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Abstract

In this paper, the Homotopy Perturbation Method (HPM) and the
Regular Perturbation Method (RPM) are used to study Duffing-Van
der Pol equation. Then we compare the solutions obtained by these
two methods.
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1. Introduction

The Duffing-Van der Pol equation which we examine is nonlinear and it

contains two perturbation parameters |1 and A. The general form of this

equation is:

) 20 s 40P 0 - 05 150, ()
dt

We here examine the following initial value problem:

LU 120 MO s )+ 10 =0 0 << o
o du(0)
u(0) = 1: a -

where 0 < p <1, 0 <A < 1.

First, we construct the solution of (2) by the HPM [4-6]. We then apply
the regular perturbation method [2, 3] and finally we compare the two

methods. We will be interested in the cases p = % and p = %

2. Application of the HPM to Solve the Duffing-Van
der Pol Equation

In order to apply the HPM, we construct a homotopy H(v, p) which

satisfies:
H(v, p) = (- p)[L(v) - Llug)] + p[L(v) + N(v) - f(t)] = 0
with

_ d%v dv B d2u0 duyy )
L(v) = ?—ME+V, L(ug) = pea W=+ o, N®G) = pv a7 Ay

3

and f(¢) = 0.



Solving of Duffing-Van der Pol Equation 301

Assuming
2
dt t
we have
d—zv— ﬂ+ + v2ﬂ+ MW =0 3)
dtz “dt v pu d[ p - Y

Assume that the solution of equation (2) can be given by a power series in p:
v=yvy+ py + p2v2 + ... 4

By substituting (4) into (3) and equating the terms with the identical powers
of p, we have

d Vo dVO 4oyn =
=2+ =
0! ar? dt o (0) (5)
Vo (0
vp(0) = 1; =0
d2V1 dVl 2 dVO A 3 0
1 > _HW+V1+MV07+ Vo =
p 4 dt v (0) (6)
y
v(0) = 0; —==0,
d2V2 dV2 2 dvl dVO 2.
p2 N B 7a PRl Rl 2pvvy 7 3ivgy =0
dv,(0
v(0) = 0; —6215 )0,
(7

We solve the systems (5), (6), (7) for p =

anduz%.

N
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Case: 1 = l
T p= )

From (5), we have
¢
vo(t) = €8 {005[3:;7 t

From (6), we have

~—
|
o8}
—
3
w2
2.
=
TN
W
e
~
~
~—
[E—

3
4355, 1843 j 5. (9ﬁz]
e ® sin T

w(t) =] - -
1) ( 956347 9563447

L2890 109\ T (9T
10626 ~ 31878 3

t

( 5 248%) > (6541% 48 j —] . [3ﬁtj
+ | — e + e sm| ——

—t—F +
12687 637 1518V7 2537 8

MILAN VBRI AR N
21 126 253 506 8

From (7), we have

1063862312 1938703\, 2718725 X (15d7
nit)=|- - + e sin
4586989176+/7 172012094137 137609675287 8
5
L (3885127 3069611 350885 écos 15v7t
72809352 573373647 4586989176 | 8
B 5
Al 1720030622 , 282261190 223532807 eg’
672785197 40367111447 2583495129647
3
L[ 53876457 235) 1666318497 i V1
12904214447 45547 308v7 8
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i 5
_ 12582 1865485h 1864883 | g
118657 ~ 44852346 = 2870550144 |

3
100095922 25%. 8278270321 % | (9T
+ + + cos| ——
14338016 ~ 506 = 21252 8

14094848072 , 214983680% 4426960 )
672785197 20183555747 20183555747

+ +
483J7 6687 340032Y7 7836135401677

|

16362 145) 15803 ](3%{15564371250%2

2788901W70  61289336254718701 eg o 3V
19358042 371674406447 8

5
( 97587207 _ 6568960% _ 1869232 | %

T 1067913 67278519 © 67278519 |°

3
404422 25 17071 eg’ 104530270821
1771~ 506 ~ 340032 78361354016

1074589 482593173192685 % 3Vt
+ + e® |cos| —— |.
19358042 1238914688 8

Finally, the approximate solution of (2) is given by
~1; 2
u(t) = lim ,_y;[vo () + pvi(¢) + p“vp(1)]

= vo(2) + vy (2) + vy (2).



304 BAGAYOGO Moussa et al.
Case: 1 = l
TR 2

From (5), we have

(t)_% V255 1 (255
vo(1) = el®} cos| —2 t_\/ZSSSIH Taalt

From (6), we have

w =

72707 L 31939 )ef—gsm 34/255¢
5207104255  520710+/255 16

(5249 89\ o (3255
173570 104142 )¢ 16

2064 W3 )
+| - + e
854255  1704/85

999010 19243 | 5 | . (V2551
2042+/255 1021485 16

i 3
(3 133 56, (707h 1310 56| (2550
85 102 2042 © 1021 6 )

From (7), we have

31415819033 7238901912
407018178600+/255  152631816975+255

vo(t) =(

5
37776433 76 giof 3Y2551
244210907160~/255 16

1170148532 _ 218010731
135672726200 152631816975
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5
342689 ) 56 (52550
14365347430 16

~ 67588431212 L 14492736114
1637632954255  6878058390+/255

5
42452231179 J =
e

1760782947840+/255

3
152326722 25021 28793 eé Sin(3x/255tj
3471404255 1735704255 347140485 16

5
L[ 3120354002 174204063 4564663 | 75
272938825 ~ 3821143550 34525155840

3

3282002 8253 61 | e | (3255
+ + + e cos

347140 173570 * 347140 16

( 425191014412 41970122752

+ +
163763295v255  3439029195+/255
5t
227918144 | 7
3439029195255
3
(u72se? | 142252043h 2987201 ) 56
86785485 173570485 = 22216960~255

. 3051545301322 . 487757633932
694794584+/85  1215890522+/85

20650444499 % . (255t
e S| ———
311267973632+/255 16
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r 5
N (_1169752064%2 15281520641 4954816 J T

+ + el
272938825 17195145975 = 202295835

3
78350422  8253% 1059519 eé
86785 173570 22216960

32818243832 N 52445677\
694794584 1215890522

1018853333 | 7¢ | (/2551
— = | € COS| ——— |.
44466853376 16

Finally, the approximate solution of (2) is given by
u(t) = lim , 1 [vo(2) + pvi (¢) + (0]
=vo(t) + i (1) + v (0).
3. The Regular Perturbation Method

Let us suppose that the solution u(z) of the initial value problem (2) has

the following form [2]:

+o0
u(t) = 3 " W'y (6) + Ry (2, 1), (8)
where Ry (¢, L) is the remainder of the series.

Taking (8) into (2), and collecting equal powers of A we obtain a system

of recurrent initial value problems for u,(¢), n = 0, 1, 2, ...

dug duy _

2
dt2 +u0—u(1—u0) di =0

2 p ©
ug(0) = 1; %(O) =0,
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dzul |: 2 dul duo 3
—4u - W (- uy)—=- —2uguy —> | +uy =0
A dr? dt dt - (10)
duy (0
uy(0) = 0; —clit =0,
d2u2 2 du2 dul
2 T H{(l —ug) e = 2ugi — -
22 —(uf + ZMOMZ)%} +3ugu; = 0
du, (0
15(0) = 0; —ét( ) o,
(11)

Consider the initial value problems (9), (10) and (11), and suppose that the

solution of each one of them is of the following form:

~+00
u() =Y " W (1), (12)
where £k =0, 1, 2.

Taking (12) into (9), (10) and (11), and collecting equal powers of u, we
obtain a linear system of recurrent initial value problems for uy,(?),

k=0,1,2and n=0,1, ...

For k =0
2
d Hoo + Uy = 0
nld ar? o (13)
dugo(0
ugo(0) = 1; —=0,
d’u 2\ du
{ P+ ugy — (1= ugp) d(t)O:O
woieodt (14)

dug1(0
up1(0) = L; —(c’l}t( )0,
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For k =1
2
0 u210+1/l10+1/l80=0
Wl oar ) (15)
u
u10(0) = 0; % =0,
2
d uzl Oty - [(1 ~ug )—dula(,)t(o)
dt
dupo(0
u': = 2ugot g?t( ) 3“30”01} =0 (16)
dui1(0
up1(0) = 0; —L}t( ) _ 0.
For k =2
2
0 d 14220 + Uno + 3”80M10 =0
Wl oar o0 (17)
u
20(0) = 0; —r==0,
d*u 5 \du du
z22 Ltuy, —[(1 —uoo)—aéo —2”001410—61;0
1 2 du
T = (1 + 2ugottz0)— %+ 3ugo (Qugutro + oot 1)} =0
dur(0
u0(0)=0; —i,ot( ) _o.
(18)

From (13), we have

ugo(t) = cost.

From (14), we have

ugy(t) = —%sin(?»t) — %sint + %t Ccos 1.
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From (15), we have

upo(t) = cos(3t) t sint — 3% CoS 1.

From (16), we have
1 .
up(t) = sm(St) 226 sin(3¢) + (— 350 m) int - rcost,

From (17), we have

o =——1tsin(3t) — 3 cos(3t)

———cos(5¢t) — 756

0lt) = 1oz

b psint 4 ——? 423 cost
3t 128" T 1024 )¢

From (18), we have

7 11 25
uyy(t) = ~ 79153 ————sin(7t) + ———= 19153 sin(5¢) — 3193 ———tcos(5t)

135, 361
+( 2096 4096) n(3) - 8192ZCOS(3Z)

+ 15 t2——4209 sint + _ 8L £+ 87 ——1 |cost
256 ’

4096 8192 1024

We give the approximate solution of (2) for p = % and u = %

Case: u = %
u(t) = ug(r) + Ay (£) + 22y (¢)

= [uoo(f) + %”010)} + [“10(0 + %un(f)}L + [Uzo(f) + %”210)}7‘2
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Case: n = %

u(t) = ug(£) + Ay (£) + 22y (¢)
= [”00(1) + %Mm(t)} + [”10(0 + éun(t)}v + [“20(1) + %”21(’)}73-

4. Solutions Analysis

In this section, we analyze the approximate solutions of (2) obtained by
the two numerical methods (HPM and RPM). We vary the perturbation
parameters | and A in order to observe their incidence on the approximate

solutions.

Tables 1 and 2 give some values of the solutions approached for

U T I o
l"’_4au_85“_16 H—32

Table 1. Numerical analysis for A = 0.002

1
(@) p = 4
t Uhpm Urpm U hpm — Urpm
0 1.0000 1.0000 0
0.1 0.9950 0.9950 0
0.2 0.9800 0.9800 0
0.3 0.9552 0.9552 0
0.4 0.9208 0.9208 0
0.5 0.8770 0.8770 0
0.6 0.8241 0.8241 0
0.7 0.7625 0.7626 0.0001
0.8 0.6927 0.6927 0
0.9 0.6149 0.6150 0.0001
1 0.5297 0.5299 0.0002
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1
(b) =g
t Uhpm Uspm | | Unpm = Unpm
0 1.0000 1.0000 0
0.1 0.9950 0.9950 0
0.2 0.9800 0.9800 0
0.3 0.9552 0.9552 0
0.4 0.9208 0.9208 0
0.5 0.8772 0.8772 0
0.6 0.8246 0.8246 0
0.7 0.7635 0.7635 0
0.8 0.6944 0.6944 0
0.9 0.6180 0.6180 0
1 0.5347 0.5348 0.0001

Table 2. Numerical analysis for A = 0.002

1
@ n=1¢

t Uhpm Urpm | Unpm = Uyrpm
0 1.0000 1.0000 0
0.1 0.9950 0.9950 0
0.2 0.9800 0.9800 0
0.3 0.9552 0.9552 0
0.4 0.9209 0.9209 0
0.5 0.8773 0.8773 0
0.6 0.8248 0.8248 0
0.7 0.7640 0.7640 0
0.8 0.6953 0.6953 0
0.9 0.6195 0.6195 0

1 0.5371 0.5372 0.0001

311
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1
b) o=
(b) p =33
t Uhpm Urpm | U hpm — Urpm
0 1.0000 1.0000

0.1 0.9950 0.9950
0.2 0.9800 0.9800
0.3 0.9552 0.9552
0.4 0.9209 0.9209
0.5 0.8773 0.8773
0.6 0.8249 0.8249
0.7 0.7642 0.7642
0.8 0.6958 0.6958
0.9 0.6202 0.6202

1 0.5384 0.5384

(= I Rl el E=2 =kl K=kl Rl Rl Ro K- k=

It is noted that the variation of the parameter A does not influence the

approximate solutions so much. However the variation of the parameter p

disturbs the approximate solutions. For small time interval the solutions
obtained by the two methods are practically the same. But for large time
interval the solutions obtained by the two methods are different. We can

observe it on Figures 2-4.

5
@
3
s

HPM:a(p?)
——RPM:o(t?)

Solution approchée:u(t)

20 . \ \ . . . . \ \ 14
]
Temps(t) Temps(t)

(a) HPM and RPM: A = 0.1 (b) HPM and RPM: A = 0.002

Figure 1. Comparison of the HPM solution with RPM solution for p = %
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5 —HPM:0(p?)
——RPM:o(t)

05 \ /

Solution approchée-u(t)

- Solution approchée:u(t)

HPM:o(p?)
RPM:o(t?)

Figure 2. Comparison of the HPM solution with RPM solution for p = !

]
Temps()

(a) HPM and RPM: A = 0.1

——HPM:0(p?)
—— RPM:o(t?)

Solution approchée:u()
o

Figure 3. Comparison of the HPM solution with RPM solution for p =

8

10 12 14 16 18 20

Temps(t)

(a) HPM and RPM: A = 0.1

2 4 B

8
Temps(t)

10

(b) HPM and RPM: A = 0.002

-15

Solution approchée:u(t)

—HPM:o(p?)
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1 v\\\ ///\ \\\ |
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(b) HPM and RPM: % = 0.002

151 ——Hemo?)
——RPM:o(t?)
1 /
\ /
Z 05 \ /
. DR
R
5 {
;ﬁ 05F \ /

L
8

.
10
Temps(t)

L
12

L
10
Temps(t)

(a) HPM and RPM: A = 0.1 (b) HPM and RPM: A = 0.002

Figure 4. Comparison of the HPM solution with RPM solution for p =

10 12 14 16 18 20
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15 lamhda=1/8
lambda=1/16
lernbda=1/32

lambda=1/16

lambda=132

AR

Solution apprachss: u(t)
=

Solution appracheeuf)
o

L I I L I I L L I R L L n n L . L . L
2 4 B g 10 12 14 16 8 il [u] 2 4 [} e 10 12 14 16 18 el
Tempsit] Temps|t)

(a) Solution by HPM: u = % (b) Solution by RPM u = %

Figure 5. Solution of the HPM and RPM solution for different values of A.
5. Conclusion

In this paper, we applied HPM to obtain analytical solution of Duffing-
Van der Pol equation. The results obtained from this method have been
compared with those obtained from regular perturbation. A numerical
comparison between HPM and regular perturbation method is depicted
in Figures 2-4. The HPM converges in a small time interval and
computationally takes long time for a large interval. The HPM series gives

reasonable results in the small time interval.
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