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Abstract 

In this paper, we have solved some time fractional Schrödinger 

equations of order α  with 10 ≤α<  in dimension 1, 2 or 3 in          

the sense of Caputo by the SBA plus method. This method is based  

on two principles (successive approximations, and Picard) and the 

Adomian method. Secondly, it uses a process of rapid convergence in 

the functional space of the problem posed towards the exact solution, 

if it exists. 

1. Introduction 

The nonlinear fractional-time Schrödinger equations describe numerous 

physical systems in fields as varied as quantum fluids and solids, 

compressible flows, the propagation of light in optical fibres and the 

propagation of surface waves on thin liquid films. The general form of these 

equations in dimension d is 

( ) ( ) ( ) ( ),,,,
2
1, 2

trtrtr
t

tr
i ψψσ+ψ∆−=∂

ψ∂α
 (1.1) 

where ;0≥t  ;10 ≤α<  [ ]( );;02
tC∈ψ  ( )⋅∂

∂α

t
 is the fractional derivative 

in time;  == d

i iiexr
1

;   = ∂
∂=∆ d

i
ix

1 2

2
, and the parameter σ  characterizes 

the nonlinearity of the problem. 

Many researchers have studied the Cauchy problem for such equations. 

Aftalion et al. [16] studied the nonlinear Schrödinger equation from Bose- 

Einstein condensates to super solids in 2010. In 2013, Duboscq [21] 
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analyzed and simulated the deterministic and stochastic Schrödinger 

equations and applied them to rotating Bose-Einstein condensates. Audiard 

[20] obtained some results on the Schrödinger equation in 2020. Rahma [18] 

studied the Schrödinger equation with fractional derivative in 2020. 

Recently, in 2023, Higelin [17] generated numerical solutions for certain 

types of linear and nonlinear equations of fractional order. 

In this paper, we are interested in the solutions of some Schrödinger 

equations in d dimension ( )3or2,1=d  of fractional order in the sense of 

Caputo by the SBA plus method. The work is organized as follows: Section 

2 is for the preliminaries, Section 3 is for the description and convergence   

of the SBA plus method, and Section 4 is for the applications. Section 5 

provides the conclusion. 

2. Preliminaries 

In this section, we give a few definitions and one property. For other 

definitions, properties and theorems concerning fractional calculations, we 

refer to the following references: [18, 23, 24]. 

Definition 2.1. Consider C∈z  such that ( ) .0>zRe  

The function defined by the following integral is called the Gamma 

function, denoted ( ) :zΓ  

 ( ) 
∞+ −−=Γ

0

1 .dxxez
zx  (2.1) 

Definition 2.2. For a complex number z, the Mittag-Leffler function αE  

is defined by 

 ( ) ( )
∞+

=
α >αβ+αΓ=

0

.0,
k

k

k

z
zE  (2.2) 

Property 2.1. Let α  and t be two real numbers such that .10 ≤α<  In 

[18], we have 
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(1) ( ) ( ) ( ),sincos α
α

α
α

α
α += tititE  where 

( ) ( ) ( )
( )( )

∞+

=

α
α

α α+Γ−=
0

2
,

21
1cos

k

k
k

k

t
t  

( ) ( ) ( )
( )( )

∞+

=

α+α
α

α α++Γ−=
0

2
.

121
1sin

k

k
k

k

t
t  

(2) ( ) .1=α
α itE  

3. Description and Convergence of the SBA Plus Method 

3.1. Description of the SBA plus method 

For the description, we adopt the approach proposed by the inventor of 

the method in his book [4]. Thus it is done on the nonlinear Schrödinger 

equation of fractional order in dimension 1 and the technique adapts to 

nonlinear Schrödinger equations of fractional order in higher dimension. 

In a Banach space E, consider the following nonlinear Schrödinger 

equation of fractional order in dimension 1: 

( ) ( ) ( ) ( ),,,,
2
1, 2

2

2
txtxtx

xt

tx
i ψψσ+ψ

∂
∂−=∂

ψ∂α
 (3.1) 

where ;0≥t  ;10 ≤α<  [ ]( );;02
tC∈ψ  ( )⋅∂

∂α

t
 the fractional derivative in 

time. 

Multiplying by the conjugate of i, equation (3.1) becomes 

( ) ( ) ( ) ( ).,,,
2

, 2
2

2
txtxitx

x

i

t

tx ψψσ−ψ
∂
∂=∂

ψ∂α
 (3.2) 
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Set 
















ψ=ψ

ψψσ−=ψ

ψ
∂
∂=ψ

ψ∂
∂=ψ

α−

α

,

,

,
2

,

1

2

2

2

IL

iN

x

i
R

t
L

 

where L is an Adomian invertible linear operator, R is the remainder of the 

linear operator, N is a nonlinear operator, ( ) ( )
t∂
⋅∂=⋅

α
α
D  is the derivative in 

the Caputo sense and ( )⋅α
I  is the integral in the Riemann-Liouville sense. 

We obtain 

 .ψ+ψ=ψ NRL  (3.3) 

By applying 1−
L  to (3.3), we obtain the canonical Adomian form: 

 ( )( ) ( )( ),11 ψ+ψ+β=ψ −−
NLRL  (3.4) 

where β  is such that 0=βL  and RL
1−  is a contracting operator. Applying 

the method of successive approximations to (3.4), we obtain 

( ) ( ( )) ( ( )) .1;0 1111 ≥ψ+ψ+ψ=ψ −−−−
kNLRL

kkkk  (3.5) 

Solving (3.5) by the method of approximations consists in determining at 

each iteration ( )...;2;1=k  approximate solutions ,...,,, 21 kψψψ  which 

form a series. 

Posing 

 
+∞

=
ψ=ψ

0n

k
n

k , (3.6) 
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we derive the following algorithm SBA plus: 

( ) ( ) ( ( ))

( ( ))





≥ψ=ψ

≥ψ+ψ=ψ
−

+

−−

.0,

,1,0

1
1

11
0

nRL

kNLt

k
n

k
n

kkk

 (3.7) 

Explicitly, the development of the algorithm (3.7) consists in first 

calculating the terms of the sequence ( )n
k
nψ  for 1≥k , and deduce kψ  if 

the series 
+∞

=
ψ=ψ

0n

k
n

k  converges in E. 

First iteration 

For ,1=k  we calculate 1ψ  using the algorithm 

 
( ) ( ( ))

( ( ))





≥ψ=ψ

ψ+ψ=ψ
−

+

−

.0;

,0

111
1

0111
0

nRL

NL

nn

 (3.8) 

By applying ( ) 00 =ψN  to (3.8), we obtain 

 
( )

( ( ))





≥ψ=ψ

ψ=ψ
−

+ .0;

,0

111
1

11
0

nRL nn

 (3.9) 

If the series 





 ψ

∞+
=0

1
n n  is convergent, then we obtain: 

+∞
= ψ=ψ

0
11

n n  

which is an approximate solution of equation (3.1) in step 1. 

Second iteration 

For ,2=k  we calculate 2ψ  using the algorithm 

( ) ( ( ))

( ( ))





≥ψ=ψ

ψ+ψ=ψ
−

+

−

.0;

,0

212
1

1122
0

nRL

NL

nn

 (3.10) 

We then evaluate .1ψN  If ,01 =ψN  then 1ψ  is the general solution of 

the problem (3.1). Otherwise, if possible, we replace the initial problem by 
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an equivalent transformation, with overlineN the new nonlinear term, so that 

by repeating the algorithm, we can obtain .01 =ψN  ψ  being a complex 

number, we write 

( ) ( ) ( ).,,, txivtxutx +=ψ  (3.11) 

Replacing (3.11) in (3.2), we obtain 

( ) ( ) ( ) ( ).
2

2
2

2
ivuivui

x

ivui
ivu ++σ−









∂
+∂=+α

D  (3.12) 

By transforming (3.12), we obtain 

 
( )

( )









+σ+
∂
∂−=

+σ−
∂
∂=

α

α

.
2
1

,
2
1

22
2

2

22
2

2

vuv
x

v
u

vuu
x

u
v

D

D

 (3.13) 

Posing 

( ) ( )

( ) ( )

( )

( )

( ) ( )

( ) ( )


















+σ=

+σ−=
∂
∂−=

∂
∂=

⋅=⋅

⋅=⋅
α−

α

,,

,,

,
2
1

,

,
2
1

,

,

,

22
2

22
1

2

2

2

2

2

1

1

vuvvuN

vuuvuN

x

v
vuR

x

u
vuR

IL

L D

 

equation (3.13) becomes 

 
( ) ( )
( ) ( )




+=
+=

.,,

,,,

22

11

vuNvuRLu

vuNvuRLv
 (3.14) 

Composing equation (3.14) by 1−
L  , we have 

( ) ( )
( ) ( )





+=
+=

−−−

−−−

,,,

,,,

2
1

2
11

1
1

1
11

vuNLvuRLLuL

vuNLvuRLLvL
 (3.15) 
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else 

( )01
uuLuL −=−    and   ( ),01

vvLvL −=−  

( ) ( ) ( )
( ) ( ) ( )





++=

++=
−−

−−

.,,0

,,,0

2
1

2
1

1
1

1
1

vuNLvuRLuu

vuNLvuRLvv
 (3.16) 

We have the following approximation: 

( ) ( ) ( )
( ) ( ) ( )





++=

++=
−−−−

−−−−

,,,0

,,,0
11

2
1

2
1

11
1

1
1

1

kkkkkk

kkkkkk

vuNLvuRLuu

vuNLvuRLvv
 (3.17) 


+∞

=
=

0n

k
n

k
uu    and   

+∞
=

=
0

.
n

k
n

k
vv  

We, therefore, determine the auxiliary unknowns k
nu  and k

nv  using the 

following SBA plus algorithm: 

( ) ( )
( ) ( )

( )
( )













≥≥

=

=

+=

+=

−
+

−
+

−−−

−−−

.0and1

,,

,,

,,0

,,0

2
1

1

1
1

1

11
2

1
0

11
1

1
0

nk

vuRLu

vuRLv

vuNLuu

vuNLvv

k
n

k
n

k
n

k
n

k
n

k
n

kkkk

kkkk

 (3.18) 

The main unknowns are .k
n

k
n

k
n ivu +=ψ  

3.2. Convergence 

For the convergence, we refer the reader to [4, 5, 10]. 

4. Applications 

Example 4.1. Consider the following Schrödinger model in dimension 

1: 

 
( )

( )







=ψ

=ψψ−ψ+
∂

ψ∂+ψα

,sin0,

,0sin
2
1 22

2

2

xx

x
x

iD
 (4.1) 
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where ;0≥t  ;10 ≤α<  [ ]( );;02
tC∈ψ  ( )⋅α

D  the derivative in the 

Caputo sense; and ( )⋅α
I  the integral in the Riemann-Liouville sense. 

Note that 

 ( ) ( ) ( ).,,, txivtxutx +=ψ  (4.2) 

By replacing (4.2) in (4.1) and after the transformation, we obtain 

 

( )

( )











−++
∂
∂−=

−+−
∂
∂=

α

α

.sin
2
1

,sin
2
1

222
2

2

222
2

2

xvuv
x

v
u

xvuu
x

u
v

D

D

 (4.3) 

Posing 

( )

( ) ( )

( ) ( )

( )

( )

( ) ( )

( ) ( )




















































−+=

−+−=

∂
∂−=

∂
∂=

⋅=⋅

⋅=⋅















ψψ−ψ=ψ

ψ
∂
∂=ψ

ψ∂
∂=ψ

α−

α

α

,sin,

,sin,

,
2
1

,

,
2
1

,

,

,

,sin

,
2

,

222
2

222
1

2

2

2

2

2

1

1

22

2

2

xvuvvuN

xvuuvuN

x

v
vuR

x

u
vuR

IL

DL

xN

x

i
R

t
L

 

we obtain the following algorithm SBA plus: 

( ) ( ( ))

( ( ))
,0,1

,

,0

1
1

11
0







≥≥
ψ=ψ

ψ+ψ=ψ
−

+

−−
nk

RL

NL

k
n

k
n

kkk

 (4.4) 



O. MADAI, G. KABORE, B. Abbo, O. SO and B. SOME 366 

( ) ( )

( ) ( )

( )

( )

.0,1

,,

,,

,,0

,,0

2
1

1

1
1

1

11
2

1
0

11
1

1
0














≥≥

=

=

+=

+=

−
+

−
+

−−−

−−−

nk

vuRLu

vuRLv

vuNLuu

vuNLvv

k
n

k
n

k
n

k
n

k
n

k
n

kkkk

kkkk

 (4.5) 

For ,1=k  

( ) ( ( ))

( ( ))





ψ=ψ

ψ+ψ=ψ
−

+

−

,

,0

111
1

0111
0

nn RL

NL
 (4.6) 

( ) ( )

( ) ( )

( )

( )












=

=

+=

+=

−
+

−
+

−

−

.,

,,

,,0

,,0

11
2

11
1

11
1

11
1

00
2

111
0

00
1

111
0

nnn

nnn

vuRLu

vuRLv

vuNLuu

vuNLvv

 (4.7) 

Using Picard’s principle, 

( ) ,00 =ψN    ( ) 0, 00
1 =vuN    and   ( ) .0, 00

2 =vuN  

We obtain 

( )

( )





==

==

,sin0

,00

11
0

11
0

xuu

vv
 (4.8) 

( )

( )
( )

( )

( )

( )























=

=







=

=






=

=

−−
α

−−
α

α

α

α

α

,,

,

,

,

,

,

1
1

1
12

1

1
1

1
11

1

1
1

1
12

1
2

1
1

1
11

1
2

1
0

1
02

1
1

1
0

1
01

1
1

nnn

nnn

vuRIu

vuRIv

vuRIu

vuRIv

vuRIu

vuRIv

⋮

 (4.9) 
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( )

( )

( )
( )

( )( )

( )
( )


































≥
+αΓ

−=

=









=

≥
+α+Γ

−=









+αΓ
−=

=









=

+αΓ
−=

α

+

+

α+
+

+

α

α

.0;
122

sin
1

0

0

0;
1122

sin
1

124
sin

0

0

12
sin

2

2
1
2

1
2

1
12

12

12
11

12

2
1
2

1
2

1
1

1
1

n
n

xt
u

v

u

n
n

xt
v

xt
u

v

u

xt
v

n

n
n

n

n

n

n

n
n

n

⋮  (4.10) 

For any natural number n, we have 

,111
nnn ivu +=ψ  

( ) .
1

2
1

sin +αΓ







−

=

α

n

ti

x

n
n

 

Therefore, the approximate solution to the problem at the first iteration is 

( ) ,
1

2
1

sin
0 0

11  
∞+

=

∞+

=

α

+αΓ







−

=ψ=ψ
n n

n
n

n n

ti

x  

.
2
1

sin 





−= α

itxE  (4.11) 

For ,2=k  

( ) ( ( ))

( ( ))





ψ=ψ

ψ+ψ=ψ
−

+

−

,

,0

212
1

1122
0

nn RL

NL
 (4.12) 
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( ) ( )

( ) ( )

( )

( )












=

=

+=

+=

−
+

−
+

−

−

.,

,,

,,0

,,0

22
2

12
1

22
1

12
1

11
2

122
0

11
1

122
0

nnn

nnn

vuRLu

vuRLv

vuNLuu

vuNLvv

 (4.13) 

Now, we evaluate :1ψN  

( ) ,sin 121121 ψψ−ψ=ψ xN  

( ) ,
2
1

sin
2
1

sin 33






−−






−= αα

itxitx EE  

01 =ψN  implies ( ) 0, 11
1 =vuN  and ( ) .0, 11

2 =vuN  

Hence the exact solution to the problem is 

( ) .
2
1

sin, 





−=ψ α

itxtx E  

Example 4.2. Consider the following Schrödinger model in dimension 

2: 

( )

( )







=ψ

=ψψ−ψ−−









∂
ψ∂+

∂
ψ∂+ψα

,sinsin0,,

,0sinsin1
2
1 222

2

2

2

2

yxyx

yx
yx

iD
 (4.14) 

where ;0≥t  ;10 ≤α<  [ ]( );;02
tC∈ψ  ( )⋅α
D  the derivative in the Caputo 

sense; and ( )⋅α
I  the integral in the Riemann-Liouville sense. 

Consider 

 ( ) ( ) ( ).,,,,,, tyxivtyxutyx +=ψ  (4.15) 
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Replacing (4.15) in (4.14), and after transformation, we obtain 

( )

( )












−+++
∂
∂−

∂
∂−=

−+−−
∂
∂+

∂
∂=

α

α

.sinsin
2
1

2
1

,sinsin
2
1

2
1

2222
2

2

2

2

2222
2

2

2

2

yxvuvv
y

v

x

v
u

yxvuuu
y

u

x

u
v

D

D

 (4.16) 

Posing 

( )

( ) ( )

( ) ( )

( )

( )

( ) ( )

( ) ( )























































−+=

−+=

+
∂
∂−

∂
∂−=

−
∂
∂+

∂
∂=

⋅=⋅

⋅=⋅















ψψ−ψ=ψ

ψ−








ψ

∂
∂+ψ

∂
∂=ψ

ψ∂
∂=ψ

α−

α

α

,sinsin,

,sinsin,

,
2
1

2
1

,

,
2
1

2
1

,

,

,

,sinsin

,
2

,

2222
2

2222
1

2

2

2

2

2

2

2

2

2

1

1

222

2

2

2

2

yxvuvvuN

yxvuuvuN

v
y

v

x

v
vuR

u
y

u

x

u
vuR

IL

DL

yxN

i
yx

i
R

t
L

 

we obtain the following algorithm SBA plus: 

( ) ( ( ))
( ( ))

,0,1
,

,0
1

1

11
0







≥≥
ψ=ψ

ψ+ψ=ψ
−

+

−−
nk

RL

NL

k
n

k
n

kkk

 (4.17) 
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( ) ( )

( ) ( )

( )

( )

.0,1

,,

,,

,,0

,,0

2
1

1

1
1

1

11
2

1
0

11
1

1
0














≥≥

=

=

+=

+=

−
+

−
+

−−−

−−−

nk

vuRLu

vuRLv

vuNLuu

vuNLvv

k
n

k
n

k
n

k
n

k
n

k
n

kkkk

kkkk

 (4.18) 

For ,1=k  

( )

( )

( )
( )

( )( )

( ) ( )


































≥+αΓ−=

=









=

≥+α+Γ−=








+αΓ
−=

=








=
+αΓ

−=







=

=

α

+

α++
+

+

α

α

.0;
12

sinsin2
1

0

0

0;
112

sinsin2
1

12
sinsin4

0

0

1
sinsin2

sinsin

0

22
1
2

1
2

1
12

1212
11

12

2
1
2

1
2

1
1

1
1

1
0

1
0

n
n

ytx
u

v

u

n
n

ytx
v

ytx
u

v

u

ytx
v

yxu

v

nn
n

n

n

n

nn
n

n

⋮

 (4.19) 

For any natural number n, we have 

,111
nnn ivu +=ψ  

( )
( ) .

1
2

sinsin +αΓ
−=

α

n

ti
yx

nn
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Therefore, the approximate solution to the problem at the first iteration is 

( )
( ) ,

1
2

sinsin
0 0

11  
+∞

=

+∞

=

α

+αΓ
−=ψ=ψ

n n

nn

n n

ti
yx  

( ).2sinsin α−= ityx E  (4.20) 

For ,2=k  

( ) ( ( ))

( ( ))





ψ=ψ

ψ+ψ=ψ
−

+

−

,

,0

212
1

1122
0

nn RL

NL
 (4.21) 

( ) ( )

( ) ( )

( )

( )












=

=

+=

+=

−
+

−
+

−

−

.,

,,

,,0

,,0

22
2

12
1

22
1

12
1

11
2

122
0

11
1

122
0

nnn

nnn

vuRLu

vuRLv

vuNLuu

vuNLvv

 (4.22) 

Now, we evaluate :1ψN  

( ) 1211221 sinsin ψψ−ψ=ψ yxN  

( ) ( ) ( )αα −−−= ityxityx 2sinsin2sinsin 3333
EE  

01 =ψN  implies ( ) 0, 11
1 =vuN  and ( ) .0, 11

2 =vuN  

Hence the exact solution to the problem is 

( ) ( ).2sinsin,, α−=ψ ityxtyx E  

Example 4.3. Consider the following Schrödinger model in dimension 

3: 
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where ;0≥t  ;10 ≤α<  [ ]( );;02
tC∈ψ  ( )⋅α
D  the derivative in the Caputo 

sense; and ( )⋅α
I  the integral in the Riemann-Liouville sense. 

Consider 

 ( ) ( ) ( ).,,,,,,,,, tzyxivtzyxutzyx +=ψ  (4.24) 

Replacing (4.24) in (4.23), and after transformation, we obtain 
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Posing 
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we obtain the following algorithm SBA plus: 
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For ,1=k  
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For any natural number n,  

,111
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Consequently, the approximate solution of the problem at the first 

iteration is as follows: 
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For ,2=k  
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Now, we evaluate :1ψN  

( ) 12112221 sinsinsin ψψ−ψ=ψ zyxN  
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So the exact solution to the problem is as follows: 

( ) .
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−=ψ α

itzyxtzyx E  

5. Conclusion 

The SBA plus method has enabled us to obtain exact solutions to 

fractional nonlinear Schrödinger equations in dimension 1, 2 or 3. This 

technique is used to overcome the difficulties associated with the calculation 

of Adomian polynomials. 
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