1=m  using Definition 2.6 and integration by parts, we have 

( ) ( ) ( ) ( ) ( )∫
∞ Ψλ−

Ψ =λ⎥⎦
⎤

⎢⎣
⎡

⎟
⎠
⎞

⎜
⎝
⎛
Ψ′ 0

dtthdt
dkethdt

d
t

k tL  

( ) ( )( ) ( ).0 λλ+−= Ψ thkkh L  

Furthermore, 

( ) ( ) ( ) ( ) ( )
0

1

=

−

Ψ
⎥
⎥
⎦

⎤

⎢
⎢
⎣

⎡
⎟
⎠
⎞

⎜
⎝
⎛
Ψ′

−=λ
⎥
⎥
⎦

⎤

⎢
⎢
⎣

⎡
⎟
⎠
⎞

⎜
⎝
⎛
Ψ′

t

mm
thdt

d
t

kkthdt
d

t
k

L  

( ) ( ) ( ),
1

λ
⎥
⎥
⎦

⎤

⎢
⎢
⎣

⎡
⎟
⎠
⎞

⎜
⎝
⎛
Ψ′

λ+
−

Ψ thdt
d

t
kk

m
L  (2.2) 

holds by mathematical induction, it is easy to verify that (2.1) is true. 

Using Definition 2.5,  

 ( ( )) ( )λΨη
+Ψ thD vHk ;,

0
,L  

( ( ) ( ) ( )) ( )λ= Ψη−+η
+

Ψη−
+Ψ thDI mkvRLkmkvk ;

0
,;

0L  

( )
( )

( ( ) ( )) ( )λλ= Ψη−+η
+Ψ

η−
− thDk mkvRLkk

mkv ;
0

,L  
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( )
( )

( )
( ) ( ) ( ) ( ).;1
0 λ

⎥
⎥
⎦

⎤

⎢
⎢
⎣

⎡
⎟
⎠
⎞

⎜
⎝
⎛
Ψ′

λ= Ψη−−
+Ψ

η−
− thIdt

d
t

kk mkvk
m

k
mkv

L  

In view of (2.1), we conclude that 

 ( ( )) ( )λΨη
+Ψ thD vHk ;,

0
,L  

( )
( )

( ) ( ( ) ( ) ) ( )
⎪⎩

⎪
⎨
⎧

λλλ= Ψη−−
+Ψ

η−
− hIkk mkvkmk

mkv ;1
0L  

( )
( ) ( ) ( )

⎪⎭

⎪
⎬
⎫

⎥
⎥
⎦

⎤

⎢
⎢
⎣

⎡
⎟
⎠
⎞

⎜
⎝
⎛
Ψ′

λ− ∑
−

= =

Ψη−−
+

−−−
1

0 0

;1
0

1
m

i t

mkvk
i

imim thIdt
d

t
kk  

( ) ( )( ) ( )λλ= Ψ
η

thk k L  

 ( )
( )

( )
( ) ( ) ( )∑

−

= =

Ψη−−
+

−−−
η−

−

⎥
⎥
⎦

⎤

⎢
⎢
⎣

⎡
⎟
⎠
⎞

⎜
⎝
⎛
Ψ′

λλ−
1

0 0

;1
0

1 .
m

i t

mkvk
i

imimk
mkv

thIdt
d

t
kkk  

This completes the proof.  

For ,0>n  denoting ( ) ( ) ( )
( ) ,,sin R∈

Ψπ
ΨΨ

= tt
tntDn  we have 

( ) ( ) ( ) ( ) ( )( ) ( )
( )

( )
∫ ∫
∞

∞−

Ψ

Ψ−
Ψ−ΨΨ Ψ′

π
=∗

n

n
rtis

n drdsrerhthD 2
1  

( )
( )

( ) ( ) ( ) ( ) dsdrrrhee risn

n
tis ⎟

⎠
⎞

⎜
⎝
⎛ Ψ′

π
= ∫∫

∞

∞−
Ψ−Ψ

Ψ−
Ψ

2
1  

( ) ( ) ( )
( )

( )
∫
Ψ

Ψ−
Ψ

Ψ
π

=
n

n
tis dsshe .2

1
F  

For R∈ω  and a function [ ) ,,0: R→∞S  we define the shift ωS  by 

( ) ( ) ( ),tSetS tΨω−
ω =  .0≥t  Let [ ) ( )YXS ,,0: B→∞  be a strongly 

continuous operator. Then 
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( ) ( ) ( ) ( ) ( ) ( )∫
∞ Ψ+ω−

Ψ Ψ′=+ω
0

dttSteisS tisL  

( ) ( ) ( )∫
∞

ω
Ψ− Ψ′=

0
dttSte tis  

( ) ( ),sSωΨ= F  

which leads to 

 ( ) ( )
( )

( )
( ) ( )dzzSeitK

ni

ni
zt

n Ψ
Ψ+ω

Ψ−ω
Ψ∫π

= L2
1  

( ) ( ) ( ) ( )
( )

( )
∫
Ψ

Ψ−
Ψ

ΨωΨ +ω
π

=
n

n
stit dsisSee L2

1  

( ) ( ) ( ) ( )
( )

( )
∫
Ψ

Ψ−
Ψ

ΨωΨ +ω
π

=
n

n
stit dsisSee L2

1  

( ) ( ) ( ) ( )
( )

( )
∫
Ψ

Ψ−
ωΨ

ΨωΨ
π

=
n

n
tist dssSee F2

1  

( ) ( ) ( ),tSDe n
t

ω
ΨωΨ ∗=  

namely ( ) .ω
Ψ

ω ∗= SDK nn  

Theorem 2.2. If [ ) ( )YXS ,,0: B→∞  is strongly continuous, 

[ )( ),,,01 R∞∈ locLb  functions b and S are finite GBE, then 

( )
( )

( )
( ) ( ) ( ),,,2

1lim 0 bSSbdzzSbei
ni

ni
zt

n
ωω>ω∗=⎟

⎠
⎞

⎜
⎝
⎛ ∗

Ψ′π
ΨΨ

Ψ
Ψ+ω

Ψ−ω
Ψ

∞→ ∫ L  

in ( )., YXB  

Proof. Replacing the operator S by ,Sb Ψ∗  we conclude that 
( )( ) ( ) ( ) ,ω

ΨΨΨω− ∗∗= SbDtKe nn
t  where 
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 ( ) ( ) ( ) ( ( ) ( )( )) ( )∫
∞

∞−
−Ψω−

ω
Ψ Ψ′Ψ−ΨΨ=∗ drrrtSrbeSb t 1   

( ) ( ) ( ) ( )( )∫
∞

∞−
Ψ−Ψω−Ψω−= rtr erbe  

 ( ( ) ( )( )) ( )drrrtS Ψ′Ψ−ΨΨ× −1  

.ω
Ψ

ω ∗= Sb  

Hence, ( )( ) ( ) ( ) .ω
Ψ

ω
Ψ

ω
Ψ

ω
ΨΨω− ∗∗=∗∗= SbDSbDtKe nnn

t  Using 

the Plancherel’s theorem, Ψ′→⎟
⎠
⎞

⎜
⎝
⎛

Ψ′
∗Ψ′ Ψ hhDn  in ( )R2L  as 

∞→n  for ( ),2 RLh ∈Ψ′  we can get  

ω
Ψ

ωω
ΨωΨ ∗→⎟

⎠
⎞

⎜
⎝
⎛ ∗

Ψ′
∗ SbSbDn  

in ( )YX ,B  uniformly in 0≥t  by using the Young’s inequality. The proof 

is completed.   

Definition 2.8. Let ,0,, >βα k  X be a Banach space, ( ) XEDE ⊂:  

,X→  ( ) XXADA →⊂:  be two closed linear operators with 

( ) ( ) { },0≠ADED I  and there be a 0≥ω  and a strongly continuous GEB 

operator ( ) [ ) ( ),,0:,, XtS E
k B→∞βα  and {( ) (( ) ) 1: −

αα
−λλ AEkk kk  exists 

in ( ) ( )( ) },Re,, ω>λkADEDX IB  

( ) (( ) ) ( ) ( ) ( )∫
∞

βα
Ψλ−−

αβ−α
∈Ψ′=−λλ

0 ,,
1 ., XxxdttStexAEkEk E

k
tkk  (2.3) 

Then we say that ( )EA,  generates the ( )k,, βα -resolvent family 

{ ( )} .0,, ≥βα t
E

k tS  
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Remark 2.1. For ,1=k  ,1=α  1=β  and ,IE =  ( )tS k,,βα  reduces to 

0C -semigroup. For ,1=k  ,2=α  2=β  and ,IE =  ( )tS k,,βα  reduces to 

sine family. For ,1=k  ,2=α  1=β  and ,IE =  ( )tS k,,βα  reduces to 

cosine family. 

Theorem 2.3. For ,0,, >βα k  ( )tS E
k,,βα  satisfies the functional 

equation 

( ) ( ) ( ) ( ) ( ) ( )tSsSgtSgsS E
k

E
kk

E
kk

E
k ,,,,,,,,,, βαβαΨαβαΨαβα ∗−∗  

( ) ( ) ( ) ( ) ( ) ( ),,,,,,,,, sSgtgtSgsg E
kkk

E
kkk βαΨαββαΨαβ ∗−∗=  

.0, ≥st    (2.4) 

Proof. For ω>μλ,  and ,μ≠λ  taking the Laplace transform on both 

sides in (2.4), we have 

( ) ( ) ( ) ( )∫ ∫
∞ ∞ Ψμ−Ψλ− Ψ′Ψ′
0 0

ste st  

[ ( ) ( ) ( ) ( ) ( ) ( )]dsdttSsSgtSgsS E
k

E
kk

E
kk

E
k ,,,,,,,,,, βαβαΨαβαΨαβα ∗−∗×  

( ) ( ) ( ) ( ) ( ) ( ) ( )∫∫
∞

βα
Ψμ−∞

βαΨα
Ψλ− Ψ′∗Ψ′=

0 ,,0 ,,, dssSsedttSgte E
k

sE
kk

t  

( ) ( ) ( ) ( ) ( ) ( ) ( )∫∫
∞

βαΨα
Ψμ−∞

βα
Ψλ− ∗Ψ′Ψ′−

0 ,,,,, dssSgsedttSte E
kk

s
a

E
k

t  

( ) (( ) ) ( ) (( ) ) 11 −
αβ−α

−
αβ−αα

−
α

−
−μμ−λλλ= AEkEkAEkEkk kkkkkk  

( ) (( ) ) ( ) (( ) ) 11 −
αβ−αα

−
α

−−
αβ−α

−μμμ−λλ− AEkEkkAEkEk kkkkkk  

(( ) ) (( ) ) (( ) ( ) )kkkkkkk kkAEkEAEkEk
αα

−
α

−
αβ

−
β

−
β

−
λ−μ−μ−λμλ= 11

2
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(( ) ) (( ) ) (( ) )AEkAEkAEkEk kkkkkk −μ−μ−λμλ=
α

−
α

−
αβ

−
β

−
β

− 11
2

 

(( ) ) (( ) ) (( ) )AEkAEkEAEkk kkkkkk −λ−μ−λμλ−
α

−
α

−
αβ

−
β

−
β

− 11
2

 

[ (( ) ) (( ) ) ],11
2

−
α

−
αβ

−
β

−
β

−
−μ−−λμλ= AEkEAEkEk kkkkk  

on the other side, 

( ) ( ) ( ) ( )∫ ∫
∞ ∞ Ψμ−Ψλ− Ψ′Ψ′
0 0

ste st  

[ ( ) ( ) ( ) ( ) ( ) ( )]dtdssSgtgtSgsg E
kkk

E
kkk ,,,,,,,, βαΨαββαΨαβ ∗−∗×  

( ) (( ) ) 1−αβ−αα−α−β−β−
−λλλμ= AEkEkkk kkkkkk  

( ) (( ) ) .1−αβ−αα−α−β−β−
−μμμλ− AEkEkkk kkkkkk  

From the uniqueness, we get that (2.4) is true.  

If ( )EA,  generates the ( )k,, βα -resolvent family ( ),,, tS E
kβα  then 

define  

( ) ( )
( ) ( ).,lim

,

,,,

0
ADxtg

xtgxtS
Ax

k

k
E

k

t
∈

−
=

β+α

ββα

+→
 

Theorem 2.4. Let 0,, >βα k  and ( )EA,  generate { ( )} .0,, ≥βα t
E

k tS  

Then ( )tS E
k,,βα  has the following properties: 

 (i) ( ) ( ) ( ),:,, ADADtS E
k →βα  besides, ( ) ( ) ;,,,, xtASAxtS E

k
E

k βαβα =  

(ii) If ,k≤β  then ( ) ( ) ( ),:,,, ADXtSg E
kk →∗ βαΨα  and for ,Xx ∈  
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( ) ( ) ( ) ( ) .,,,,,, xtSgAxtgxtS E
kkk

E
k βαΨαββα ∗+=  (2.5) 

If k>β  and ( ),ADx ∈  then (2.5) holds. Moreover, 

( ) ( ) ( ) ( ) ,,,,,,, xtASgxtgxtS E
kkk

E
k βαΨαββα ∗+=   ( ).ADx ∈  

Proof. (i) Assume that ( )ADx ∈  and .0≥t  One can see that 

( ) ( ) ( ) ( )
( )sg

xtSsgxtSsS

k

E
kk

E
k

E
k

s β+α

βαββαβα

+→

−

,

,,,,,,,

0
lim  

( )[ ( ) ( ) ]
( )sg

xsgxsStS

k

k
E

k
E

k

s β+α

ββαβα

+→

−
=

,

,,,,,

0
lim  

( ) ,,, AxtS E
kβα=  

which implies that ( ) ( ) ( )ADADtS E
k →βα :,,  and 

( ) ( ) .,,,, xtASAxtS E
k

E
k βαβα =  

(ii) By Theorem 2.3, we obtain 

( ) ( ) ( ) ( ) ( ) ( )
( )sg

xtSgsgxtSgsS

k

E
kkk

E
kk

E
k

s β+α

βαΨαββαΨαβα

+→

∗−∗

,

,,,,,,,,,

0
lim  

( ) ( ) ( ) ( ) ( ) ( )
( )sg

xsSgtgxtSsSg

k

E
kkk

E
k

E
kk

s β+α

βαΨαββαβαΨα

+→

∗−∗
=

,

,,,,,,,,,

0
lim  

( ) ( )[ ( ) ( ) ]
( ) .lim

,

,,,,,,

0 sg
xtgxtSsSg

k

k
E

k
E

kk

s β+α

ββαβαΨα

+→

−∗
=  (2.6) 

Using that facts that 

( ) ( ) ( ) ( ) ( )( ) ( ) ( )∫ βα
−

α
βαΨα Ψ′Ψ−Ψ

αΓ
=∗

s E
kk

k
E

kk drrSrrsksSg
0 ,,

1
,,,

1  
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and 

( ) ( ) ( )sksg k
k

k
k

−β+α

β+α Ψ
β+αΓ

=
1

,  

( ) ( )skI k
k

k
k

−β
Ψα

+ Ψ
βΓ

=
1;

0  

( ) ( )
( ) ( )( ) ( ) ( )∫ Ψ′ΨΨ−Ψ

βΓαΓ
=

−
β

−
αs

kk
kk

drrrrs
k 0

11
2

1
 

( ) ( ) ( )( ) ( ) ( )∫ β
−

α
Ψ′Ψ−Ψ

αΓ
=

s
kk

k
drrgrrsk 0 ,

1 ,1  

we have 

( ) ( )
( ) usg

usSg

k

E
kk −

∗

β+α

βαΨα

,

,,,  

( ) ( ) ( ) ( )( ) ( )[ ( ) ( ) ] .1
0 ,,,

1
, ∫ ββα

−
α

β+α
−Ψ′Ψ−Ψ

αΓ
=

s
k

E
kk

kk
drurgurSrrssgk  

If ,k≤β  then 

( ) ( )
( ) usg

usSg

k

E
kk −

∗

β+α

βαΨα

,

,,,  

[ ]
( ) ( )

( ) ( ) ( ) ( )( ) ( )∫ Ψ′Ψ−Ψ
αΓ

−

≤ −
α

β+α

ββα
∈ s

k
kk

k
E

k
sr drrrssgk

urgurS

0
1

,

,,,
,0

sup
 

( )
( ) ( )

[ ]
( ) ( ) .0,0sup ,,,

,0

1
+→→−Ψ

αΓα
β+αΓ

= ββα
∈

β
−

surgurSsk
k

E
k

sr
k

k
k  (2.7) 

From (2.6) and (2.7), we have 

( ) ( ) ( ),,,, ADxtSg E
kk ∈∗ βαΨα  0≥t  
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and 

( ) ( ) ( ) ( ) xtSgAxtgxtS E
kkk

E
k ,,,,,, βαΨαββα ∗+=  for .Xx ∈  

If ,k>β  then for ( ),ADu ∈  

( ) ( )
( ) usg

usSg

k

E
kk −

∗

β+α

βαΨα

,

,,,  

[ ]
( ) ( )

( ) ( ) ( ) ( )( ) ( )∫ Ψ′Ψ−Ψ
αΓ

−

≤ −
α

β+α

ββα
∈ s

k
kk

k
E

k
sr drrrssgk

urgurS

0
1

,

,,,
,0

sup
 

[ ]

( ) ( )
( ) ( )αΓ

−
≤

β+α

ββα

∈ kk

k
E

k

sr krg
urgurS 1sup

,

,,,

,0
 

( ) ( )( ) ( ) .0,0
0

1 +→→Ψ′Ψ−Ψ× ∫ −
α

sdrrrs
s

k  (2.8) 

From (i), we know that ( ) ( ) ( ),,,, ADxtSg E
kk ∈∗ βαΨα  ,0≥t   

( ) ( ) ( ) ( ) xtSgAxtgxtS E
kkk

E
k ,,,,,, βαΨαββα ∗+=  

for ( )ADx ∈  can be given by (2.6) and (2.8). The rest is obvious that 

follows from (i).  

3. Properties of ( )tS E
k,,βα  

Theorem 3.1. Let .0>γ  If ( )EA,  generates { ( )} ,0,, ≥βα t
E

k tS  whose 

type is ( )., ωM  Then ( )EA,  generates { ( )} ,0,, ≥γ+βα t
E

k tS  whose type is  

( )., ωω
γ

−
γ

−
Mk kk  

Proof. For ,0≥t  using the variable ( ) ( )( ),1 rtu Ψ−ΨΨ= −  it follows 
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that 

 ( ) ( ) ( ) ( ) ( )( ) ( ) ( )∫ Ψω−
γ

βαΨγ Ψ′Ψ−Ψ
γΓ

≤∗
t rk

k
E

kk drerrtk
MtSg

0
1

,,,  

( )

( ) ( ) ( ) ( )∫ Ψω−−
γΨω

Ψ′Ψ
γΓ

=
t uk

k

t
dueuuk

Me
0

1
 

( ) ( ( )) ( ) ( ),,
tkkk

t MektgMe Ψω
γ−γ−

γΨ
Ψω ω=ω≤ L  

which implies that the Laplace transform of ( ) ( )tSg kk ,,, βαΨγ ∗  exists. 

For 0≥t  and ,Re ω>λ  we have 

( ) ( ) ( ) (( ) ) 1
,,,

−
αβ−αγ

−
γ

−
βαΨγΨ −λλλ=λ∗ AEkEkkSg kkkkE

kkL  

( ) (( ) ) 1−αγ−β−α
−λλ= AEkEk kk  

( ) ( ).,, λ= γ+βαΨ
E

kSL  

Therefore, we see that ( )EA,  generates the resolvent family ( ),,, kγ+βα  

whose type is ( )., ωω
γ

−
γ

−
Mk kk   

Theorem 3.2. Let ,0>α  01 >β>β  and .0>k  Assume that ( )EA,  

generates { ( )} 0,, 1 ≥βα t
E

k tS  whose type is ( )., ωM  If ,0>t  then ( )tS E
k,,βα  is 

norm continuous in ( ).XB  

Proof. From Theorem 3.1, we conclude that ( )EA,  generates 

{ ( )} ,0,, ≥βα t
E

k tS  whose type is 

( ).,
11

ωω
β−β

−
β−β

−
Mk kk  
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There are two cases need to be discussed. 

Case 1. 1β+≠β k  

Let ,0 21 tt <≤  from ( ) ( ) ( ),,,,,, 11 tSgtS E
kk

E
k βαΨβ−ββα ∗=  .0≥t  It 

follows that 

( ) ( )1,,2,, tStS E
k

E
k βαβα −  

( ) ( ) ( ) ( )1,,,2,,, 1111 tSgtSg E
kk

E
kk βαΨβ−ββαΨβ−β ∗−∗=  

( ) ( ) ( )( ) ( ) ( )∫ βα
−

β−β
Ψ′Ψ−Ψ

β−βΓ
=

2

1 1

1
,,

1
2

1

1 t

t
E

kk
k

drrSrrtk  

( ) [ ( ) ( )( )∫ −
β−β

Ψ−Ψ
β−βΓ

+
1 1

0
1

2
1

1 t
k

k
rtk  

 ( ) ( )( ) ] ( ) ( )drrSrrt E
kk ,,

1
1 1

1
βα

−
β−β

Ψ′Ψ−Ψ−  

.21 II +=  (3.1) 

For ,1I  we have 

( ) ( ) ( )( ) ( ) ( )∫ βα
−

β−β
Ψ′Ψ−Ψ

β−βΓ
≤

2

1 1

1
,,

1
2

1
1

1 t

t
E

kk
k

drrSrrtkI  

( ) ( ) ( )( ) ( ) ( )∫ Ψω−
β−β

Ψ′Ψ−Ψ
β−βΓ

≤
2

1

1 1
2

1

t

t
rk

k
drerrtk

M
 

( )

( ) ( ) ( )( ) ( )∫ Ψ′Ψ−Ψ
β−βΓ

≤ −
β−βΨω 2

1

12 1
2

1

t

t
k

k

t
drrrtk

Me
 

( )

( ) ( ) ( )( ) .
12

12
1

k
k

t
ttk

Me β−βΨω
Ψ−Ψ

β−+βΓ
=  (3.2) 

From the continuous of ( ),tΨ  we can see that .0lim 1
21

=
→

I
tt
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For ,2I  we have 

( )

( )1
2

1

β−βΓ
≤

Ψω

k

t

k
MeI  

( ) ( )( ) ( ) ( )( ) ( )∫ Ψ′Ψ−Ψ−Ψ−Ψ× −
β−β

−
β−β1 11

0
1

1
1

2 .
t

kk drrrtrt  (3.3) 

Subcase 1. 11 β+<β<β k  

We can see that 

( )

( ) [ ( ) ( )( ) ( ) ( )( ) ] ( )∫ Ψ′Ψ−Ψ−Ψ−Ψ
β−βΓ

≤ −
β−β

−
β−βΨω 1 111

0
1

2
1

1
1

2
t

kk
k

t
drrrtrtk

MeI  

( )

( ) [ ( ) ( ) ( ) ( )( ) ].
1111

1221
1

kkk
k

t
ttttk

Me β−ββ−ββ−βΨω
Ψ−Ψ+Ψ−Ψ

+β−βΓ
=  (3.4) 

Subcase 2. 1β+>β k  

Similarly, we can get 

( )

( ) [ ( ) ( )( ) ( ) ( )( ) ] ( )∫ Ψ′Ψ−Ψ−Ψ−Ψ
β−βΓ

≤ −
β−β

−
β−βΨω 1 111

0
1

1
1

2
1

2
t

kk
k

t
drrrtrtk

MeI  

( )

( ) [ ( ) ( ) ( )( ) ( )].1122
1

1111
ttttk

Me kkk
k

t β−ββ−ββ−βΨω
Ψ−Ψ−Ψ−Ψ

+β−βΓ
= (3.5) 

02 →I  as 12 tt →  holds in all subcases. 

Case 2. 1β+=β k  

For ,0 21 tt <≤  from 

( ) ( ) ( ) ( ) ( ) ( )∫ βαβαΨβ+α Ψ′
Γ

=∗=
t E

kk
E

kkk
E

kk drrSrktSgtS
0 ,,,,,,, ,2

1
111

 

we conclude that 
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( ) ( )1,,2,, 11
tStS E

kk
E

kk β+αβ+α −  

( ) ( ) ( )∫ βαΨ′
Γ

≤
2

1 1,,2
1 t

t
E

kk
drrSrk  

( )

( ) ( ) ( )( ) ,02 12
2

→Ψ−Ψ
Γ

≤
Ψω

ttk
Me

k

t
 as .12 tt →  

This completes the proof.   

Definition 3.1. { ( )} 0,, ≥βα t
E

k tS  is said to be compact if ( )tS E
k,,βα  is a 

compact for .0>t  

Theorem 3.3. Let ,0>α  01 >β>β  and .0>k  Assume that ( )EA,  

generates { ( )} ,0,, 1 ≥βα t
E

k tS  whose type is ( )., ωM  Then the following are 

equivalent: 

 (i) ( )tS E
k,,βα  is compact for .0>t  

(ii) ( ) 1−−μ AEkE  is compact for .αω>μ kk  

Proof. Assume that ( )tS E
k,,βα  is compact. Let .ω>λk  Then 

( ) (( ) ) ( ) ( ) ( )∫
∞

βα
Ψλ−−

αβ−α
Ψ′=−λλ

0 ,,
1 dttSteAEkEk E

k
tkk  (3.6) 

from Definition 2.8. Noting that the uniform continuity of { ( )} 0,, ≥βα t
E

k tS  by 

Theorem 3.2, implies that (( ) ) 1−α
−λ AEkE k  is compact from Corollary 2.3 

in [18]. 

Conversely, for [ ),,01
, 1 ∞∈β−β lock Lg  using Theorem 2.2, 

( )
( )

( )
( ) .2

1lim ,,,,,
,

111
1 E

kk
ni

ni
E

k
kzt

n
SgdzzS

g
ei βα

Ψ
β−β

Ψ+ω

Ψ−ω βα
Ψβ−β

Ψ
Ψ

∞→
∗=⎟⎟

⎠

⎞
⎜⎜
⎝

⎛
∗

Ψ′π ∫ L  
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However, for ,,,,,,, 1111
E

kk
E

kk SgSg βαΨβ−ββα
Ψ

β−β ∗=∗  we obtain that 

( )
( )

( )
( ) ,2

1lim ,,,,,
,

111
1 E

kk
ni

ni
E

k
kzt

n
SgdzzS

g
ei βαΨβ−β

Ψ+ω

Ψ−ω βαΨ
β−β

Ψ
Ψ

∞→
∗=⎟⎟

⎠

⎞
⎜⎜
⎝

⎛
∗

Ψ′π ∫ L  

namely 

( ) ( ) ( ) (( ) )∫ −
αβ−αβ−β

Ψ
Ψ −λλλ⎟⎟

⎠

⎞
⎜⎜
⎝

⎛
Ψ′π L

kk
kzt dzAEkEk

g
ei

1, 11
2
1

L  

,0,,, >= βα tS E
k  (3.7) 

where L is the line ( ) .Re ω=z  ( )tS E
k,,βα  is compact for ,0>α  

,01 >β>β  0>k  can be found by using Corollary 2.3 in [18] again.  

4. Mild Solution for ( )Ψ,k -Hilfer Fractional Initial Value Problem 

We study the following ( )Ψ,k -Hilfer fractional derivative: 

( ) ( ) ( ) ( )( ) [ ]

( ( ))

( ) ( )⎪
⎪
⎪

⎩

⎪
⎪
⎪

⎨

⎧

=
⎥
⎥
⎦

⎤

⎢
⎢
⎣

⎡
⎟
⎠
⎞

⎜
⎝
⎛
Ψ′

=

∈+=

=

Ψα−
+

=
Ψα−

+

Ψα
+

1
0

;2
0

00
;2

0

;,
0

,

,

,,0,,

ExtExIdt
d

t
k

ExtExI

TttxtftAxtExD

t

k
k

t
kk

vHk

k

k  (4.1) 

with initial value problem, where ,, 10 Xxx ∈  ,21 <α< k  ,10 ≤≤ v  

( ),2 α−+α=α kvk  A and E are closed linear operators on X generating 

the resolvent family ( ).,, kkk −αα  

Taking the generalized Laplace transform on both sides of the equation, 
and in view of Theorem 2.1, we can get 

( ) ( ( ) ( )( )) ( ) ( )( )∫ Ψ′Ψ−ΨΨ= −
αα

t E
k dssxsfsstStx

0
1

,, ,  
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( ) ( ) .1,,0,, xtkSxtkS E
k

E
kk kk αα−αα ++  

Definition 4.1. Let ,21 <
α

< k  ,10 ≤≤ v  and ( )EA,  generate  

{ ( )} .0,, ≥−αα t
E

kk tS
k

 

Then ( )tx  is called a mild solution of (4.1) if   

( ) ( ( ) ( )( )) ( ) ( )( )∫ Ψ′Ψ−ΨΨ= −
αα

t E
k dssxsfsstStx

0
1

,, ,  

( ) ( ) .1,,0,, xtkSxtkS E
k

E
kk kk αα−αα ++  

Lemma 4.1. Assume that [ ] +→ RTya ,0:,  are locally integrable 

functions, b is a constant satisfying  

( ) ( ) ( ) ( ) ( ) ( )∫ Ψ′+≤ Ψω−Ψω t st dsssyebetaty
0

.  (4.2) 

Then 

( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )( )∫ ∑
∞

=

−Ψω−Ψω Ψ−Ψ
−

Ψ′+≤
t

i

i
i

st dssti
bssaeetaty

0
1

1 .!1  

Proof. Let  

( ) ( ) ( ) ( ) ( ) [ ]∫ ∈Ψ′= Ψω−Ψω t st TtdsssyebetBy
0

.,0,  

Then 

( ) ( ) ( )tBytaty +≤  

( ) ( ) ( )tyBtBata 2++=  

( ) ( )∑
−

=

+==
1

0
.

n

i

ni tyBtaBL  
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Now, we show that  

( )
( )

( )
( ) ( ) ( ) ( ) ( )( )∫ −Ψω−

Ψω
Ψ−ΨΨ′

−
=

t ns
tn

n dsstssyen
ebtyB

0
1

!1  (4.3) 

and ( ) 0→tyBn  as .∞→n  

(4.3) is true in the case when .1=n  Suppose that it holds for .ln =  
Then for ,1+= ln  

( )tyBl 1+  

( ( ))tyBB l=  

( ) ( ) ( )
( )

( )
( ) ( ) ( ) ( ) ( )( )∫ ∫ ⎥

⎦

⎤
⎢
⎣

⎡
Ψ−ΨΨ′

−
Ψ′= −Ψω−

Ψω
Ψω−Ψω t s lr

sl
st dsdrrsrryel

ebsebe
0 0

1
!1

 

( )

( )
( ) ( ) ( ) ( ) ( )( ) ( )∫ ∫ Ψ⎥⎦

⎤
⎢⎣
⎡ Ψ−ΨΨ′

−
= −Ψω−

Ψω+ t s lr
tl

sddrrsrryel
eb

0 0
1

1

!1  

( )

( ) ( ) ( ) ( ) ( ) ( ) ( )( )∫ −Ψω−
Ψω+

Ψ−ΨΨ′Ψ
−

=
t lr

tl
drrtrryetl

eb
0

1
1

!1  

( )

( ) ( ) ( ) ( ) ( ) ( ) ( )( ) ( )∫ ∫ Ψ′⎥⎦
⎤

⎢⎣
⎡ Ψ−ΨΨ′Ψ

−
− −Ψω−

Ψω+ t s lr
tl

dssdrrsrryesl
eb

0 0
2

1
.!2  

By mathematical induction, we have 

( )
( )

( )
( ) ( ) ( )∫ Ψ′

−
= Ψω−

Ψω+
+ t r

tl
l rryel

ebtyB
0

1
1

!1  

( ) ( ) ( ) ( )( ) ( ) ( ) drrlrttl
Cl

i

llili
i
li

⎥
⎥
⎦

⎤

⎢
⎢
⎣

⎡
Ψ−+Ψ−ΨΨ−× ∑

=

−−

1

1 111  

( )

( )
( ) ( ) ( )∫ Ψ′

−
= Ψω−

Ψω+ t r
tl

rryel
eb

0

1

!1  
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( ) ( ) ( )( ) ( ) ( )( ) ( ) ( ) drrll
rttrt ll

ll

⎥
⎥
⎦

⎤

⎢
⎢
⎣

⎡
Ψ−+

−
Ψ−Ψ−Ψ−Ψ−Ψ

×
11  

( )
( ) ( ) ( ) ( ) ( )( )∫ Ψ−ΨΨ′= Ψω−

Ψω+ t lr
tl

drrtrryel
eb

0

1
.!  

The relation (4.3) is proved. Since 

( )
( )

( ) ( ) ( ) ( ) ( )( )∫ →Ψ−ΨΨ′
−

≤ −
Ψω t n

Tn
n dsstssyn

ebtyB
0

1 0!1  as ∞→n  

for [ ]Tt ,0∈  we have 

( ) ( ) ( )∑
−

=

+≤
1

0

n

i

ni tyBtaBty  

( )∑
∞

=

≤
0i

i taB  

( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )( )∫ ∑
∞

=

−Ψω−Ψω Ψ−Ψ
−

Ψ′+=
t

i

iist dssti
bssaeeta

0
1

1 .!1   

Corollary 4.1. Suppose [ ] +→ RTa ,0:  is a nondecreasing and locally 

integrable, b is a constant, [ ] +→ RTy ,0:  is locally integrable with (4.1) 

hold, then 

( ) ( ) ( ) ( ) .!1
1

⎟
⎟

⎠

⎞
⎜
⎜

⎝

⎛ Ψ
+≤ ∑

∞

=

Ψω

i

ii
t

i
tbetaty  

Theorem 4.1. Assume that ( )EA,  generates { ( )} ,0,, ≥−αα t
E

kk tS
k

 whose 

type is ( )., ωM  Further, ( )tS E
kkk ,, −αα  is norm continuous for 0>t  and 

(( ) ) 1−α
−λ AEkE k  is compact in the case .αω>λ kk  Suppose that 
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(H1) [ ] XXTf →×,0:  and it satisfies the Carathéodory conditions; 

(H2) There exist two scalar functions ([ ] ),,,0 +∈ RTCa  

([ ] ( ))∞∈ ,0,,0 TCb  and a scalar nondecreasing function ( )++∈Φ RR ,C  

such that for ,Xx ∈  [ ],,0 Tt ∈   

( ) ( ) ( ) ( ),, xtbtaxtf Φ+≤  

with ( ) ,1 tbt
∞

≤Φ  then problem (4.1) possesses one mild solution on 

[ ].,0 T  

Proof. Set [ ]( ){ },:,,0 rxXTCxBr ≤∈=  where 

( )
( ) ( )

( ) ( )
⎥
⎦

⎤
⎢
⎣

⎡
ω

++
ω

−
ω= ΨωΨω

∞

Ψωα−α−
−

10
11 xMexkMeaeMkr TT

T
k

k k
 

 [ ( )( ( )
( )

( ) )] .111 +−+× ΨωΨω
α−α−

− TMkT k
kk

ee  

The operator F defined on rB  is given by 

( ) ( ( ) ) ( ( ) ( )( )) ( ) ( )( )∫ Ψ′Ψ−ΨΨ∗= −
−ααΨα−α−

t E
kkkk dssxsfsstSgtFx

kk0
1

,,, ,  

( ) ( ) [ ].,0,1,,,0,, TtxtSkgxtkS E
kkkk

E
kk kk

∈∗++ −ααΨ−αα  

Step 1. If x satisfies Fxx μ=  for rBx ∈  and ( ),1,0∈μ  then .rx ≠   

From ,Txx μ=  we have 

( ) ( ( ) ) ( ( ) ( )( )) ( )∫ Ψ′Ψ−ΨΨ∗≤ −
−ααΨα−α−

t E
kkkk sstSgtx

kk0
1

,,,  

( )( ) dssxsf ,× ( ) 0,, xtSk E
kkk −αα+  

( ) 1,,, xtSgk E
kkkk k −ααΨ∗+  
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( )
( ) ( ) ( ) ( ) ( ) ( )( )[ ] ( )∫ Ψ′Φ+ω≤ Ψω−Ψω

α−α−
− t stk

k
dsstxsbsaeMek

k

0
 

( ) ( )
10

1 xMexkMe tt ΨωΨω
ω

++  

( )
( ) ( ) ( ) ( ) ( )∫ Ψ′ω≤ Ψω−Ψω
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Applying Corollary 4.1, it holds 
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[ ( )( ( )
( )

( ) )] ,11 ree TMkT k
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which implies that .rx ≠  

Step 2. F is a continuous operator on .rB  

Let { },nx  rBx ∈  with .lim xxn
n

=
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 Then 

( ) ( ) ( ) ( )tFxtFxn −  

( ( ) ) ( ( ) ( )( ))∫ Ψ−ΨΨ∗≤ −
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t E
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1

,,,  

( ) ( )( ) ( )( ) .,, dssxsfsxsfs n −Ψ′×  

Noting that ( )( ) ( )( ),,, sxsfsxsf n →  a.e. [ ]Tt ,0∈  as .∞→n  By the 

Lebesgue dominated convergence theorem, we have  
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,0
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∈
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Tt
 

when ,∞→n  namely F is a continuous operator. 

Step 3. { }rBxFx ∈:  is equicontinuous on [ ].,0 T  

Let Ttt ≤<≤ 210  and .rBx ∈  Then  
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( ) ( ) 11,,2,, xtStSk E
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k kk αααα −+  

.4321 IIII +++≤  
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and ( )
E

k
E
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kk ,,,,, αα−ααΨα−α− =∗  is norm continuous by Theorem 

3.2, we have 0lim 2
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=
→

I
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 independently of .rBx ∈  Moreover, we see that 
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=
→

I
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 and 0lim 4
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=
→

I
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 independently of rBx ∈  by using the 

hypothesis and Theorem 3.2, respectively. 

Step 4. ( ){ }rBxtFx ∈:  is precompact. 

Firstly, ( ) ( ){ }rBxFx ∈:0  is precompact. Secondly, for ,0 Tt ≤<  we 

define εF  on rB  by 

( ) ( ) ( ( ) )∫
ε−

−ααΨα−α−
ε ∗=

t E
kkkk kk SgtxF

0 ,,,  

 ( ( ) ( )( )) ( ) ( )( ) ,,1 dssxsfsst Ψ′Ψ−ΨΨ× −   ( ).,0 t∈ε∀  
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From the hypothesis, ( )tS k,,αα  is compact for ,0>t  and hence 

{( ) ( ) }rBxtxF ∈ε :  is precompact in .rB  Furthermore, for every ,rBx ∈   

( ) ( )txFtFx ε−  

( ( ) ) ( ( ) ( )( )) ( ) ( )( )∫ ε−
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which implies that { ( ) ( ]}TtBxtFx r ,0,: ∈∈  is precompact in .rB  

Hence, { }rBxFx ∈:  is precompact. Furthermore, F is compact on .rB  

By using the Leray-Schauder fixed point theorem, then F has a fixed point on 

,rB  namely (4.1) has a mild solution.  

Theorem 4.2. Assume that ( )EA,  generates { ( )} ,0,, ≥−αα t
E

kk tS
k

 whose 

type is ( )., ωM  Further, ( )tS E
kkk ,, −αα  is norm continuous for 0>t  and 

(H1) holds. Suppose that  
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(H3) There exists a scalar function ([ ] )+∈ R,,0 TCc  such that 
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If  
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 (4.4) 

then (4.1) possesses one mild solution on [ ].,0 T  

Proof. We define an operator F by ( ) ( ) ( )txFtxFtFx 21 +=  on X, where  
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Consequently,  
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Multiplying above inequality by ,1
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a contradiction.  

Similar to steps in Theorem 4.1, we have F is continuous but also 

0rFBco  is equicontinuous. 
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and thus  
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Moreover, ( ( )) ,02 =α tBF n  and consequently, 

( ) ( ) ( ),21 BFBFBF nnn α+α≤α  

by Lemma 2.4 in [12]. Thus F has a fixed point, namely (4.1) has a mild 
solution. 

5. An Example 

Example 5.1. Set [ ]( ),,,02 Rπ= LX  ,2kk <α<  .10 ≤≤ v  We 

study the following ( )Ψ,k -Hilfer fractional initial value problem:  
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where Ψα
+

;,
0

, vHk D  is the ( )Ψ,k -Hilfer fractional derivative. Operators A 

and E are given by ,ξξξξ= xAx  ,ξξ−= xxEx  respectively, let  
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{ [ ]( ) ( ) ( ) }0,0,,,0: 4 =π=π∈∈ txtxHxEx  

be the domain of A and E. Obviously, the eigenvalues and eigenvectors of A 

are 4n−  and ( ) ( ),sin2 ξ
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=ξ nxn  the eigenvalues of E are .1 2n+  
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Assume that for ,Xx ∈  we have ( ) .,, xMxtS E
k ≤βα  Therefore, 

( )tS E
k,,βα  is type ( ).1,M   

If ( ) xtxtf
+

= 1
1,  and ( ) ( ) 1,0 == tbta  and ( ) ,rr =Φ  then there 

exists one mild solution on [ ]1,0  for (5.1) by Theorem 4.1. 
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