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Abstract

In the context of solving (k, V)-Hilfer fractional differential
equations with Sobolev type, we initially explore a more generalized
version of the (o, B, k)-resolvent family. Subsequently, we present
various properties associated with this resolvent family. Specific

instances of this resolvent family, such as the C; semigroup, sine
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family, cosine family and others, have been previously discussed in
other academic papers. By combining this resolvent family with the
(k, W) -Hilfer fractional derivative, we examine the existence of
mild solutions to (k, W) -Hilfer Sobolev type fractional evolution

equations, without requiring the existence of the inverse of E.
Ultimately, two existence theorems are derived.

1. Introduction

The theory of fractional order differential equations has garnered
increasing interest due to its wide applicability in various fields such as
physics, engineering, and medicines, see [2-4, 6, 13, 15, 16]. Hilfer [7]
proposed the Hilfer fractional derivative, which exhibits technical properties
that make it more general than previous fractional derivatives. This makes
the Hilfer fractional derivative a powerful mathematical tool for analyzing
real world phenomena and driving technical advancements [5]. Another
important contribution is the introduction of the Y -Hilfer fractional
derivative by Sausa and Oliveira [17], which generalizes key fractional
derivatives like the Hilfer, Caputo and Riemann-Liouville. The flexibility of
the kernel YW 1is beneficial as it allows for unification and extension of
previous studies on fractional differential equations, which are essential in

addressing various issues. A more general derivative called the (k, V)-

Hilfer fractional derivative was proposed by Kucche and Mali [10],
encompassing the W-Hilfer derivative. Special cases like the A-Hilfer-

Hadamard fractional derivatives, (k, ¥)-Caputo, and (k, ¥)-Riemann-

Liouville derivatives can be derived by selecting the appropriate kernel V¥
with v € [0, 1] and k > 0.

The existence, uniqueness and continuous dependence of solutions have
been extensively studied in fractional abstract evolution equations.
Specifically, our focus is on the existence of mild solutions. To establish this,
various technical tools such as the fixed point theorem and the iterative

technique are employed.
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In reference [14], Ponce has made significant contributions by
delineating the properties of resolvent families, and, more notably, by
applying these properties to explore mild solutions for two types of fractional
nonlocal problems. Additionally, in the publication denoted [1], Chang et al.
delved into Sobolev type fractional differential equations, achieving the
approximate controllability through the employment of resolvent operators.
However, the broader studies of more general resolvent families of operators
have been relatively neglected. In response to this gap, the present study
endeavors to introduce more general resolvent families of operators, aiming
to engage in a detailed discourse on the norm continuity and compactness of
these operators, thereby extending the scope of existing research. The
findings of our research can be seen as an extension of the conclusions
presented in the works of various scholars.

The manuscript is organized in a logical and coherent manner. Section 2
presents a compendium of essential definitions and preliminary concepts that
form the foundational knowledge for the subsequent sections. Section 3
delves into the properties of continuity and compactness within the context
of our proposed generalized resolvent family. Section 4 is dedicated to an in-
depth exploration of the existence of mild solution for (k, ¥)-Hilfer

Sobolev type fractional Cauchy problems. Notably, we have formulated two
theorems, each derived through distinct methodologies, thereby enriching the
discourse with a multifaceted perspective. Section 5 provides an example.

2. Preliminaries

Let J be a finite closed interval of R, and X be a Banach space endowed
with the norm ||-|. Let C(J, X) be the Banach space of all continuous
functions from J into £ with the usual norm | x || = max, ;| x(¢)|, where
x € C(J, X). To avoid confusion, the norm in C(J, R") is defined by
| x|, = max,cs|x(t)], for xeC(J,R"). Moreover, we denote by

B(X, Y) the space of all bounded linear operators from Banach space X to
Banach space Y, and we abbreviate this notation to B(X) when X =Y.



442 Haihua Wang, Jie Zhao, Junhua Ku and Yanqiong Liu

Let ¥ : R —> R be a strictly increasing odd function with continuous

derivative and W'(¢) # 0.

Definition 2.1. The operator family {S(¢)},>, = B(X) is called general
exponentially bounded (GEB) if there are M > 0, © € R satisfying

S| < MY, ¢ > 0.
NGI

We say that a type of S(¢) is (M, ®). Set

©9(8) = inf (M > 0 suchas | S()]| < MY ¢ > 0}

Definition 2.2 [8]. Let f and /4 be two functions. Then the generalized
convolution of fand 4 is defined by

(f 0 O = [ SOV (V) = )Y

Definition 2.3. Let fand % be two functions. Then another generalized
convolution of fand # is defined by

U @ = [ e w0 - )

Let k, m > 0 and g; ,, denote the function

LIS}
YE (1)
f)=_—F+, t>0,
gk,n() krk(n)
0, t <0,

where T (z) denotes the k-gamma function

ok

o0 2
T(z) = -[0 s°le kds, Re(z)> 0.

Definition 2.4 [11]. Let 1, £ > 0 and % be integrable on [a, b]. Then
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K p) - Wi(s) (W() = )k As)ds

1 t
.

is called the (k, W)-Riemann-Liouville fractional integral of a function 4 of

order m.

Definition 2.5 [10]. Let k > 0, m € Z* with m -1 < % < m, and the

function 4 be n times continuously differentiable on [a, b]. Then

k ; k k-n): k d mk _ k—n):

is called the (k, W)-Hilfer fractional derivative of h with order n and

type v.
Definition 2.6 [8]. Let 4 :[0, ©) — R. We define the more general

Laplace transform of h as follows:
o0
Lo (h(D)(0) = j ) MO ().

Definition 2.7. Let #: R — R. We define the more general Fourier

transform of h as follows:

Fot)0) = [~ ™ O wyar

If 4 is a function with values in E, then integrals which appear in above

definitions mean Bochner integrals.

Theorem 2.1. Let n, k > 0 with m —1 < % < m and h be a piecewise

continuous function. Then

Lo (D3 h(e) (1)

= ()7 Ly (W) (1)
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v(mk—n) M=l . : i ;
77 n ka_l}‘m_l_{(qf]f(t)_%) k[(()l;")(Mk_n),qjh(f)} .
i=0 =0

Proof. We first show that

w[(%@%}mhm} (1) = K"y (1) )

m—1 i
- Zk’”"’km—"—l{(%@%) h(t)} @2.1)
i=0

t=0

is true, where m € Z%.

In fact, for m =1 using Definition 2.6 and integration by parts, we have

ﬁw[(%@%)h(ﬂ} =" MO oy

= —kh(0) + kAL (h(2))(1).

Furthermore,
c\{(%@ %)mh(t)} () = —/{(T,L(t) %)m_lh(t)}

k d m—1
holds by mathematical induction, it is easy to verify that (2.1) is true.
Using Definition 2.5,
; VY
Lo (S Dg"  h(e) (1)
_ E‘P( klgs_mk—n); Yk, RLD(T)]:v(mk—n); LPh(t)) (X)

v(mk-n) i
=) Ly REDE I ) )
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_v(mk—nm) ko d\" —) (mk=m):
= () & 'CTK‘P'_U)E) k(=) mk=ni¥ by | (),

In view of (2.1), we conclude that
k W
Lo DY h(e) (1)

v(mk—
= (k) ( i ”){(kx)mcq,(kz((,tvﬂmk—n);“’h)m

m—1 i
_ ;km—ixm—i—l{(%@%) k](()L—v)(mk—n);Th([):ltzo}
= ()% Lo (1) (0.)

v(mk—m) i :
— (k?\.)_ T n ka—l?\‘m—l—l|:(qjl'€(t) %) k[(()l_‘_—V)(mk—T'l)a \Ph(t)j|
i=0

t=0
This completes the proof. g

sin W (n)¥(¢)

For n > 0, denoting D, (¢) = ()

,t € R, wehave

1 ¥

(D, *¥ n) (1) = J.OO h(r)%J‘ eis(\y(t)_w(r))‘l”(r)ds dr

~¥(n)

L oY) e [0 —isw(r) ,
- J._Lp(n)e U_we h(r)‘P(r)drjds

eis\y(t)fxp (h)(s)ds.

(n)
“5

C2mdow)
For ® € R and a function S : [0, ©) - R, we define the shift S, by
S,(t) = e_“)q}(t)S(t), t>0. Let §:[0,0)—> B(X,Y) be a strongly

continuous operator. Then
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Lp(S) (o +is) = j: @i Y (1) S (1) dt

_ I 0°° e S Op()s, (¢)dt

= FT(S(D)(S)’

which leads to

1 o+i¥(n) w(1)z
() =5 j v & L))

1 ¥(n) ® i s .
= %I_\P(H)e\{l(t) &) Lg(S) (o +is)ds

_ 0o % j _q;f:: )e”‘(f)%q,(s)(m + is)ds

e L Y0 e
=e 7 J._\F(n)e Fy(S,)(s)ds

= e\P(t)w(Dn ! Sco)(t)’
namely (K, ), = D, s g
Theorem 2.2. If S:[0,0)— B(X,Y) is strongly continuous,

b e L,.([0, ©), R), functions b and S are finite GBE, then

lim Lj.mﬂly(n)eqj(t)zﬁxy(% ¥ Sj (2)dz = b *¥ S, @ > 0y(S), ob),

n—soo 2T o—i¥(n)

in B(X, Y).

Proof. Replacing the operator S by b ¥ S, we conclude that

e—m‘l’(t)(Kn)(t) =D, " (b * T S)w, where
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(b ), = O _“; b(r)SCP (W (1) = () W(r) dr
_ Jw YO )p() o FO-H()

« SN W) - ¥ () ¥ (r)dr

—p xS

(O] (O
Hence, ¢ ®YO(k )(1)=D, *¥ (b, *¥ S,) =D, *¥ b, *¥ S,. Using

the Plancherel’s theorem, Y’ (Dn «t %) > WY in Z(R) as

n — oo for WP e I*(R), we can get

v by, .w ¥
(Dn* J%* Sw)—>bw* Se

in B(X, Y) uniformly in ¢ > 0 by using the Young’s inequality. The proof

is completed. g

Definition 2.8. Let a, 8, £ > 0, X be a Banach space, E : D(E) = X
— X, A:D(A)c X > X be two closed linear operators with
D(E)(N D(A) # {0}, and there be a ® > 0 and a strongly continuous GEB

operator Sf, g, k(1) 1[0, ©) > B(X), and {(k?u)% : ((kk)%E —A)" exists
in B(X, D(E)N D(A)), Re ki > o},

oa—f o )
(M) & E(RVEE - A 'x = j . M O(NSE o ((O)xdt, x € X (23)

Then we say that (A4, E) generates the (o, B, k)-resolvent family

{SE .k (Ohso-
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Remark 2.1.For k =1, a =1, B=1and £ =1, S g () reduces to
Co-semigroup. For k =1, o =2, B =2 and E =1, S, g 4(¢) reduces to
sine family. For k=1, a =2, B=1 and E =1, Soc,B,k(t) reduces to

cosine family.

Theorem 2.3. For a,p, k>0, S(f,ﬁ, «(t) satisfies the functional

equation
Sep k() (&ho *w Ser.p i) (O) = (k.o *w Seep 1) ()SE p.x(0)

= 25.p(5) €k o *w Se.p.i) () — &k.p() (8.0 *w Sec.p.i)(5)
fs>0. (24)

Proof. For A, u > o and A # p, taking the Laplace transform on both

sides in (2.4), we have

@ o —}LT(Z‘)—},L"P(S) ' '
IO IO e V(1) (s)
x[SE o 1 () (gh.a *w SEp.1)(0) = (gh.o *w SE 5 1) (5)SE p 4 ()]st

= [ OO (g0 e SEp)Ode MOV p (s)ds

- e OwE ST g e [ e OWS) (g, 2w SEp i) ()ds

a

a o (XB

Sy SN o PN o -
=k kX k()T E(MFE - A \(kn) & E((k)FE — )"

o a

B o e o _
— (N T E(RMEE - A"k kp k(kpy & E((kn)5E — A)"

26 B B o

K ko Ry RE(R)EE — A E(k) T E — Ay (k)E — (0)F)
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2B BB o M o
=k kakp FE(M)EE - AN ((WF E - A7 (kW) E — A)

2 BB a o

KR Ry K ()EE — A BT E — A (VT E — A)

2 B B o o
=k k0 ku F[E(M)EE - A" - E((kn)k E — 4)'],

on the other side,

.[0 '[O e—k\I’(t)—u\P(s)\Pr(t)\Pr(S)

x[5.p(5) (Qh.a *w SEp.1)(0) = gh.p()(8h.o *w S&.p.x)(s)]drds

BB o a

e e AP L
_k Ky Kk kxR E E((R)TE — A)

B B a a

- - B @ -1
—k Fn Kl R k() Tk E(MWEE — A)
From the uniqueness, we get that (2.4) is true. O

If (4, E) generates the (o, B, k)-resolvent family Soﬁ g,k(¢), then
define

SE . (H)x - t
e = Tim Bk (O)x = gg p(t)x

, x € D(A).
t—0+ gk,(x+[3(z) (“)

Theorem 2.4. Let o, B, k >0 and (A, E) generate {S(iﬁ,k(t)}[ZO'

Then SOE 8,k (t) has the following properties:
(i) S&p.x(6) : D(A4) > D(A), besides, SE g () Ax = ASE g 1 (6)x;

(ii) If B < k, then (g o *y S p.x)(6) 1 X — D(A), and for x € X,
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E _ E
S p, k()X = gi p()x + A(gk, 0 *w So i) (1)x.
If B>k and x € D(A), then (2.5) holds. Moreover,
E E
Soip,k(0)x = gi p()x + (gk, 0 *w ASy p, 1) ()X, x € D(A).

Proof. (i) Assume that x € D(4) and ¢ > 0. One can see that

lim S(f,ﬁ,k(s)soﬁ g,k (t)x - gk,ﬁ(S)Scf, g,k (1)x
s—>0+ gk,a+B(S)

~ tim Sk (OSe gk (5)x — g4 p(s)x]
s—0+ gk,a+B(S)

= iﬁ’k(t)Ax,
which implies that S g 4 (¢) : D(4) — D(A4) and

Siﬁ,k(t)Ax = AS(‘iB,k(t)x.

(i1) By Theorem 2.3, we obtain

(2.5)

Sf,ﬁ,k(s)(gk,a iy Scf,B,k)(t)x — &k,p(s)(gk, 0 *w Sf,ﬁ,k)(t)x

lim
s—>0+ gk,oc+B(S)

- (8.0 *w Se.p. k) ()SE p.i()x = gk () (8h. o *w Se.p.i)(8)x

s—0+ gk,oc+ﬁ(s)

- (8k,0 *w S(iﬁ,k)(s)[sf,[s,k(t)x — g, p(t)x]
s—0+ gk,oH—B(S) '

Using that facts that

(2.6)

(80w SEp.0)O) = 0y o (V) = HONE W ()SE g ()
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and

gk,(x+[3(5) =

we have

a+p—k

1
maip’ - O

=
kICX\P \Pk (S)

0+ ATy (B)

mj( ¥
KoL

B kal(a) I os (¥(s) - \P(r))%_l‘y'(r)gk, p(r)dr,

(8.0 *w Sei.p.i)(s)u .
gk,a+B(S)

krk(a)gk a+p(s)

If B < £, then

(8k.o *w S p.x)(s)u .
gk,a+ﬁ(s)

sup || Sg.p. & (r)u — gr p(ru |

rel0, s]

__kfk(a-%ﬁ)
aly (o)

kUi (00) gk, B (S)

[ 6) = 9y e ryar

rel0, 5]

From (2.6) and (2.7), we have

(8k.o *w Se.p.i)(t)x € D(4), t >

[P = TP CISE (e - iyl |

1

k(s) sup || Sa g, k(P)u—gp g(r)ul =0, s = 0+. (2.7)
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and

S(]iﬁ’k(t)x = gr.p()x + A(gy o *w Soﬁﬁ,k)(t)x for x € X.

If B > k, then for u € D(A4),

8k, a+p(s)

(Sk. o *w Sf,ﬁ,k)(s)u . H

sup || S& p. i (r)u = g p(r)u

rel0, s

s a
e e NUO RO ST

< w Sf,ﬁ,k(r)u—gk,ﬁ(r)u 1
B ,e[o{)s] 8k, asp(r) kT (o)
<[ ) - WONE W () dr = 0, s = 0+, 2.8)

From (i), we know that (g; o *y Siﬁ’k)(t)x e D(A), t >0,

Sep i (O)x = g p(6)x + Algs.q *9 St p.x)(0)x

for x € D(A) can be given by (2.6) and (2.8). The rest is obvious that
follows from (i). 0

3. Properties of Stf,ﬁ, (@)

Theorem 3.1. Let v > 0. If (A4, E) generates {Soﬁﬁ,k([)}tzoﬂ whose

typeis (M, ®). Then (A, E) generates {S(ﬁ By, k (1)}, Whose type is

Proof. For ¢ > 0, using the variable u = ¥~ (W(¢) — ¥(r)), it follows
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that
” (gk,y *p Sfyﬁ,k)(t) " < %J‘; (l}f(t) _ \P(l”))%_l\y'(l")ew\y(r)dr

Me(n‘l’(t)

= —I t lI’%_l(u)‘I”(Lt)e_wa('l)cz’zt
kT (v) Jo

A
< Me™ Ly (gr () (0) = k ko kpe”™ ),
which implies that the Laplace transform of (g ., *y S g & )() exists.

For t > 0 and ReA > w, we have

R o
Lo(gry *w SEg )0 =k FX KT E(R)EE - 4)

a—B-vy
= (kM) &

E((kx)%E — 47!

= Ly(Sg. g ) V).

Therefore, we see that (4, E) generates the resolvent family (o, B + v, k),

ror
whose type is (k ko KM, o). O

Theorem 3.2. Let oo > 0, B> B; > 0 and k > 0. Assume that (A, E)
generates {Sf’ Bl,k(t)}tZO whose type is (M, ®). If t > 0, then Siﬁ,k(t) is
norm continuous in B(X).

Proof. From Theorem 3.1, we conclude that (4, E) generates
{Sg, B,k(t)}zzo’ whose type is

BB BB
(k ¥ o * M,o).
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There are two cases need to be discussed.

Casel. B = k + P

Let 0 <4 <tp, from Sy p (1) = (g pop, *w Sf,ﬁl’k)(t), £>0. It

follows that
Soliﬁ,k(ZZ) - S(lf,B,k(tl)

= (gk,B—Bl Fy Sfaﬁlak)(tz) - (gk’B_Bl *yy Solt?,Bl,k)(tl)
= m P, (V) W) 1 )SE )
: BBy
e e ey

() - ) T WOSE (e
= 11 + 12. (31)

For I;, we have

151= =gy ), (F) - ¥ T SE 0l

M ) B ﬂ—l / 0¥ (r)
< BB Ll (P(ts) - P(r) & W(r)e®t Oy

(DlP(tz) _1
< kr A j (P(ty) - ‘Ir’(r)) E () dr

LoP(1) B-B1
:Mﬂé+—]:m(T(t2)—T(tl)) F (32)

From the continuous of (), we can see that lim | /; || =
H—t
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For I,, we have

Me(,OlI’(l‘l )

11 5 55

i} ﬂ_l ﬂ—1 '
<[ 1) PO - (@) - ) T W) (33)

Subcase 1. B; < B < k + B,
We can see that

MY g

1)< 2 ) W) T — (o) — Y)Y ()
2 < =], (P >

M2 (M) BB BB

_ M T ()= k(1) + ()= W) 7 G4)
(B -PBy +k) ! 2 2 ! o

Subcase 2. B > k + 3
Similarly, we can get

o¥(n) .y BB _, BB,
112 ||§—_1 . [(P(6) -¥() & — - (¥)-P(@) & 1¥(r)dr

Me@¥ (1) BB BB

— BB PP
T gl @-(e)-Ya)E - @)G)

| I || = 0 as 5 — # holds in all subcases.
Case2. B =k + [

For 0 £ 4 < ¢, from

E E 1 L oE
S(x,k+[31’k(t) = (gk,k g Sa,Bl,k)(t) = WJ.O\P (r)S(x,Bl,k(r)dr’

we conclude that
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E E
" Sa,k+61,k(t2) B Sa,k+[31,k(t1) I

1 15) , E
S Fk(zk) J.II lP (V)” S(X,B],k(r) "dr

Me@‘{l(fz)

< W(‘P(l‘z) - \P(l‘l)) — 0, as th > 4.

This completes the proof. n

Definition 3.1. {Siﬁ’k(t)}tzo is said to be compact if Soﬁﬁ,k(t) is a

compact for ¢ > 0.
Theorem 3.3. Let o > 0, B> B; >0 and k > 0. Assume that (4, E)
generates {S f B =0, whose type is (M, ®). Then the following are

equivalent:

(1) So{ﬁ,k(t) is compact for t > 0.
(ii) E(kuE — A)"" is compact for ku > ol

Proof. Assume that Si g, (?) is compact. Let kA > . Then
oa—f o 0
() & E(MFE — A" = J' . MY OW()SE g ((di (3.6)

from Definition 2.8. Noting that the uniform continuity of {S(f,ﬁ, ()} by

o
Theorem 3.2, implies that E((kA)x E — A)"' is compact from Corollary 2.3
in [18].

Conversely, for gz g, € L}OC [0, ), using Theorem 2.2,

1 rot+i¥(n) ()2 Ek,BPy ¥ E Y gE
niﬂoz_mjm_iw(n)e Lol =75 Sapr JDE=8kpp *" Sop i
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¥ oE B E )
However, for g; g_p, * S(x,ﬁl,k = 8k,p-p, *¥ Sa,[sl,k’ we obtain that

1 por(n) g, 8k, B-P E E

namely

1
2mi

[ eW)ZcLP(ng%BI ] D) T BT E — A7 de

= S&pas >0, 3.7)

where L is the line Re(z) = o. Soli g,k(t) is compact for o >0,

B> By >0, £ > 0 can be found by using Corollary 2.3 in [18] again. O

4. Mild Solution for (k, V)-Hilfer Fractional Initial Value Problem

We study the following (k, W) -Hilfer fractional derivative:

KH p&vi¥ (Ex) (1) = ax(0) + f(¢, (1)), t [0, T],

(k13574 Y Ex(e)),_o = Exo, (4.1)
kodY ko

{(‘P—@E) Io: ""I’Ex(t)lo - Ex,

with initial value problem, where xy, x; € X, 1< % <2, 0v<l,

ar = o+ v(2k —a), A and E are closed linear operators on X generating

the resolvent family (o, oy — k, k).

Taking the generalized Laplace transform on both sides of the equation,

and in view of Theorem 2.1, we can get

X0 = [ SE a1 (P7(V0) - ¥EDVE) £(5, 2()ds
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E E
+ kSa’ ak_k’k(Z)XO + kSOL, ak,k(t)xl'

o

Definition 4.1. Let 1 < 2

<2, 0<v <1, and (4, E) generate

E
{Sa, (xk—k,k(t)}tZO'

Then x(¢) is called a mild solution of (4.1) if
t - /
x(t) = Jo Sar,o, k(P (E() = W() /() £ (s, x(5))ds
+ kSi Otk—k,k(t)xo + kS(f, Ock,k(t)xl'

Lemma 4.1. Assume that a, y :[0, T] > R™ are locally integrable

functions, b is a constant satisfying
t
¥(t) < alt) + bem\y(t)jo e_wly(s)y(s)‘l”(s)ds. 4.2)

Then
0P ! —ow(s) e b ~ i1
y(t)<alt)+e IO e a(s)¥ (S)IZ_;‘—(’ 1) (W(¢)— P(s)) ds.
Proof. Let
By(t) = bem\P(I)J‘; e_mql(s)y(s)‘{”(s)ds, telo, T]

Then
¥(t) < a(t) + By(t)

a(t) + Ba(t) + By(t)

—_

n—

=Y Bla(r)+ B"y(t).

Il
S
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Now, we show that

nem‘P(t) ¢ ~
B'30) = oy [ OOV OO - ¥ e @)

and B"y(t) > 0 as n — oo

(4.3) is true in the case when n = 1. Suppose that it holds for n = /.
Then for n =1 +1,

Bl+1y(l)

= B(B')(1))

bl w¥(s)

bV O[Oy ){ = @O ) - v 14

B+ 0¥ ()

= o [ OO - v )

I+1 u)‘I’(t)
- YO [ O () - ¥ )

I+1_o¥P(t)
B b—(ze-z)! f O‘P(S)U ¥y W) (¥ (s) - P () 2dr}1’(s)ds
By mathematical induction, we have

bl+1e(l)l{}(t)

B0 = S [ O v )

! i
x [Zl (1Y L () (B (1) () T+ (1) %\p’(,,)} i

pi* o¥(r) L ow(r ’
z—(le_l)! Joe ) () ()
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) {(\P(z) () - Ly(i)gf (O -0 |y ! \Pz(r)} "

B bl+le(x)l11(t)

I I (: ey () - W)Y dr.

The relation (4.3) is proved. Since

n_o¥(T)

B)(1) < % [ 0’ 2(5)P(5) (W) — W(s))' s = 0 as n —> a0

for ¢ € [0, T'] we have

n—1
y(t) <" Bla(t) + B"y(1)
i=0

< iBia(t)
i=0
= a(r) + O ; e_wa(s)a(s)\l—”(s);ﬁ(‘}’(t) _w(s) lds. O

Corollary 4.1. Suppose a : [0, T] - R” is a nondecreasing and locally

integrable, b is a constant, y : [0, T] — R" is locally integrable with (4.1)
hold, then

OE a(t)[l L YOS b‘P_(ﬂ]

i!
i=1
Theorem 4.1. Assume that (A, E) generates {S(]i ak—k,k([)}tZO’ whose

type is (M, ®). Further, Se oy —k, &) is norm continuous for t > 0 and

o
E(KMEE — A)Y is compact in the case ki > o, Suppose that
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(H1) f:]0, T]x X — X and it satisfies the Carathéodory conditions;

(H2) There exist two scalar functions a < C([0, T], RY),
b e C([0, T], (0, )) and a scalar nondecreasing function ® € C(R*, R™)
such that for x € X, t € [0, T],
| £t x)]l < a(e) + b(E)@(| x ),

1

with ®©(t) <
O =12

t, then problem (4.1) possesses one mild solution on
o0

[0, T].
Proof. Set B, = {x € C([0, T], X):|| x| < r}, where

k—(og-a)  L0¥(T) _
= e S g s e

_k=(ag-a)
s [1+ @YD) (tho) ™k M¥(T) _py] 4,

The operator F defined on B, is given by
t
Fxlt) = [ (8 k(g o) 9 St gy ) (¥ (RO = P )W (5) /5. 2(s)ds

E E
+ kSa,ak—k,k(t)xo +kgg k *y Sa,ak—k,k(t)xl’ telo, T].
Step 1. If x satisfies x = uFx for x € B, and p € (0, 1), then | x| # r.

From x = pTx, we have
t
1)1 [ 1@ kg 0 SE g )P (PO = P [VS)

x| £ (s, x() ds + k| Sy g s Ol |

gk v Sy o 4k O3]
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k—(oy —a)
<oy b MO YO a(s) + b)) X(0) DI

+ kMY Oy [+ e O |

k—(o
< (k(o)_M ew\y(t)j.ot e_wa(s)a(s)‘P’(s)ds

k—(a
+ (ko= o)

te_w\I’(s) O x(s (5)ds
BT Jae OO

+ kMY O xy [+~ MO |

k—(og-a)  L0¥(T) _
< (k(;))_—k e 1

& —al,
+MMWWMMHng“Wmn

k—(a
+ (km)_MMew\P(t)J‘ (”lp(s)” x(s) ¥’ (s)ds.

Applying Corollary 4.1, it holds
x|
k—(ouy—at) ew‘I‘(T)

e -1 1
<oy S SR e g e O

w k(o k— )
x 1+e°"{’(f)z (ko)”* MW (1)

i!

i=1

k—(oy—at) o¥(T) _
T M al, ke Dl g [+ e D |

< {(kco)_
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k—(aj—a

_k—(og-a)
x 1+ ew\P(T)(e(kw) kM) ] <r,
which implies that || x || # r.
Step 2. F'is a continuous operator on B,.

Let {x,}, x € B, with lim x, = x. Then
n—>0

[ (Fx)(0) - (Fo) )]
< [ 6kt 9 SE g )T RO - W)

x ()] /s, xq(5)) = S (s, x(s)) || s.

Noting that f(s, x,(s)) = f(s, x(s)), ae. t€[0,T] as n — co. By the

Lebesgue dominated convergence theorem, we have

sup | (Fe,)(0) - (Fx)(0)] > 0
tel0,T]

when n — oo, namely F is a continuous operator.
Step 3. {Fx : x € B,.} is equicontinuous on [0, T].
Let 0<# <t) <T and x € B,. Then

| Fx(t2) — Fx(4) |

<

[ bt o Sty ) 7 (Fle2) = PP ) (5 ()

) [ ko SE e )T (9 (0) - )

~(8k k(o) *¥ Sy ) (¥ (1) = F()]F(5) /(5. x(s))ds

E E
+k” Sa,ak_kyk(fz)—S k,k(tl)”” X0 "

o, 0l —
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E E
CHISE ()= SE L )l
S[1+[2 +I3 +[4.

Observe that

k—(ou—a)

Iy < (ko) vty ) — M)

()

(lal, +r),

hence lim /; = 0 independently of x € B,,
H—t

By < Qal, + 1)1k ka9 SE g )P (P(0) - P(6)

~(Shk—(og-o) 0 SZ o )P CP(0) = PN [ (s)ds,
observe that

—a)

=
L<2oal, + ko) — b e L

(@)

and g k—(ay-a) *v Sf’ gk k = Sia,k is norm continuous by Theorem

3.2, we have lim /, = 0 independently of x € B,. Moreover, we see that
H—t

lim /3 =0 and lim /4, =0 independently of x € B, by using the
H—ty -t

hypothesis and Theorem 3.2, respectively.
Step 4. {Fx(¢) : x € B,.} is precompact.
Firstly, {(Fx)(0): x € B,.} is precompact. Secondly, for 0 < < T, we

define F* on B, by
€ - E
(F ) = [ @bkt o) v Sty )

< (PP (1) = W(5))P'(s) (s, x(s))ds, Ve e (0, 7).
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From the hypothesis, Sy o (f) is compact for ¢ >0, and hence

{(F®x)(¢) : x € B,} is precompact in B,. Furthermore, for every x € B,,
| Fx(t) = Fex(1)|
t - !
[ @it o SE gy O OO~ HE) ¥ ) . x(5) s

k—(a—o) -o¥(t-g) _ e—(n‘P(t)

<(hoy kMY E (lall, +7) >0, & >0,

o
which implies that {Fx(¢): x € B,, t € (0, T]} is precompact in B,.

Hence, {Fx : x € B,.} is precompact. Furthermore, F is compact on B,..
By using the Leray-Schauder fixed point theorem, then F has a fixed point on
B,., namely (4.1) has a mild solution. U

Theorem 4.2. Assume that (A, E) generates {S(]i o -k, +O}>0> whose

type is (M, ®). Further, S O%_k,k(t) is norm continuous for t > 0 and

(H1) holds. Suppose that

(H2)’ There exist a scalar nondecreasing function ® € C(R*, R") and

two scalar functions a, b € C([0, T], R") such that
| £, x)[| < a(t) + b(e) (]| x )
for xe X,tel0,T];
(H3) There exists a scalar function ¢ € C([0, T}, RY) such that
a(f(t, D)) < La(D)

for every bounded set D in X and a.e. t € [0, T].
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if

D(r) 1

ko) k M max -1 bl liminf —=, 4L
o0
r—>+0

(O] r (O]

k—(o—a) {em‘{’(T) }
<1, (4.4)

then (4.1) possesses one mild solution on [0, T].

Proof. We define an operator F by Fx(¢) = Fjx(t) + F>x(t) on X, where
t - !
Fx()= [ (Bt 0 SE g )00 CFO) - W6) 15, x(5)s,

E E
Fox(t) = kS, ak—k,k(t)xo + ki k 2w S, ak—k,k(t)xl’ telo, T

Assume that FB, < B, for some ry > 0. Otherwise, for every r > 0,

3x, € B,, t. € [0, T] such that | (Fx,.)(z,)| > r. Firstly, we observe that for
xe X,

LF )1 [ (8 ko 0 SE gy ) (27 (20 = ) [5)
x|f (s, <o) ds + &l Sy 5 (Ol xo |

gk 9 Sy o 4k O3]

s(mﬁii%iﬂMw”@L}ﬂ”@mmg+a9®mﬂmwmyk

+ MY O xy [+ 1O |

k—=(og—a)  Lo¥(T) _

< (ko) 1 M a], + ], 0( x|

+ ke D g | + - MY D) |, 1 < [o, 7]
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Consequently,
r <[ T () |
_k—(oy—a) ew‘I’(T) -1
<o)k ME——llal, + b, 00+ ke x |
+ M D) |

Multiplying above inequality by %, then taking the lower limit as

r — oo, we have

k—(ay—a) o¥(T)
1< (ko)™ &k e—1|| b, 1;111)115’ () ;

r

o)
a contradiction.

Similar to steps in Theorem 4.1, we have F is continuous but also

coF By, is equicontinuous.

If Bc B, then using the properties with measure of noncompactness,

for € > 0, there is {x,} < B such that
t
E
o) = 28] [ e11-t 00 SE 1)

X< (P W() = W))W (5) £ (s, {x, (S)})dS}] +e

< Ak L v ) [ ;e_(‘)\y(s)‘l"(s)(x( F(s, b, (s))dls + €

k—(o—a)

< dlko) & MLoa({x, eV O [ (: OYOP (5)ds + ¢
k(o —a) ¥ (1) _

<dhoy— 4 MLE La(B)+s,
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and thus

k(o)
a(FB(t)) < 4(ko) ko ML———— a(B),

according to the arbitrariness of ¢ > 0.
Similarly, there is {y,} < coF;B such that

o(F*B()) = o Fj(coF; B(1)))
< 20‘({[(:(gk,k—(ak—a) g S(i ak—k,k)

x (P (W () = W) W(s) S s, {yn(S)})dS}J te

<ol YO [ S)al (5, s )ds +e

k—(oz —a
< 4(m)‘%mew‘”ﬂj;e—w‘l’(s)qﬂ(s)a(ﬂg(s))ds re

k—(o —o _ —(D\P(S)
< [4(kco)_%ML]2 oc(B)ew\P(t)I; LI—”(s)leT ds + ¢

k—(o; —o (J)"P(l‘) O)‘Ij(l‘)
_ [k )ML]z(‘P(f)e N —Lz}x(g).
® ® ®

Using the mathematical induction, we obtain
k—(ou —a) n-l .k o¥(7)
a(F'B(t)) < [4(ko) — & ML]"[ZM - )
®

k—(o —a n=1  fkyk (D\P(l‘)
= [40 (ko) ( lf )ML]”[Z% - 1}&(3),

k=0




Existence of Mild Solution for (k, V') -Hilfer Fractional Cauchy ... 469

from
1, klagma)
4o (ko) kK ML<1
and
-1
—— 4 <e
k! ’
k=0
we get
k—(oy —a) n-l gk P ()
lim [40 (ko) & ML]" Z% -1]=0.
n— .

k=0
Moreover, o F5' B(t)) = 0, and consequently,
a(F"B) < a(F"B) + a(F;'B),

by Lemma 2.4 in [12]. Thus F has a fixed point, namely (4.1) has a mild

solution.

5. An Example

Example 5.1. Set X =I?([0,n] R), k<a<2k 0<v<I. We
study the following (k, W) -Hilfer fractional initial value problem:

k’HD(()x.:.v;\P[x(t’ é) - xé&_,(t’ <t:~)] = Ax(t’ é) + f(t’ x(t’ E:))a te [0’ 1]’
(klozf_ak;lyx(ts €)= = Xo(€), € <0, «],
o 5.1
4\ k2k—oy; Y _
(wa) 5 e n) -xe. £ <[o. .
x(z, 0) = x(t, ©) = 0,
where ©11 D&V;\P is the (k, \V)-Hilfer fractional derivative. Operators A

and E are given by Ax = xggee, Ex = x — xge, respectively, let
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{(x e E:x e H*0, n]), x(t, 0) = x(t, ) = 0}
be the domain of 4 and E. Obviously, the eigenvalues and eigenvectors of 4

are — n* and x, (&) = \/%sin(ni), the eigenvalues of E are 1 + n>.

For x € X and k < o < 2k, we have

(kx)aT_BE((kk)%E —A)7x

= (kk)aT_B(l +n?)
= Z(X’ xn>xn

o
n=l (V% (1 + n?) + n
) o B | 4 o
— 7 n 7
=S, xn>xnj0 MYOPET () E, o - wE (o) |dr
=1 Tk Lt
©_AW(r) < by 2
:jo YOS (0 0, 0, WK (1)E, p| — — 5 ¥ (1) |dr.
=l A

Hence, (A4, E) generates the family {Si B,k ()} >05

0 B 1 4 a

P_ " o

Soﬁﬁ,k(t)x = z ,<x’ xn>xn\Pk () Eq B| — > YEh()], xeX,
=1 s 1+n

S(i 8,k (?) is norm continuous from the continuity of £, g(:). Also, we have
Kk

oa—P o
()& E((l\)EE — A)™" is compact on X by

()T

n4

lim =0.

n—

o
(Vx + 3
1+n
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Assume that for x € X, we have | S(ﬁﬁ,k(z)x" < M| x|. Therefore,

Soﬁﬁ,k(t) is type (M, 1).

1

If f(t, x)=——x and a(t) =0, b(¢) =1 and ®(r) = r, then there

1+¢

exists one mild solution on [0, 1] for (5.1) by Theorem 4.1.
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