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Abstract

In this paper, we have solved some time fractional Schrédinger
equations of order o with 0 < a <1 in dimension 1, 2 or 3 in
the sense of Caputo by the SBA plus method. This method is based
on two principles (successive approximations, and Picard) and the
Adomian method. Secondly, it uses a process of rapid convergence in
the functional space of the problem posed towards the exact solution,

if it exists.
1. Introduction

The nonlinear fractional-time Schrédinger equations describe numerous
physical systems in fields as varied as quantum fluids and solids,
compressible flows, the propagation of light in optical fibres and the
propagation of surface waves on thin liquid films. The general form of these

equations in dimension d is

0%(r, ¢ 1
l—lpa(tr ) = —EAlIJ(r, t)+ ol w(r, 1) |2l|J(r, t), (1.1)
2 0%
where 12 0; 0<a <1 gOC(0;17]); W(D] is the fractional derivative

2
. d d 0 .
in time; r = zizlxl-e,-; A= Zizla_z’ and the parameter 0 characterizes
Xi

the nonlinearity of the problem.

Many researchers have studied the Cauchy problem for such equations.
Aftalion et al. [16] studied the nonlinear Schrodinger equation from Bose-
Einstein condensates to super solids in 2010. In 2013, Duboscq [21]
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analyzed and simulated the deterministic and stochastic Schrodinger
equations and applied them to rotating Bose-Einstein condensates. Audiard
[20] obtained some results on the Schrodinger equation in 2020. Rahma [18]
studied the Schrédinger equation with fractional derivative in 2020.

Recently, in 2023, Higelin [17] generated numerical solutions for certain

types of linear and nonlinear equations of fractional order.
In this paper, we are interested in the solutions of some Schrodinger
equations in d dimension (d =1, 2 or 3) of fractional order in the sense of

Caputo by the SBA plus method. The work is organized as follows: Section
2 is for the preliminaries, Section 3 is for the description and convergence
of the SBA plus method, and Section 4 is for the applications. Section 5

provides the conclusion.
2. Preliminaries

In this section, we give a few definitions and one property. For other
definitions, properties and theorems concerning fractional calculations, we
refer to the following references: [18, 23, 24].

Definition 2.1. Consider z [0 C such that Re(z) > 0.

The function defined by the following integral is called the Gamma
function, denoted T(z):

+o00
0

M(z) = I e x¥ ldx. 2.1)

Definition 2.2. For a complex number z, the Mittag-Leffler function E

is defined by

+00 k
Eq(z) = ];)m o > 0. (2.2)

Property 2.1. Let o and ¢ be two real numbers such that 0 < a < 1. In
[18], we have
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(1) By (it%) = cosy (@) + ising (t®), where

oo 20k

cosg (%) = Zk=0 (1) m’

e 20k+a
sing (1) = 2y 2o 0 15 (+t)(2k a)’

2) | Bg ()| = 1.
3. Description and Convergence of the SBA Plus Method

3.1. Description of the SBA plus method

For the description, we adopt the approach proposed by the inventor of
the method in his book [4]. Thus it is done on the nonlinear Schrédinger
equation of fractional order in dimension 1 and the technique adapts to

nonlinear Schrodinger equations of fractional order in higher dimension.

In a Banach space E, consider the following nonlinear Schrédinger

equation of fractional order in dimension 1:

2
S ~3 23 W 1) ot ) P, 1), G.)

a
1; g Oc?(o;1)); %_t([)] the fractional derivative in

IN

where t 2 0; 0<a
time.

Multiplying by the conjugate of i, equation (3.1) becomes

a . A2
: Lpa(;’ ! =é ° S W(x, 1) = io] W(x, 1) Pl 1). (3.2)

X
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Set
aa
Ly = 5-U.
= %a_zz LIJ’
Ox
Ny = —io| Y[y,
Cly =1%),

where L is an Adomian invertible linear operator, R is the remainder of the

(@
ot

linear operator, N is a nonlinear operator, D%([J] = is the derivative in

the Caputo sense and Z°([)] is the integral in the Riemann-Liouville sense.
We obtain
Ly = Ry + NY. (3.3)
By applying Lo (3.3), we obtain the canonical Adomian form:
=B+ L7 (RW) + L (N (W)). (34)

where 3 is such that L = 0 and L'R isa contracting operator. Applying

the method of successive approximations to (3.4), we obtain

Wk = pf0) + LR + VW) k21 (3.5)

Solving (3.5) by the method of approximations consists in determining at
each iteration (k =1; 2 ) approximate solutions llJl, l|J2, - lij, which

form a series.

Posing

W=, (3.6)

n=0
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we derive the following algorithm SBA plus:

{w’o‘ = gh ) () + L (VW) k21,
Whi = LU RWE). n 2 0.

3.7

Explicitly, the development of the algorithm (3.7) consists in first

calculating the terms of the sequence (llJf,)n for k 21, and deduce l]Jk if

+0o0
the series l]Jk = leﬁ converges in E.
n=0

First iteration

For k =1, we calculate l|J1 using the algorithm

L~ wl(0)+ 1! o).
{llJo p!(0) + LI (N (W) 58
Wl = Y RWY): 2 2 0.
By applying N($°) = 0 to (3.8), we obtain
L= wlo),
{llJo W' (0) 59)
Whar = L (R(WE)); n 2 0.

+00

If the series (Z;:’O L|J,11j is convergent, then we obtain: qu = Zn: 0 llJ}z
which is an approximate solution of equation (3.1) in step 1.

Second iteration
For k = 2, we calculate l]J2 using the algorithm

{w% = g2(0) + L (N(Wh),
Wiy = L (RW2)): n 2 0.

(3.10)

We then evaluate NllJl. If NllJ1 =0, then llJ1 is the general solution of

the problem (3.1). Otherwise, if possible, we replace the initial problem by
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an equivalent transformation, with overlineN the new nonlinear term, so that
by repeating the algorithm, we can obtain N L|J1 =0. Y being a complex

number, we write

W(x, 1) = u(x, 1) +iv(x, 1). (3.11)
Replacing (3.11) in (3.2), we obtain
) .
DOy +iv) = %[%J — il (u + iv) P + iv). (3.12)
X

By transforming (3.12), we obtain

2
Doy = 10 o(u® +42),
0x (3.13)

Posing
(=D (1}
OESA0)

1 0%u
Ry(u, v) = 292
X

_1o%
26x2’
1u,v)— uo(u +v ),

Ry(u, v) =

No(u, v) = v(f(u2 + vz),
equation (3.13) becomes

{Lv = R (u, v) + Ny(u, v),

3.14
Lu = Ry(u, v) + N, (u, v). ( )

Composing equation (3.14) by L', we have

{L_lLv = 'Ry (u, v) + LNy (u, v), (3.15)

L' = 'Ry (u, v) + LN, (u, v),
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else

L'bu=u-u(0) and L7'Lv =v-(0),

:

v(0) + L_lRl(u, v) + L_lNl (u, v),

(3.16)
= u(0) + L_le(u, v) + L_1N2(u, v).
We have the following approximation:
Vk - Vk(()) + L_lRl(uk, Vk) + L_lNl(uk_l, Vk—l), G.17)
u® = u*(0) + L_le(uk, vEY + L_lNz(uk_l, vEh),

+o00 +00
uk = Z u,’f and vk = Z v,lf.
n=0 n=0

We, therefore, determine the auxiliary unknowns u,lj and v,lj using the

following SBA plus algorithm:

vg =k (0) + L_lNl(uk_l, vk_l),

ub = u*(0) + LN, (71, vE Y,
k _ 71 k _k

Vi+l = L Rl(”n’ Vn)’

kK _ 41 k _k
Up+1 = L R2(un’ Vn)’

k=1 and n20.  (3.18)

The main unknowns are llJfl = u,li + iv,lj .
3.2. Convergence

For the convergence, we refer the reader to [4, 5, 10].
4. Applications
Example 4.1. Consider the following Schrodinger model in dimension
2
DY %6—[5 +(sin®x)¢ ~ QPP =0,

o 4.1)
P(x, 0) = sin x,
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where 120, 0<as<l; YOC*([0;7]); DY the derivative in the
Caputo sense; and Z%([)] the integral in the Riemann-Liouville sense.

Note that
W(x, 1) = ul(x, 1) +iv(x, 7). 4.2)

By replacing (4.2) in (4.1) and after the transformation, we obtain

DY = 2%y (u? ++? =sin’x),
4.3)

D% = =2 4y (? +v? —sin’x).

Posing

=1

10%u
R, v) =5—,
2 9y2
1 9%
Ry(u,v) =-5—,
2 952

Ni(u, v) = —u (u2 +v? - sinzx),

No(u, v) = v(u2 +v? - sinzx),
we obtain the following algorithm SBA plus:
{w’é = gh0)+ LIV ).

k=21 n=0, (4.4)
What = L (R(WS)),
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v(]§ = vk(O) + L_lNl(uk_l, vk_l),

uf = u*(0) + LN,y (71, vET
kK _— -1 k _k

Vp+1 = L Rl(”n’ Vn)’

kK _ 51 k _k
Up+l — L RZ(un’ Vn)’

k=21,nz=0. 4.5)

For k =1,

{w%) =g!(0) + L (N ().

(4.6)
Wt = L (R(W3)),
vy =v'(0) + LN, v0),
u(l) = ul(O) + L_1N2(u0, vo), @7
Vet = LR (s vy,
ey = LRy (1, vy).
Using Picard’s principle,
N’ =0, N’ v*)=0 and N,(’ v°)=o0.
We obtain
{v(ll) = vll(O) =0, 48
uy =u (0) = sin x,
v = 19R (uh, vo)
{”l = 19Ry( ”0, v0)
b = 1R (uf, vf)
{uz = 1Ry (uf, v{) 9
{Vn = 1Ry (uy- 1,V;11 1)
= 1Ry (tyo1> vyt ):
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o = —sin xt¥

U7 2r(a +1)

ull =0

1 _

Vy = 0

uL = —sin xt2¢
27 4r(2a +1)

(4.10)
sin xt(2n+1)a

220 (2n +1)a + 1)

vaaa = (1)

1 _
Up+1 —

vén =0

n=0

. 2na
sin xt
uy, = (-1)"

—————n20.
22T (2na + 1)

For any natural number n, we have

1 _ 1 .1
llJn—Mn’an’

n
(L)

Fna +1)

=sin x

Therefore, the approximate solution to the problem at the first iteration is

( 1 j” na
+o00 +00 1|t
llJl _ . 2

F(na +1) °

|
]
£
1]
1]
<]
=]
=

I
g
=
=
&

|

1. q
EU j 4.11)

For k =2,

2 _ 0.2 + -1 1
{wo = p2(0) + L' (N(W")). Wi

Wi = L7 (R(W7)).
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v(% = v2(0) + L_lNl(ul, vl),

2 2 -1 1 .1
uy =u-(0)+L Nylu,v),

(2) ( 1) 2 i( ) “4.13)
Vsl = L Rl(un’ vn)v

2 _ 41 2 .2
Up+1 — L RZ(un’ Vn)'

Now, we evaluate NlIJl:
— (o 2
Ny! = (sin?x)g! - ! Py,
= (sin3x)E(—litaj - sin3xE(—litaj
2 2 ’
Ny' =0 implies Ny(u', v') = 0 and N,(u', v') = 0
1, o\u, .

Hence the exact solution to the problem is
_ . l .«
P(x, ¢) = sin xE(—Elt j
Example 4.2. Consider the following Schrodinger model in dimension

2 2
iDoY +%(‘;—g’ +‘;—‘5J — (1=sin?xsin®y)p - | @[> =0,
™ Oy

W(x, y, 0) = sin xsin y,

4.14)

where 1 20; 0 <a<1; ¢ OC*(0; 7]); DU() the derivative in the Caputo

sense; and Z% (1) the integral in the Riemann-Liouville sense.

Consider

ljJ(x, v, t) = u(x, v, t) + iv(x, v, t). (4.15)
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Replacing (4.15) in (4.14), and after transformation, we obtain

_l@zu +162u

a 2 2 2 a2
= —_— —_ - —_— + —_
D% 2o T2 g2 u—u(u” +v° —sin“xsin”y),
195 192 10
D% = ———; ———; +v +v(u® +v? —sinxsin?y).
2 3x 2 dy
Posing
_o"
Ly =—=-4.
, 2 2
i| 0 0 .
Ry = E[—ZLIJ +—2l|JJ -y,
0x dy
N = (sin?xsin?y) @ - | @[>,
L(=D" (0
=1y -
L (=1%(0L
2 2
Rl(u’ v) = la_l/l + la_l/l -u,
29¢2 2 6y2
2 2
RZ(M’ v) = —la_; —la_; + v,
2 ax 2 Oy
Ni(u, v) = u(@? +v? —sin®xsin?y),
No(u, v) = v(u? +v? —sin®xsin? y),
we obtain the following algorithm SBA plus:
k k -1 k-1
= 0)+L (N ,
{HJZ v (_1) k( (W) k>1,n20, (4.17)
Woer = L (R(W)),
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v(l)< =k (0) + L_lNl(uk_l, vk_l),

u§ = uk(0) + LN, (71, VF T,

. . P k=21,n=20. (4.18)
Vn+l = L Rl(”n’ Vn)’
[ | k _k
Up+1 = L RZ(un’ Vn)’
For k =1,

v(l) =0

u(l) =sinxsiny

o= -2 sin x sin yr%

! M(a +1)

ul =

v% =0

: .20

1 _ —4sin xsin yt

Uy F2a +1) (4.19)
W eyt 2 sinsin e
2+l r@n+Da+1) 77
”%nﬂ =0

1 _

Von =

2n - . 2na

1 _(_qyn 27 sinxsin yt s
uz = (71) Fea+1) 20

For any natural number n, we have

1 _ 1 . 1
qJn_un"-lvn’

—Zi)n P

= sin x sin ym
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Therefore, the approximate solution to the problem at the first iteration is

+oo 2-)ntna

+00
1 _ 1 _ . . (— l
l.lJ = Z_;‘)lpn = Z_;)SIHXSIH ym,
= sin xsin yE(-2ir%). (4.20)

For k =2,
2 — 2 0 L_l N 1 ,
{UJO W20+ L (VW) o

Yaer = L7 (R(7))

vg =v2(0) + L'y (ut, 1Y),

2 2 -1 1 .1
ujg =u-(0)+L Nylu,v),

2 ( 1) 2 i( ) (4.22)
S Rl(un’ Vn)’

e = L Ry (i, vy).
Now, we evaluate NlIJl:
Ny! = (sinxsiny)g' -] @' Pyt
= (sin’xsin® y) E(=2ir" ) - sin® xsin® y E (-2ir%)
N' =0 implies Ny(u!, v') = 0 and N, (u!, v!) = 0.
Hence the exact solution to the problem is
P(x, y, 1) = sin xsin yBE(-2ir?).

Example 4.3. Consider the following Schrodinger model in dimension

iDYY +1 0%y + 0%y + 0%y
20 5.2 2 2
Ox Oy 0z

ljJ(x, v, Z, 0) = sin xsin ysin z,

J—(l —sin?xsin?ysin2 )Y - | >y =0,

(4.23)
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where 1 20; 0 <a<1; ¢ OC*([0; 7]); D¥() the derivative in the Caputo

sense; and Z% (1) the integral in the Riemann-Liouville sense.

Consider
lIJ(x, v, Z, t) = u(x, v, Z, t) + iv(x, v, Z, t). (4.24)

Replacing (4.24) in (4.23), and after transformation, we obtain

_lazu + 10%u +162u :

a 1 22 2 2 )
Dv—zax2 2oy T2 52 u—u(u” +v° —sin“xsin“ysin”z),
Do __lazv_lazv_162v+ + (2+ 2 .2 .2 .2)

u= 2,2 anz Eazz v+v([® +v° —sin“xsin“ysin“z).
(4.25)
Posing
_0°
M=
. 2 2 2
Rw=i(azw+ azw+asz—iw,
2| ax dy 0z
Ny = (sin®xsin?ysin? z) P -y |2l|J,
L= D (0L
L (=170

2 2 2
10°w 107w 10 _,
2952 209y 2972
105 10%v 10%u
Ry(u,v)=—-= -— -— +v,
2 gx 26y2 2 972

Ni(u,v)=u (u2 +y2 - sinzxsinzy sinzz),

Ry (u, v)

2 2

No(u, v) =v(u” +v — sin’

xsinzy sin? ),
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we obtain the following algorithm SBA plus:

+ 1 k-1
{LIJo—lIJ() SV s

Wi = L7 (R(W5)),

v(]§ = vk(O) + L_lNl(uk_l, vk_l),
k k -1 k-1 k-1
= 0)+L N R R
”2 “ (_1) . i(u ) k>1,n20.
Vi+l = L Rl(un’ Vn)’

kK _ 51 k _k
Up+1 =L RZ(un’Vn)’

For k =1,
1 _
vy =v'(0) =
up = u'(0 )—smxsmysmz
. __35 1nxs1nys1nzt
'™ 2 T(a+1)
1 _
1=0
1 _
> =0
52 —25sin x sin y sin 220

4r(2a +1)

5 2n+1 (2n+1)
(—) sin x sin ysin zz\=" /@

2
r((2n+1)a+1)

Vias = (-1)"!

1

:n=20

Uzp+1 =0
v% =0
n
2n )
(E) sin xsin y sin z¢="%
u%n = (-1)" ;n20.

F(2na +1)

373

(4.26)

4.27)

(4.28)
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For any natural number n,

ol =il
s ) ua
El t
= sinxsinysin Zm.

Consequently, the approximate solution of the problem at the first

iteration is as follows:

( 5 )" na
+00 +00 _El t
qu = Z[IJL = Zsinxsinysinzm,
n=0 n=0
= sin xsin y sin zE[—%ito‘j. (4.29)
For k = 2,
2 _ 0,2 -1 1
{UJO = W2 (0) + I (VW) w0
Waer = L7 (RWR)),
vg =2(0) + L_lNl(ul, vh,
2 _ 2 -1 1 .1
uy =u (0)+ L Ny(u', v'), @31)

2 _ 71 2 .2
Y+l = L Rl(”n’ Vn)’

ey = L Ry g vi).
Now, we evaluate N l|J1:
N = (sin? xsin? ysin? z)Q! - P! |2ljJ1
= (sin3 xsin® y sin® z)E(—% ita) ~ sin® xsin® y sin’ zE(—% ita)

Ny! = 0 implies Nl(ul, ') =0 and Nz(ul, v =o.
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So the exact solution to the problem is as follows:

W(x, v, z, t) = sin xsin y sin zE(—%itaj.

5. Conclusion

The SBA plus method has enabled us to obtain exact solutions to

fractional nonlinear Schrodinger equations in dimension 1, 2 or 3. This

technique is used to overcome the difficulties associated with the calculation

of Adomian polynomials.
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