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HÖLDER REGULARITY OF SOLUTIONS 
FOR CERTAIN DEGENERATE PARABOLIC 

INTEGRO-DIFFERENTIAL EQUATION 

 

Abstract 

In this paper, we consider the nonlinear parabolic equation with an 
integro-differential term. By using classical inequalities and the Moser 
iteration technique, we establish the estimates for u and .u∇  Then we 
prove an inequality of Poincaré type. As a byproduct of our proof, we 
derive a Campanato type growth estimate for u which follows from 
∞L  estimates of .u∇  Besides, the Hölder continuity of solution is 

presented by the isomorphism theorem. 
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1. Introduction 

In this paper, we are interested in the degenerate parabolic integro-
differential equation: 

( ) ( ) ( )∫ =τ⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
∂

∂
τ

∂
∂

−∇∇− − t

j
ij

i
p

t dx
txutxbxuudivu

0
2 0,,,  (1.1) 

with ,2>p  where ( ) ,:, RRR →×= Ntxuu  ,xgrad=∇  ijb  and ( )
ixijb  

are measurable. 

The equation arises from the following mathematical model [3]: 

( ) ( ) ,0,,,2 =∇−∇∇− − uutxBuudivu p
t  (1.2) 

where ( ) NNtxuu RRR →×= :,  with the function ( ) ∈∇uutxB ,,,  

( )NNNNN MC RRRR →×××1  satisfying a controllable growth 

condition ( ) ( ) .1,,, 1−∇+≤∇ puuutxB  A local Hölder continuity for 

the weak solutions is obtained when ∞<< p1  by Moser iteration and an 

inequality of Poincaré type. Besides, DiBenedetto [4] proved that solutions 
for the system (1.2) with a natural growth condition on B are Hölder 
continuous when 2≥p  by a truncation idea of De Giorgi and a scaling 

approach. Subsequently, DiBenedetto and Chen investigated the case 
21 << p  for the system (1.2) and proved Hölder continuity of solutions in 

[5]. Furthermore, in [6], DiBenedetto and Chen proved Hölder continuity for 

solutions of a parabolic system up to boundary when .2
2
+

> n
np  

Accordingly, Hölder continuity of u∇  is derived for different cases for p [7, 
9, 10]. 

Involving integro-differential term in our equation is inspired by 
parabolic Volterra integro-differential equation (PVIDE) [1]: 

( ) ( ) ( )∫ ττ++=
t

xxxt duutxBdivuutxauutxAdivu
0

,,,,,,,,,,,
GG

 (1.3) 
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where the integral term represents the effect of memory term in the material 

[14]. Under some structure condition on ,A
G

 B
G

 similar to the case of 
parabolic equations, the existence of unique weak solution is proved by using 
the Galerkin method. Moreover, regularity of the weak solution is also 
investigated. It is worth mentioning that similar problems drew a 
considerable attention of many scholars [2, 11-13, and the references 
therein]. 

Taking inspiration from the above results, we consider the local Hölder 
continuity for the weak solution of a parabolic equation with integro-
differential term in this paper, based on the Moser iteration technique. It is 
particularly important to point out that the solution of the problem (1.1) is 
Hölder continuous in the interior of the domain, no information is needed on 
initial and boundary values. 

Let Ω  be an open set in ,NR  and for ,0>T  let TΩ  denote the 

cylindrical domain ( ].,0 T×Ω  A function 

( ) [ ( )] [ ( )]ΩΩ∈ pp WTLLTCtxu ,120 ;,0;,0, ∩  (1.4) 

is a local weak solution to (1.1) if for every compact set Ω⊂K  and every 
subinterval [ ] [ ],,0, 21 Ttt ⊂  
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t K
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( )∫ ∫ ∫ =τη⎟⎟
⎠
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⎝

⎛
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∂

τ
∂
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+
2

1 0
0,,

t

t K

t

j
ij

i
dxdtdx

utxbx  (1.5) 

for all bounded functions ( ( )).,,0 0
1 Ω∈η ∞CTC  

Now, we provide the main conclusions of this paper. 

Theorem 1.1. Let ,2>p  and suppose that ( ),T
p
locLu Ω∈  then ∈u  

( ).TlocL Ω∞  Moreover, for all ,02 TRQ Ω⊂   
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where C is a constant independent of .0R  

Furthermore, we have  

Theorem 1.2. Suppose TRS Ω⊂02  and ( ) ( ),2
TLu Ω∈∇∇  then there 

exists a constant C independent of 0R  such that 

.1sup
2
1

0
2
0 ⎥

⎥
⎥

⎦

⎤

⎢
⎢
⎢

⎣

⎡

+⎟⎟
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⎞
⎜⎜
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⎛
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RR
S

p

S
dzuCu  

Once we get Campanato type growth estimate for u, we have the 
following result: 

Theorem 1.3. Let ,2>p  and suppose that ( )T
p
locLu Ω∈  for the  

problem (1.1), then ( )TlocCu Ω∈ α,0  for some .0>α  

2. Proof of Theorem 1.1 and Theorem 1.2 

In this section, we first prove that u and u∇  are bounded by the Moser 
iteration technique. More specifically, weak Harnack inequality holds for 

u  and .u∇  Let {( ) },,:, 000 ttRtRxxtxQ p
R <<−<−=   where 

( ) Ttx Ω∈00,  is arbitrary. Define { },: 0 RxxxBR <−=  { −= 0: ttTR  

}.0ttR p <<  

Proof of Theorem 1.1. Let Rr <  and φ  be the standard cutoff function 

such that 

1=φ  in rQ  
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0=φ  in a neighborhood of parabolic boundary of RQ  

( )
,,,10 rR

C
rR

C
pt −

≤φ∇
−

≤φ≤φ≤  (2.1) 

where C is a positive constant. Initially, we choose puu φ=η α  as a test 

function to (1.1), where .0>α  Then multiplying by η  on both the sides of 

equation (1.1), and integrating by parts, we have 

( ) ( )∫ ∫ =⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
η⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
τ

∂
∂

τ+η∇⋅∇∇+η −

R
iQ

t
x

j
ij

p
t dzdx

txutxbuuu .0,,,
0

2  (2.2) 

Taking ( ) φ∇φ+φ∇+α=η∇ −αα 11 pp upuuu  into account, we deduce 

that 

( )∫ ∫ φ∇+α+η= α

R RQ Q
pp

t dzuudzu 10  

∫ φ∇φ∇∇+ −−α

RQ
pp dzuuuup 12  

( )∫ ∫ τητ+
R

ijQ

t
xxij dzdutxb

0
.,,  (2.3) 

Noting that ∑ ∇≤ ,uCu jx  from (2.3), we deduce that 

( )∫ ∫ φ∇+α+η α

R RQ Q
pp

t dzuudzu 1  

∫ φ∇φ∇≤ −−+α

RQ
pp dzuup 111  

( )∫ ∫ τη∇∇τ+
RQ

t
ij dzdutxbC

0
,,  

∫ φ∇φ∇≤ −−+α

RQ
pp dzuup 111  



Zongqing Yang and Junhui Xie 384 

( ) ( )∫ ∫ τφ∇τ+α+ α

RQ

t p
ij dzduutxbC

0
2,,1  

( )∫ ∫ τφ∇φ∇τ+ −+α

RQ

t p
ij dzduutxbCp

0
11 .,,  (2.4) 

Considering that ijb  is measurable and ( )∫ <ττ
t

ij Cdtxb
0

,,,  by Young’s 

inequality with ,ε  we have  

( )∫ ∫ φ∇+α+η α

R RQ Q
pp

t dzuudzu 1  

( )∫ ∫ φ∇ε+φ∇ε≤ +αα

R RQ Q
pppp dzupCdzuup  

( )[ ] ( ) ( )∫ ∫ φ+αε+φ∇ε+ε+α+ αα

R RQ Q
ppp dzuCCdzuupC 11  

( )
( )

∫
−

φ∇φε+ −
−

−
+α

R

p
p

Q
p

pp
p

p
dzuCpC

112
1  

( )[ ]∫ φ∇ε+ε+ε+α≤ α

RQ
pp dzuupCpC 1  

( ) ∫ φ∇ε+ +α

RQ
pp dzupC  

( ) ( ) ( ) ( )∫ +αε++αεε+ +α

RQ R
p QCCdzuCC 11  

( ) ( )

( )
∫

−

+α

−

ε
+εε+

RQ R
p
p

p Q
rR

CCdzupCC ,
1

 (2.5) 

where C is a constant and ( )εC  is a constant depending on .ε  Furthermore, 

owing to ( ) ( ) ,2 12
t

pp
t upuuuudt

d
φφ+φ+α=η −+αα  we infer that 

[( ) ]∫ ∫ ∫ =
=

−+αα η=φφ+φ+α
t

B B
ts

st
pp

t
R R

dxudxdsupuuu
0 0

12 ,2  (2.6) 
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which means that 

∫ ∫ ∫ η≤φφ
+α

−η
+α

−+α

R R RB Q Q tt
p

t
dzudzupdxu .2sup2

1 12  (2.7) 

Combining (2.5) and (2.7), it is not hard to obtain 

( ) ( ) ( )[ ]∫ ε−ε−ε+α−+α+α+η
RBt

pCpCdxu 112sup  

⎟
⎠
⎞

⎜
⎝
⎛ φ∇+φ∇× ∫ ∫ +αα

R RQ Q
pppp dzudzuu  

( )∫ +α+φφ≤ −+α

RB t
p dzup 212  

( ) ( ) ( )[ ]∫ φ∇ε+ε−ε−ε+α−+α× +α

RQ
pp dzupCpCpC 11  

( ) ( ) ( ) ( ) ( ) ( )∫ +α+αε++α+αεε+ +α

RQ R
p QCCdzuCC 2121  

( ) ( ) ( ) ( )

( )
∫

−

+α

−

ε
+α++αεε+

RQ R
p
p

p Q
rR

CCdzupCC ,22
1

 (2.8) 

where ε  is to be determined to satisfy ( ) ( )( )ε−ε−ε+α−+α pCpC 11  

.0>  Besides, 1C′  is chosen to satisfy that 

∫ ⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
φ∇

+α

RQ

p

p
p

dzu  

( ) ( ) ( )[ ]ε−ε−ε+α−+α+α′≤ pCpCC 112  

.⎟
⎠
⎞

⎜
⎝
⎛ φ∇+φ∇× ∫ ∫ +αα

R RQ Q
pppp dzudzuu  (2.9) 

Obviously, with a constant ( ),,,, pCC ε′α  (2.8) and (2.9) lead to the 

following estimate: 
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( ) ( )∫ −
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−
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emphasizing that the last inequality utilizes Hölder inequality. Besides, by 
Sobolev inequality, we have 

( )∫ ∫ ∫
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⎤
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Applying Hölder inequality again, it is not difficult to have 
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Denote ( ) ...,,2,1,0,212 =+= − vRr v
v  and .vrv QQ =  From (2.12), we 

have 

( )∫ ⎟
⎠
⎞

⎜
⎝
⎛

+α
+α

++α−
vQ

pn
pp dzu

21  

( ) .1
1
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⎜
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Define vα  inductively by 

.0,21 01 =α+α⎟
⎠
⎞

⎜
⎝
⎛ +=α + n

p
n
p

vv  

Then we see that ( ),12 −θ=α v
v  where .1 n

p+=θ  Also, note that 

.2lim =
θ

+α
∞→ v

v
v

p  

Defining vφ  by 

∫ +α−=φ
v

v
Q

p
v dzu ,  

(2.12) can be written in the form: 

,1 CC vv +φ≤φ θ
+  (2.14) 

where C is independent of R. Iterating (2.14), we prove the desired 
conclusion of Theorem 1.1, when .2>p  

For the convenience of the proof of Theorem 1.2, we define a new 

cylinder RS  by ( ) ( )., 0
2

00 tRtxBS RR −×=  Though, it is similar to the 

proof of Theorem 1.1, the calculation is more complicated, by which we 

deduce that ( ).22
TLu Ω∈∇  
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Proof of Theorem 1.2. By differentiating (1.1) with respect to ,lx  we 

have 

( ) ( ) ( ) ,0,,
0

2 =⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
τ

∂
∂

τ
∂
∂
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i
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p
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where ( ) ij
xx

ijij
u

uu
pa ji δ

∇
−+δ= ,2 2  is the Kronecker delta function. For 

,Rr <  we introduce a cutoff function ψ  satisfying 

1=ψ  in ,rS  

0=ψ  in a neighborhood of parabolic boundary of ,RS  

( )
.,,10 2 rR

C
rR

C
t −

≤ψ∇
−

≤ψ≤ψ≤  (2.16) 

Suppose ,0>α  and choose 2ψ∇=η αuu lx  as a test function to (2.15). 

Then multiplying by η  on both the sides of equation (2.15), we get 

( )∫ ∫ η∇+η −
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jillS S xxx
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Recalling Theorem 4 in [4], we deduce that 
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Noting that ( )∑ ∇∇≤ ,uCu jixx  ∑ ∇≤ ,uCu ix  we can estimate 
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t dzuCdzuC 22  
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Furthermore, according to Young’s inequality, we can obtain that 
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( ) ( ) ⎟
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Since ( )u∇∇  belongs to ,2L  it follows that 
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By Hölder inequality and Sobolev inequality, we have  
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From (2.22), we get 
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Set ( ) ....,2,1,0,212 =+= − vRk v
v   

For ,21 n+=μ  defining vα  inductively by 

,0,4
01 =α++μα=+α + npp vv  

and ( ) ∫ +α−=φ
vk

v
S
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( ) ( ) CvCv +φ≤+φ μ1  (2.24) 

for some C depending only on n and p. Note that 

.2
1lim =

+α
μ

∞→ pv

v

v
 

Iterating (2.24), we prove the desired result of Theorem 1.2. 

3. Hölder Continuity of u 

In this section, we define ( )pp
R RtRtT −−= 00 ,2  and =RQ  

.RR TB ×  We now introduce a cutoff function ( )RBC∞∈η 0  such that 

1=η  in 
2
RB  

.,10 R
c

≤η∇≤η≤  
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Also, we define 

( )∫=
RBR

tR dxtxuBu ,1
,  

and 

∫=
RQR

R udzQu .1  

First we give a Lemma which is essential for the Poincaré inequality for 
solution of a degenerate parabolic equation. 

Lemma 3.1. If ,2 TRQ Ω⊂  then u satisfies the following inequality: 

[ ]
( )∫ ∫ −η

∈ R RT B sR
p

tst
dxutxuds 2

,
,

,sup
0

 

∫ ∫ ++−+∇≤
R RQ Q

pn
tR

pp CRdzuuCdzuCR
2

,22
,  (3.1) 

for all ,RTs ∈  where C depends only on n and p. 

Proof. Since [ ( )],;,0 20 Ω∈ LTCu  there exists ( ) [ ]0,~ tsst ∈  such that 

( ) ( )∫ ∫ −η=−η
≥≥R RB B sR

p

stt
sR

p dxutxudxutxu .,sup~, 2
,

2
,

0

 

Take ( ) [ ]ts
p

sRuu ~,, ξη−  as a test function to equation (1.1), where 

[ ] RRts →ξ :~,  is the characteristic function which means that [ ]( ) 1~, =ξ sts  

for all [ ]tss ~,∈  and [ ]( ) 0~, =ξ sts  for all [ ].~, tss ∉  Hence we show that 

( ) [ ] (( ) ) [ ]∫ ∫ ξη−∇⋅∇∇+ξη− −

R RQ Q ts
p

sR
p

ts
p

sRt dzuuuudzuuu ~,,
2~,,  

(( ) ) [ ]∫ ∫ =τξη−∇
∂
∂

+
RQ

t
ts

p
sR

j
ij dzduux

ub
0

~,, .0  (3.2) 
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Considering that ,,2 Cbp Lij <> ∞  by Young’s inequality, we have 

( )
[ ]∫ ∫ ×

η∇+η−
R RB tsB

ppp
sR dzudxutxu ~,

2
,

~,  

( ) ( )
[ ]∫ ∫ ×

−η−
ε

+η−≤
R RB tsB

ppp
sRp

p
sR dzuu

R
dxsxuu ~,

1
,

2
, ,  

[ ][ ]∫ ∫× ×
+− +η−

ε
+∇+

tsB tsB
pnpp

sRp
p

R R
CRdzuu

R
CdzuC ~, ~,

1
,  

 (3.3) 

for some C independent of R and .10 ≤η≤  Integrating (3.3) with respect to 

s from pRt 20 −  to ,0
pRt −  we have 

( )∫ ∫ η−
R RT B

p
sR dxutxuds 2

,
~,  

[ ]∫ ∫ ∫ ×
η−

ε
+η−≤

R R RQ T tsB
p

sRp
p

tR dzuuds
R
Cdzuu ~,

2
,

2
,  

∫ ++∇+
RQ

pnpp CRdzuCR
2

.2  (3.4) 

By the choice of ,t  we have that for small ,0>ε  

( )∫ ∫ η−
R RT B

p
sR dxutxuds 2

,
~,  

∫ ∫ ++∇+η−≤
R RQ Q

pnppp
tR CRdzuCRdzuuC

2

22
,  (3.5) 

for .2>p  This completes the proof of Lemma 3.1.  

According to Lemma 3.1, we can have the following result: 

Lemma 3.2. If ,2 TRQ Ω⊂  then 
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∫ ∫ ∫ ++∇+∇≤−

2
2 2

,2222

2R R RQ Q Q
pnpp

R CRdzuCRdzuCRdzuu  

 (3.6) 

where C is independent of R. 

This is the same as Theorem 4 in [3].  

Proof of Theorem 1.3. Since u∇  is bounded, from Lemma 3.2, we can 
deduce the Campanato type growth estimate for u such that 

∫ ++≤−
RQ

pn
R CRdzuu ,22  

where C is independent of R. Hence by isomorphism theorem of Da Prato [8] 
follows the result. 
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