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Abstract

In this paper, we consider the nonlinear parabolic equation with an
integro-differential term. By using classical inequalities and the Moser
iteration technique, we establish the estimates for # and Vu. Then we
prove an inequality of Poincaré type. As a byproduct of our proof, we

derive a Campanato type growth estimate for u which follows from

L* estimates of Vu. Besides, the Holder continuity of solution is

presented by the isomorphism theorem.
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1. Introduction

In this paper, we are interested in the degenerate parabolic integro-
differential equation:

—di 2y, - ("2 (4. Qulx, 1) ) 4o _
u; — div(| Vu [P~"Vu) IO ox, {blj(x, t, T) o, dt =0 (1.1)

with p > 2, where u = u(x, 1): RY xR > R, V = grad,, b and (by),
1
are measurable.

The equation arises from the following mathematical model [3]:
u; — div(| Vu |p_2Vu) - B(x, t,u, Vu) = 0, (1.2)

where u =u(x, t): RV xR > R" with the function B(x, ¢, u, Vu) e
C'RY xRxRY x M™ - RV) satisfying a controllable growth

condition | B(x, ¢, u, Vu)| < (1+|Vu|)’ 1. A local Hélder continuity for
the weak solutions is obtained when 1 < p < oo by Moser iteration and an
inequality of Poincaré type. Besides, DiBenedetto [4] proved that solutions

for the system (1.2) with a natural growth condition on B are Holder
continuous when p > 2 by a truncation idea of De Giorgi and a scaling

approach. Subsequently, DiBenedetto and Chen investigated the case
1 < p < 2 for the system (1.2) and proved Holder continuity of solutions in
[5]. Furthermore, in [6], DiBenedetto and Chen proved Holder continuity for

solutions of a parabolic system up to boundary when p > 2n

+2°
Accordingly, Holder continuity of Vu is derived for different cases for p [7,
9, 10].

Involving integro-differential term in our equation is inspired by
parabolic Volterra integro-differential equation (PVIDE) [1]:

- t -
u, = div A(x, t, u, u,) + alx, t, u, u, )+ J.Odiv B(x, t, T, u, uy)dtr, (1.3)
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where the integral term represents the effect of memory term in the material
[14]. Under some structure condition on A, B similar to the case of

parabolic equations, the existence of unique weak solution is proved by using
the Galerkin method. Moreover, regularity of the weak solution is also
investigated. It is worth mentioning that similar problems drew a
considerable attention of many scholars [2, 11-13, and the references
therein].

Taking inspiration from the above results, we consider the local Holder
continuity for the weak solution of a parabolic equation with integro-
differential term in this paper, based on the Moser iteration technique. It is
particularly important to point out that the solution of the problem (1.1) is
Holder continuous in the interior of the domain, no information is needed on
initial and boundary values.

Let QO be an open set in RN , and for 7 >0, let Qp denote the
cylindrical domain Q x (0, 7]. A function

u(x, t) e C°o, T; L2(Q)]N LP[o, T; WP (Q)] (1.4)
is a local weak solution to (1.1) if for every compact set K — Q and every

subinterval [#, t,] < [0, T,

t ¢
D undx} + I 2 I —um; +| Vu |p_2Vandxdt
K 4 4] K

1) t 0 ou
+L1 IKjoﬁ_aq(bU(x’ ‘) r)gj]ndrdxdt 0 (15

for all bounded functions n € C'(0, T, C(Q)).

Now, we provide the main conclusions of this paper.

Theorem 1.1. Let p > 2, and suppose that u € L} (Qr), then u €

Ly, (Qr). Moreover, for all Oag, < Qr,
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1

2
sup|u|£C(f |u|pdzj +11,
QRO

Org
2

where C is a constant independent of R.

Furthermore, we have

Theorem 1.2. Suppose Syp, < Qr and V(Vu) € 12(Q7), then there

exists a constant C independent of R such that

1

2
sup|Vu|gc[]( |vu|szJ +1|.
S& SRO

2
Once we get Campanato type growth estimate for u, we have the

following result:

Theorem 1.3. Let p > 2, and suppose that u € Lf;c(QT) for the

(03

problem (1.1), then u CZOO’C (Qr) for some o > 0.

2. Proof of Theorem 1.1 and Theorem 1.2

In this section, we first prove that u and Vu are bounded by the Moser

iteration technique. More specifically, weak Harnack inequality holds for
|u| and |Vu|. Let Qp ={(x,t):|x—xy| <R, tg —RP <t <ty}, where
(x9, fg) € Q is arbitrary. Define Bp = {x:|x—xo| <R}, Tg ={t: 19 —
RP <t <1y}

Proof of Theorem 1.1. Let » < R and ¢ be the standard cutoff function
such that

¢=1inQ,
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¢ = 0 in a neighborhood of parabolic boundary of Op

C C
0<dp<1, |o]|<———, |Vd|< ,
s Wl

2.1)

where C is a positive constant. Initially, we choose M = u|u |OL ¢ as a test
function to (1.1), where o > 0. Then multiplying by 1 on both the sides of

equation (1.1), and integrating by parts, we have

-2 t ou(x, t)
IQR(u,n+|Vu| Vu-VnJrJ.O(b,-j(x, t, 1) o,

d‘anxinZ =0. (2.2)

Taking Vn = (o + 1) Vu| u[*¢? + puu|*$? V¢ into account, we deduce
that

0= umdz + (o + 1 VulP|u|*¢Pdz
[ o wnde+ @+ Df | |Vullul
+ pJ. | u |*Vu| Vu |P‘2¢P‘1v¢dz
Or

t
+ J o j b 1, Dy ded. 2.3)

Noting that uy, < C|Vul, from (2.3), we deduce that
J‘ umdz + (o + I)I | Vu |P|u|*$Pdz
Or Or
<p[ ul | vuler | vo |
Or
‘
+ cj j | by (x, £, %) || Ve || V) | deetz
Or~0

< pj [ v [P 9P Vg |dz
ORr



384 Zongqing Yang and Junhui Xie

t
+ C(a + DJ.Q IO| bij(x, t, T) || Vu |2| u [* P drdz
R

t
" CPIQ IO| by(x, t, ) || Vu |[u [T 9P 7| Vo |drdz, (2.4)
R

t
Considering that by; is measurable and JO| bj(x, t, 1) |[dt < C, by Young’s
inequality with &, we have

umndz + (o + 1 VulP|ul*$Pdz
J o ez + @+ Df [ Vulul
<ep VulPlul*¢Pdz + C(e)p ul** PV |Pdz
J, [vullul @)pf, lul*71v0)
+ Cl(ow + 1)e + pg]j |vu|P|u|°‘¢sz+CC(g)(a+1)J’ | (AP dz
Or Or

2L

P
2 (p=2)2= o pd
e O] = N ACTC
R

< [C(a +1)e + Cpe + ps]J- | Vu |P|u|*$Pdz
Or
+C(e)p ul** PV |Pdz
@], a8
T CeCle) (o + 1) j L %P gz 1+ CC(e) (o +1)| Og |
R

CC(g)

P
(R —r)p-1

+ CSpC(S)JQ | |[“P dz + 10z |, 2.5)
R

where C is a constant and C(g) is a constant depending on &. Furthermore,

owing to %(un) = (o0 + 2)| u [*u, P + plu |*T2¢P71p,, we infer that

t 2 o P a+2 p—l dd _ d s=t 26
J.OJ.BR[(OHL ) ou [ uu,d? + pluld (I),]xs—J.BRunxS:O, (2.6)
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which means that

1
a+2

P u |a+2¢p_l¢,dz < J. undz.  (2.7)

supJ. undx — I
¢ *Br o+ 2 QR| Or

Combining (2.5) and (2.7), it is not hard to obtain

sup IB undx + (o + 2)[(a + 1) = C(a. + 1)e — Cpe — pe]
t R

XU |w|P|u|°°¢sz+j |u|°°+P|v¢|szj
Or Or
<p[ ul**?0P 7oy |dz + (o +2)

Bp

X[(OL-i—l)—C((l-i—l)S—CpS—pS-i—C(S)p]JQ |u|**P| Vo |Pdz
R

T CeCle) (o + 1) (o + 2)jQR lu [**P dz + CC(e) (o0 + 1) (o +2)| Og |

CC(g)

P
(R—r)p-1

+ CepCle) (o + 2) j 0.l %P gz + (o + 2) gl (29
R

where ¢ is to be determined to satisfy ((o +1)— C(a +1)e — Cpe — pg)
> 0. Besides, C' > 1 is chosen to satisfy that

Joo |75
Or

<C'(o+2)[(o +1) = C(aw + 1)e — Cpe — pg]

p
dz

Pl 1%eP o+p p
([, [vupluleras [ uervere) e

Obviously, with a constant C(a, C', €, p), (2.8) and (2.9) lead to the

following estimate:
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a+p
V(‘1>|“| P j

<cf ul2r g e+ — [ |utPa
Or (R—-r)P Y 0r

p
dz

oat+2,4p
sup u O dx +
t J.BR | | J.QR

+C[ Jul*Pds v 0p |+ — | O]
Or (R-r)p
SLJ‘ |u|°‘+sz+L|QR|, (2.10)
(R-7r)P < 0r (R-r)?P
emphasizing that the last inequality utilizes Holder inequality. Besides, by
Sobolev inequality, we have
n—p

+2 I (a+p)— n
sup |u[* dx+j I |u [ “TPTy=p dx dt
to—rP <<t By T2 By

< sup'[ |u |*T2§Pdx +I
¢ Br Or

o+p
Vidlul["p J

C

a+
SWIleul b W|QR I (2.11)

Applying Holder inequality again, it is not difficult to have
p a+2
J, tufen ()
X

n-p

P
r (o+p)n
S{supji |u|a+2dx}n j “ lul n=p dxj "
. B, 7.\JB

7

1 1+§
< c{— j' lu |[“+P dz + M} . 2.12)
(R-7r)P J0r (R-r)?P
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Denote 7, = g(l +27),v=0,1,2,.., and Q, =0, . From (2.12), we

have

po+2
fQ | u |(a+p)(1+7(x+p]dz

1+2 1+2
<o 19r[Tn H |u|(“+p)dz+1} " (2.13)
Or

r—rl 50,

Define o, inductively by

2
Olyt] =(1+§jo¢v+7p, o9 =0.

Then we see that o, = 2(6” — 1), where 6 =1+ % Also, note that
lim i 2.
vowo QY

Defining ¢, by
& ZJ[QVW [

(2.12) can be written in the form:
dy1 < COY +C, (2.14)

where C is independent of R. Iterating (2.14), we prove the desired

conclusion of Theorem 1.1, when p > 2.

For the convenience of the proof of Theorem 1.2, we define a new
cylinder Sz by Sg = Br(xy)x (tg — R?, #y). Though, it is similar to the
proof of Theorem 1.1, the calculation is more complicated, by which we

deduce that V2u e Lz(QT).
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Proof of Theorem 1.2. By differentiating (1.1) with respect to x;, we

have

Lo
00x;

-2
(“x[ )t - (ay| Vu |p Uy x; )xj - (I

@Axt,ﬂé?ﬁhJ —0, (2.15)
J Xy

Ul

|2 is the Kronecker delta function. For
Vu

where a; =8, +(p -2) , 0

i
r < R, we introduce a cutoff function  satisfying
y=1in §,,

y = 0 in a neighborhood of parabolic boundary of Sp,

0<y<l, (2.16)

C
< V <
\Vt|—(R_r)2’| \V|—R_r'

Suppose o > 0, and choose M = uy, | Vu |a\|12 as a test function to (2.15).

Then multiplying by n on both the sides of equation (2.15), we get

-2
J (uy, ), ndz + J. a;| Vul? Uy My 42
Sk Sk /

+j fiibm L0 o ddz =0, 217)
spdodn |10 B D g g =0

Recalling Theorem 4 in [4], we deduce that
a+p ) P
V| y| Vu |2 dz

< cj Vi [“ 2y, |dz + cj | Vi (4P| Wy Pz
Sp Sk

2.2
supj | Vu [*F \ydx+J‘
t *Br SR

Lo Ou
+ .[SR .[oa_xl(bl/(x’ t, T)%Jnxld’CdZ. (2.18)
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Noting that Zux[xj <

Zu < C|Vu|, we can estimate

IS ¥ ( (x, 1, r) jnxldrdz by a simple calculation. Specifically,
R

we have
2
o+p
supJ. | Vu |0‘+2\|12dx+j ‘V[\m Vu |Tj‘ dz
¢ YBr SR
< cj | Vi [“+2y wt|dz+CI | Vu [“4P| vy? |dz
SR SR
1.2
+ Clat Dby, e [ 1VOV0)][Vu [y ez
2
+ by, Lpm(sp [ 190120l Vv ]z
+ Clo+ D] by 2 s, j V(i) [P Vi "2z
SR

+Cl by s, )ISR |V(Va) || Vit [“H | Vy |z (2.19)

Furthermore, according to Young’s inequality, we can obtain that

2
a+p
supJ. | Vu |0‘+2\|12dx+j ‘V[\m Vu |Tj‘ dz
t *Br SR

C

<
(R-ry

[ 1vupsra s —C— s
SR (R

_ ,,)2

+C(OL+1)|| le ”L (SR)( J. R|V|Vu||2|Vu |(X+P—2W2dz

+ C(S)JS | Vu |[*T P2y 2dz + C(S)IS |V|Vu| |\|/2dzj
R R
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+ Cl by, ||L°°(SR)(8J. 5oV %Py Vy |dz + C(S)j s, MY IdZJ

+8C(a+ D] by (s | o VIVl 2 v P2y 2
+C()Clo+1)| by ||Lw(SR)jSR|V|vu||2W2dz

+£C|| b ||Loo(SR)JSR|V|Vu||2|vu gz

+ C(E)C] by 25 j Mz 4P| vy? |z

2
+2C] by s, j N |V Pdz.

Since | V(Vu)| belongs to 2, it follows that
a+p ) ?
V| y|Vu| 2

|SR|+C.

2.2
supJ‘ | Vu [* "y dx+I dz
¢ *Br SR

<f v
Sr (

(R - r)? R-r)

By Holder inequality and Sobolev inequality, we have
2 o+2
[ 1vu |(“+P)[l+;a+p)
S}"

2 n-2

P (a+p)n N
< {supj | Vu |a+2dx}n J U | Vu | n=2 de "
. 3B, 7.\ B,

1+—
<c lzj |Vu|°‘+1”dz+|S—’”2 e
(R—r)" 7S¢ (R-7)

(2.20)

2.21)

(2.22)
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From (2.22), we get

(a+p) 1+£0L—+2
< | Vu| no+p

r

1+= I+—
<o 5] N H |Vu|a+pdz+l} ”+|SC|. (2.23)
(k=3 5o '

Set k, = §(1 +27),v=0,12, ...

For p =1+ %, defining o, inductively by

4
Oysp TP =Ho, +p+— ag =0,

and ¢(v) = 3[Sk |u|*v*Pdz, r = k,, (2.22) can be written as follows:

d(v+1)< CH(W)H + C (2.24)
for some C depending only on # and p. Note that

A%
fim & =L
v Oy, + P 2

Iterating (2.24), we prove the desired result of Theorem 1.2.

3. Holder Continuity of «

In this section, we define Tx = (fp —2R”, 1y —R”) and Qg =
Bp x Tz. We now introduce a cutoff function n € Cg (Bg) such that

n=11in By
2
c

<n< <=
0<n<l, Vn_R.
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Also, we define

all
Up ; = —— u(x, t)dx
Rt |BR| BR( )

and

1
Up = — udz.
R | Or |IQR

First we give a Lemma which is essential for the Poincaré inequality for

solution of a degenerate parabolic equation.

Lemma 3.1. If O,p < Qp, then u satisfies the following inequality:

sup I dsI NPl u(x, 1) —ug dx
te[s,19]” IR Bp

<crRP[ |Vu |sz+cJ'Q |u—ug, [Pdz + CR"*?P, G.1)
R

Or

Jorall s € Ty, where C depends only on n and p.

Proof. Since u e C°[0, T; I3(Q)], there exists 7(s) € [s, 1] such that

~ 2 2
I NP u(x, £)—up ¢ ["dx = sup j NPl u(x, 1) —ug ¢ | dx.
Bp to>t>s" BR

Take (u—uR,S)an_,[s’y] as a test function to equation (1.1), where

&5, 7] : R > R is the characteristic function which means that E)[S,;](s) =1

forall s € [s, 7] and ﬁ[s’y](s) =0 forall s ¢ [s, 7]. Hence we show that

-[QR u,(u — uR,S)npé[s’;]dz + J.QR | Vu |p_2Vu -V((u - uR,S)np)E;[S’T]dz

+J' Itb~-a—uV((u—u NP )er. ~didz = 0 (3.2)
orJo ij an R,sM [s,7] : :
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Considering that p > 2, || b;j | 1o < C, by Young’s inequality, we have

=\ 2. p J‘ pP.D
t d V d.
J.BR | u(x, ) uR,S | n X + BRX[S’7]| u | n Z

2.p & J' pp(p-1)
< u-—u x, s)dx + u—u dz
'[BR| R,s| n”(x, s) » BRX[S,7]| R,s| n

ce

+CJ _|VulPdz +
Bpx[s, 7] RP J Bpx[s,t

|u—ug s |PnPldz + CR"P
s, 1 ] >

(3.3)
for some C independent of R and 0 < n < 1. Integrating (3.3) with respect to

s from £y — 2R? to ty — RP, we have

dJ. ) —up , [PnPd
[, Ju D) g Pr%as

Ce 2
SI u—u 2npdz+—j u-—u ndz
Qﬁl Rt | Y ]| R.s |

dsJ‘ _
T Bgx[s,t

+ CRP j |Vu|Pdz + CR"2P. (3.4)
DR

By the choice of 7, we have that for small € > 0,

J.F dsJ.B | u(x, 1) —ug |2npdx

R R
< CI lu—ug, |2npdz+CRPJ' |Vu|Pdz + CR™2P (3.5
Or ’ DR
for p > 2. This completes the proof of Lemma 3.1. n

According to Lemma 3.1, we can have the following result:

Lemma 3.2. If O,p < Qp, then
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u-—u 'z < CR Vu |"dz + CR Vu |“dz + CR s
Or > DR DR

2
(3.6)

where C is independent of R.
This is the same as Theorem 4 in [3].

Proof of Theorem 1.3. Since Vu is bounded, from Lemma 3.2, we can

deduce the Campanato type growth estimate for # such that

J |u—up |2dz < CR""P*+2,
Or

where C is independent of R. Hence by isomorphism theorem of Da Prato [8]
follows the result.
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