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Abstract

This paper investigates sufficiency-type conditions for strictly
decreasing solutions of linear time-delay differential systems subject
to a finite number of time-varying bounded point delays. The delay
functions are not required to be time-differentiable nor even
continuous but simply piecewise bounded continuous. It is not also
required for the delay functions at any time instant to be upper-
bounded. It is not necessary to have the knowledge of either the delay
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functions or their lower and upper bounds. It is proved that the
supremum of any vector norm of the solution trajectory on
consecutive time intervals of finite lengths is strictly decreasing under
either stability conditions on the matrix which describes the delay-free
dynamics, or on the one which describes the zero-delay auxiliary
system, provided in both cases the contribution of the delayed
dynamics is sufficiently small related to the convergence abscissas of

the above matrices.
1. Introduction

Time-delay systems are very common in some real-life problems like,
for instance, in war and peace problems, in some biological and epidemic
models, in diffusion and teleoperation problems, etc. Delays can be either
point constant or time-varying delays, or distributed delays or mixed
combined point and distributed, and either commensurate, i.e., being integer
multiples of a basic delay, or incommensurate, which do not obey the above
rule, and also can be either be internal, i.e., in the state, or external, i.e., in
the inputs and/or in the outputs which can also appear in a combined way.
The internal delays make the system to be infinite-dimensional with
infinitely many characteristic zeros, however, infinitely many of them are
always stable with infinite modulus. Also, the number of characteristic zeros
of a linear time-delay system is finite within each vertical band of any finite
real part size allocated within the complex plane [1]. The background
literature on those systems is very abundant to the levels of solution
characterization, stability properties and applications. See, for instance, [1]
for basic related bibliography. If the point delays are time-varying functions,
it is usually assumed that they are known and that they are, for each time
instant, less than the current time instant or that they have bounded time-

derivatives.

In [2], a robust adaptive control approach is developed and analyzed in
detail for the case of a continuous-time system multiple time-varying delays
subject to uncertainties eventually included the presence of unmodeled

dynamics. The system parameters are not known and their on-line estimation
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is used from registered input/output values to evaluate them and to update
the time-varying adaptive controller. A switching scheme for multiestimation
under different initial conditions for the various estimation algorithms,
which are organized in a parallel disposal, is proposed so that only one of
them is available along a certain time interval to update the controller
parameters. The switching time instants to activate each new estimation
algorithm which estimates the controlled system parameters, while
correspondingly updates too the controller parameters along a certain time
interval, are selected in such a way that the global stability of the whole
closed-loop scheme is guaranteed. In [3], a ¢ robust stability study is given in
detail for the description of a fractional Caputo-type linear dynamic system
with time delays. Its solution and its global stability for any given admissible
bounded function of initial condition are formulated through the use of fixed
point theory. In [4], several structures of potential stabilizing control laws
are discussed for linear and time-invariant controlled systems which involve
time-varying bounded point delays and unmeasurable states which are not
directly available for measurement. The case of time-varying point delays is
overviewed in [5] through the use of “ad hoc” Lyapunov-Krasovskii
functionals for global asymptotic stability studies of linear continuous-time
systems. A parallel study under integral inequality approaches is also
described. The upper-bound of the delay functions is involved. On the other
hand, l-infinity and L-infinity approaches are used in [6] in the discrete-time
time and continuous-time cases, respectively, for the study of the global
stability of positive linear systems with bounded delays by involving a
comparison of the systems with their nominal counterparts which are defined
as being subject to constant point delays of some arbitrary given finite sizes.
In [7], a design of a position/force control scheme is performed for bilateral
teleoperators with time-varying delays, which is based on estimations, under
some relaxed assumptions, of both velocities and forces through the use of
simply joint position measurements. It is shown that position and force
tracking errors become ultimately bounded with arbitrarily small ultimate

bounds in finite time. On the other hand, an estimation procedure of the
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reachable set for switched singular systems with time-varying delay and state
jumps is discussed in [8]. In [9], time-varying delays belonging to a known
interval being also time-differentiable with bounded time-derivative of

known bound are considered.

In this brief paper, sufficiency-type conditions for the solution to be
strictly decreasing in a certain sense, which, as a result, imply also in turn
the global asymptotic stability of the differential system, are derived for the
case of bounded time-varying piecewise-continuous, and in general multiple,
delays. It is proved that the supremum of the vector norm of the solution
trajectory on consecutive time intervals of finite lengths is strictly decreasing
under such sufficiency-type conditions. The derivations of those conditions
are based on the analysis of the solution in terms of norms. It is not required
for the interval of validity of the delay functions to be known and it is not
required either for the delays to time time-differentiable with bounded time-
derivative. It is assumed that either the matrix of undelayed dynamics or the
one of the particularized auxiliary zero-delay system are stability matrices.
The main results of the paper are given in the next two sections and then

conclusions end the paper.
1.1. Notation
R, ={rOR:r>0}; Ry, ={rOR:r=20}; R_={rOR:r<0}
and R_y ={r OR : r < 0} are subsets of the set R of the real numbers.
Z,={r0Z:r>0}; Zpo ={r0Z:r=20}; Z_={r0Z:r<0}
and Z_o ={r OZ : r < 0} are subsets of the set Z of the integer numbers.
C,={z0C:Rez>0}; Coy ={zOC:Rez=0}; C_={z0C

:Rez <0} and C_y = z0OC : Rez <0 are subsets of the set C of the

complex numbers.

We write n ={1, 2, ..., n}.
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2. Main Results

Consider the nth differential system with a time-varying bounded delay:
i(r) = Ax(r) + Agx(t = h(t)) (1)

subject to a bounded real piecewise continuous function ¢ : [~h,, 0] - R"
of initial conditions, with ¢(t) =0 for —h, < T < -h(0), provided that

ho) # by, @ = Sup lo(D)[,  ¢(0) = x(0) = xo and x(r) = ¢(z) for

t <0, where x(r) O R" is the state vector, A, Ay 0 R™" are the delay-free

and delayed matrices of dynamics and h: Ryy — [Iy, hy] is a piecewise

continuous delay function for some finite 7 = 0 and some finite 4, = A;.

The state-trajectory solution of (1) is unique for + = 0 for each given

¢ : [~hy, 0] - R" defined by
t
x(t) = eAlxg + JO eA(t_T)on(T - h(1))dt; t =2 0. (2)

It turns out that for each matrix A, there exist a norm-dependent real constant
of minimum value K = K(A) =1 and a real constant p = p(A) such that
| e[| < Ke™ forall 120 with p >0 if A is a stability matrix, that s, if
sp(A) O C_, p = 0 if it is critically stable, that is, if sp(A) O C_, with at
least one eigenvalue of A being on the complex imaginary axis and p < 0 if
A is unstable, that is, if at least one eigenvalue is in C4. If A is a stability
matrix, then —p <0 is its stability (or convergence) abscissa, that is,
0 > —p = max Re();(A)), where A;(A) O sp(A); i O n, are the eigenvalues
of A if they are distinct and 0 > —p > max Re(A;(A)), if at least one of the
eigenvalues has a multiplicity larger than one.

The subsequent result holds concerning the boundedness and

convergence to zero of the state trajectory solution provided that the matrix
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of delay-free dynamics A is a stability matrix and A, has a sufficiently small

norm, related to the absolute stability abscissa of A:

Theorem 1. Assume that p = p(A) >0, ||Ay| <p/K and that (1)
is subject to any given bounded piecewise continuous function of initial

conditions ¢ : [- hy, 0] — R". Then, the following properties hold:

(i) The state trajectory solution is bounded according to

sup | x(1)[| < K| A [9/(p = K] Ay [)) < +oo; Dt O Ry

o<st<r

(ii) If, furthermore, | Ay | < p/(2K), then the sequence

{ wp |51z 1) R}
n0Zg4

1,<TSt

is strictly decreasing and there exists the limit lim sup | x(1)|| =0 for
-9y <1<t

any given real sequence {tn}:’:() satisfying ty =0 and t, 21t,_; + h for

n U Zy4 what implies, in turn, that lim x(t) =0.
00
Proof. From (2), we have
_ t
15001 = & {1501+ [} e a0 11 (5 = () o

ept

Y

< Ke'm(n ol

a1 St -0 e

— Pt t
:Ke-p{nxo I+ =14l ep‘nx(r—h(r»uer

SK[e"”ll xl+p Al sup [(x) IIJ; tORys (3

- <T<t—-hy
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which implies also that

| <@ < K| e ™lxl+p A sup | alr) IIJ

—hy<t<t—-Iy

<K|lxl+p 4] sup | X(T)Ilj

—hy <1<t

= K| [ %o ||+p'1||Ao||maX[ sup [ §(T) [+ sup [ x(r) IID

—hp<1<0 O<tst

= k{50 1+ 07 40 max[qs b sup [x(1) nj]

0ost<t

< k{11 + 07 401 sup [ x(0) ||j; (O Ry, @)

o<st<t
where, for the initial time instant 5, =0, M = M (to, P, ﬁ) =M (0, P, 6)

= p_1|| Ay |® < +oo is a positive constant which depends on the function of

initial conditions. Equation (4) implies that

s (0] < {0 #5740 swp 1@ 1Ok 9
o<1t o<ttt
If p > K, then from (5), it follows that
KMp
sup | x(T)|| € ——7+—5 <+o; rOR (6)
0<t<! I+l p— K[ A 0+

and property (i) is thus proved.

To prove property (ii), note from (1) that

x(r) = eMx(ny) + It eA(t_T)AOx(r - n(t))dt; t 2 ¢ @)
n
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which leads, in a similar way as (5) has been obtained for 7, = 0, to

M[tl’ p. sup | X(T)||J=P_1||Ao|| sup || x(1)]|

H—h<T<h H—h<T<h

<p 4] sup [ x(1)]

0<T1<00

<p 7! Ay | K] Ao [9/(p — K Ag [) < +0 (8)

which replaced into (7) yields:

K”AO || )2
)| < ¢; #(=1)0Ry,. 9
tlsSuTPSt ” X( )" (p_K"“O" ( 1) 0+ ®

Proceeding recursively, we have

sup || x(1)| < (M)nﬂiﬁ for n0Zyy, t(21,) ORyx  (10)
1, STt p-K[ A ’ "

and taking into account that | Ag|<p/(2K) implies that
K| Ay |l/(p = K]|| Ag |) < 1, from (11) follows that, for any given function of

initial conditions:

lim sup || x(t)] = lim | x(z)] = 0. (11)
-9y <1<t -®
This establishes property (ii). ([

Remark 1. The specific value of the constant K = K(A) > 1 is not very

relevant in the boundedness and convergence analysis, that is, it can be
taken equal to unity as it is now seen. First note that for any prefixed

real constant Py = po(A) O (0, p(A)), there exists a finite real constant
to = 19(Pg» P, K) such that Ke ™ < ¢™P0 for >, since for given

K 21, such a non-unique £ exists fulfilling K < PP for all 1 2 1-
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Thus, from (2), we get as an alternative to (3), after replacing Ke Pl < ¢7PO

for any r = 1, that

o 1 = ¢ Polt=10) t
[<0)] = K€ ’°>[|| o)+ == Ao ||, " tx = h(x)
< e P00 x(ao) [+ 0 Ag | sup [ 2D 12 1) O R
l‘O—h2STSt—h1
(12)
Then, instead of (4), we get
| x(e) | < Mo + o'l A | sup [ x(D)]: 1= 19) O Ro. (13)
STt
with
My = Mo[lo, po sup | x(1) ||J
tg—hy <1<t
|
=po Al sup [ x(T)]
to —h2<TStO
< Mo[to, Po> max[ﬁ, sup || x(t) ||N < +oo, (14)
0<TSt0
since f is finite. Thus,
IAgl  sup [ x(7)]
sup | x(1)| < fo~hy =Tl <+, (215)ORye (15)
1H<STSt Po ~[ Aol

instead of (6). Also, instead of (10), we get

n+l
sup | x(r)ns(Mj [ sup | x(r)M}

1, <TSt Po ~ 14| 10—hy <T<tg
for n 0 Zgs, #(2 1,) 0 Rys (16)

for any given real sequence {tn};f:() satisfying ¢, 2 ¢, + hp for n 0 Z,.
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As a result, an alternative result to Theorem 1 follows under easier test

conditions.

Corollary 1. Assume any given prefixed real constant py U (0, p),

| Ao |l < pg and that (1) is subject to any given bounded piecewise

continuous function of initial conditions ¢ :[-hy, 0] - R". Then, the

following properties hold:

(i) The state trajectory solution is bounded according to sup || x(T) |
STt

<Al sup 500~ Ao ) <+ (e 1) O Ry, where i =
tg—hy <1<t

10(Pg> P, K) is finite subject to the constraint to = In K/(p = py)-

(ii) If, furthermore, || Ay | < Po/2, then the sequence

{ sup | x(1)]:2(=¢,)O R}
n0Zy4

1,<TSt

is strictly decreasing and there exists the limit lim sup | x(t)| =0 for
n—®p <1<t

any given real sequence {ln}:):o satisfying t, 2 t,_1 + hy for n U Z, what

implies, in turn, that lim x(t) = 0.
t -

Proposition 1. Under the hypotheses of Theorem 1, or those of
Corollary 1, the matrix (A + Ay) is a stability matrix.

Proof. Note that Theorem 1 and Corollary 1 provide the properties

irrespective of the interval domain [/, ,] provided that it is a non-negative

bounded interval of finite measure or of measure zero. The last case

corresponds to a constant delay of any finite value h(t) = b = hy = 0. The
particular case of zero constant delay #; = h, = 0 leads that the delay-free

differential system x(¢) = (A + Ag)x(¢) with initial conditions xy, = ¢(0)
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and ¢(z) = 0 for t < 0 is globally asymptotically stable irrespective of the

finite initial condition. O

Remark 2. In the same way that there are real constants K = K(A) > 1,
p=p(A)>0 and any pyO(0, p), such that | e | < Ke™® and

|eAT| < e™POT for all 20, T =1 and some 7, = 15(py) > 0, employed
to derive sufficient conditions for boundedness and convergence to zero of
the solution of (1) by considering that the matrix of dynamics for zero-delay
(i.e., for A(t) = 0), that is, (A + Ay), is a stability matrix (see Proposition
1) since, in particular, the delay-free system is globally asymptotically stable
for zero delay under Theorem 1 or Corollary 1. For that purpose, we redefine
the real constants K = K(A+ Ay) =1 and p = p(A + Ay) > 0 such that
| A+A0)t | < Ke P and | AT A0)T | < e POl forall >0, T2 fy, some

to = to(pg) > 0. Now, write equation (1) equivalently as

i) = (A + Ag) + Ag(x(t = h(t)) = (1)) (17)

Based on (17), the solution (2) can be expressed in an equivalent form, as

follows:

x(r) = ATA) 1y 4 j ; AT =D) 4 ((1 - h(1)) - x(1))dr; 12 0. (18)

Instead of (3), from (17) follows that, for redefinitions of
K=K(A+A)z1l, p=p(A+4)>0 and any py=p(A+ 4A)
subjectto 0 < py < p:

15001 5 K¢ {1501+ [ 1 a0l 2(x = h(0) = s(0 e |

< K[e'ptll wl+207 Al sup (1) J; tORys  (19)

—hy<t<t—-Iy
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and, instead of (13)-(14), according to (17), we have

15001 Mo + 2051 49 | sup [x(@)[: 12 1) DRy (20)

1H<STS!

with

M, = Mo[fo, Po.  2sup | x(1) ||J
to—h2<TSt()

=200 1 A0l sup [ x(D)]

) —hy <1<ty

< ]Wo[to, Po> 2max[$, sup | x(1) ||D < +oo, (21)

0<t<ty

Under similar derivation of those used to prove Theorem 1 and Corollary

1, we have the following result based on the equivalent expression (17) to
(1).

Theorem 2. Assume that p =p(A+ Ay)) >0, K =K(A+ A =1,
0<pg=po(A+A)) <p while (1) is subject to any given bounded
piecewise continuous function of initial conditions ¢ : [=hy, 0] — R". Then,
the following properties hold:

Q) If | Ay | < p/(2K), then the state trajectory solution is bounded
according to sup | x(1)| < 2K]| Ay |§/(p — 2K]| Ay ||) < +oo; Ut O Ry If

o<st<r

| Ay | < Po/2. then the state trajectory solution is bounded according to

sup [ (1) <2 A sup  [[x(0)[/(Po — 2 Ag [) < +eo;

IgST<t 10 —hy <11

Ot(= 19) O Ryy, where ty =ty(py, p» K) is finite and subject to the

constraint 1 2 In K/(p = py)-
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(i) If, | Ag || < p/(4K), then the sequence

1,<TSt

{ sup | (1)) : 2 1,) O R}
n0Zy4

is strictly decreasing and there exists the limit lim sup | x(1)||=0 for
-0y <1<t

any given real sequence {fn}:):o satisfying ty =0 and t, 2 t,_; + hy for

n O Zyy what implies, in turn, that lim x(t) = 0. If | Ay | < po/4, then
f 00

the sequence { sup || x(1)]:2(=1,) O R} is strictly decreasing and
nDZO+

1, STt

there exists the limit lim sup || x(t)|| =0 for any given real sequence
n-9yp <1<t

{fn}:):o satisfying t, 2 t,_y + hy for nUZ, what implies, in turn, that

lim x(z) = 0.

[N
3. Some Direct Extensions for the Case of Multiple Delays

It is possible to proceed in the same way to derive more general results
for the presence of r time-varying piecewise continuous delay functions in

[hy, hy]. Consider the differential system:

SORFEORDYIREGI0)
=(4+ X A0+ X Al - RO ). @)

where A, A; U R™" (i O7) are, respectively, the delay-free and delayed
matrices of dynamics for the r bounded real piecewise continuous, in
general, incommensurate delay functions h; : Ryy — [y, hp]; i OF, subject

to any given bounded piecewise continuous function of initial conditions
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¢:[-h,0] - R", such that, if A=A+) A and Aj=A-A

= Z;l A, then the solution of (22) is
x(t) =e x0+z IJ. tT)AxT—h(T))dT
1=

= ey, ty 1[ ADZ (x(t - h(1) - x(D)dt 120 (23)
so that

[N < ReP, | s ™ Dizo Or2h @4

for some real constants p = p(A), Py = Pp(A) >0 and K = K(A) 2 1,
with Py < P, and any finite 7, = 7,(Pg, P, K).

Thus, the following result holds, via (22)-(24), as a direct extension of
Theorem 1, Corollary 1 and Theorem 2 for the case of r finite piecewise-

continuous bounded delay functions.

Theorem 3. The following properties hold:

() If | Ayl <P/rK, then the state trajectory solution is bounded
according to sup || x(1)| = rK|| Ay |[$/(p — 7K || Ay |) < +o0; Ot O Ryy. If

o<st<r

| Ay | < Po/r» then the state trajectory solution is bounded according to

sup | (D) <Al Agll  sup [ x(0) /(o =l Ag [) < +eo; Dr O Ry,

0<t<! i0~hy <1<iy
for any given finite ty = In K/(p - Py)-
(i) If | Ay | < B/(2rK), then the sequence

{ sup [ x(0)]: (2 1,) 0 R}

1, STt n0Zgs
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is strictly decreasing and there exists the limit lim sup | x(1)||=0 for
-9y <1<t

any given real sequence {tn}:):O satisfying ty =0 and t, 2 t,_; + hy for

n 0 Zy, what implies, in turn, that lim x(t) = 0. If | Ay | < Po/(2r), then
t — 00

the state trajectory solution is strictly decreasing and there exists the limit

lim sup | x(1)| =0 for any given real sequence {i,},-, satisfying
n-j <1<t

fto 2InK/(p-Ppy) and t, 2 1, + hy for n O Zy, what implies, in turn,

that lim x(¢) = 0.
t 00

Gii) If | Ay | <P/(r +1)K), then the state trajectory solution is

bounded according to

sup [ x(1) ]| < (r + 1) K| A [9/(p = (r + K| A |) < +o; Or O Ry (25)

o<1t

If | Ay | <Po/((r +1)), then the state trajectory solution is bounded

according to

sup [[x(T)[[<2(r+ 1)K [ Ag]  sup (D) /(P - 2(r + DK | Ay [) < +oo;

Ost<t 10 —hy <1<t

O¢ O Ro..  (26)

for any given finite 1y 2 In K/(p = Py)-

(iv) If | Ayl < B/(2(r +1)K), then the state trajectory solution is

strictly decreasing and there exists the limit lim sup | x(t)| =0 for any
n—0 <1<t

given real sequence {ln}:):O satisfying to =0 and t, 2t,_1 +hy for

n 0 Zy, what implies, in turn, that lim x(¢) = 0. If | Ay | < Po/(2(r +1)),
 — 00

(o]
then the sequence { sup || x(1)|:#(=17,) O R} is strictly decreasing
n0Z4

1, STt
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and there exists the limit lim sup ||x(t1)| =0 for any given real
n—®p <1<t

sequence {t_n}:;:() defined by any finite 1t 2 In I?/([T)—ﬁo) and

ty 21,1 + hy for n O Zy, what implies, in turn, that lim x(t) = 0.
t — 00
Remark 3. Theorem 3 still holds by replacing || Ay || - sup " NG " if
tDRO+

Ay : Ryy — R™" is a piecewise bounded function matrix

A(t) = A(t) - A = Z;l A(t); Or O Ry,

Remark 4. Alternative results to Theorem 3 may be obtained in the
same way, under more involved derivations and weaker stability and

convergence constraints for the solution, for the case when the variation

interval for each delay is known, that is, i; : Ryy — [hy, B2] O [hy, h_z] for
some finite h; =20 and some finite constants A,y = hy, P07,

hy = min(h; ;i 07) and hy = max(hy : i OF).
4. Conclusions

Linear time-delay systems with time-varying bounded delays have been
considered in this article. Sufficiency-type conditions for the supremum
on consecutive time intervals of finite lengths of the vector norm of the
solution trajectory to be strictly decreasing have been obtained. Neither the
knowledge of interval of validity of the delay functions, nor for the delays
to time time-differentiable with bounded time-derivative is required. It is
assumed that either the matrix of undelayed dynamics or that of dynamics of

the auxiliary zero-delay particularized system is a stability matrix.
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