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HOMOTOPY PERTURBATION METHOD TO SOLVE 
DUFFING-VAN DER POL EQUATION 

 

Abstract 

In this paper, the Homotopy Perturbation Method (HPM) and the 
Regular Perturbation Method (RPM) are used to study Duffing-Van 
der Pol equation. Then we compare the solutions obtained by these 
two methods. 
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1. Introduction 

The Duffing-Van der Pol equation which we examine is nonlinear and it 
contains two perturbation parameters μ  and .λ  The general form of this 

equation is: 

( ) ( ( )) ( ) ( ) ( ) ( ) .0;1 32
2

2
>=λ++−μ− ttftutudt

tdutu
dt

tud
 (1) 

We here examine the following initial value problem: 
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where .10,10 λ<μ<  

First, we construct the solution of (2) by the HPM [4-6]. We then apply 
the regular perturbation method [2, 3] and finally we compare the two 

methods. We will be interested in the cases 4
1=μ  and .8

1=μ  

2. Application of the HPM to Solve the Duffing-Van 
der Pol Equation 

In order to apply the HPM, we construct a homotopy ( )pvH ,  which 

satisfies: 

( ) ( ) ( ) ( )[ ] ( ) ( ) ( )[ ] 01, 0 =−++−−= tfvNvLpuLvLppvH  
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Assuming 

,00
0

2
0
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=== udt

du
dt

ud
 

we have 

.032
2

2
=λ+μ++μ− vpdt

dvvpvdt
dv

dt
vd

 (3) 

Assume that the solution of equation (2) can be given by a power series in p: 

....2
2

10 +++= vppvvv  (4) 

By substituting (4) into (3) and equating the terms with the identical powers 
of p, we have 
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We solve the systems (5), (6), (7) for 4
1=μ  and .8

1=μ  
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Case: 4
1=μ  

From (5), we have 
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From (6), we have 
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From (7), we have 
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Finally, the approximate solution of (2) is given by 
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Case: 8
1=μ  

From (5), we have 
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Finally, the approximate solution of (2) is given by 

  ( ) [ ( ) ( ) ( )]tvptpvtvtu p 2
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3. The Regular Perturbation Method 

Let us suppose that the solution ( )tu  of the initial value problem (2) has 

the following form [2]: 
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where ( )λ,tRN  is the remainder of the series. 

Taking (8) into (2), and collecting equal powers of λ  we obtain a system 

of recurrent initial value problems for ( ) ...,2,1,0, =ntun  
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Consider the initial value problems (9), (10) and (11), and suppose that the 
solution of each one of them is of the following form: 
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where .2,1,0=k  

Taking (12) into (9), (10) and (11), and collecting equal powers of ,μ  we 

obtain a linear system of recurrent initial value problems for ( ),tukn  

2,1,0=k  and ....,1,0=n  
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For 1=k  
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From (13), we have 

( ) .cos00 ttu =  

From (14), we have 
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From (15), we have  
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We give the approximate solution of (2) for 4
1=μ  and .8

1=μ  

Case: 4
1=μ  
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Case: 8
1

=μ  

 ( ) ( ) ( ) ( )tutututu 2
2
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( ) ( ) ( ) ( ) ( ) ( ) .8
1

8
1

8
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4. Solutions Analysis 

In this section, we analyze the approximate solutions of (2) obtained by 
the two numerical methods (HPM and RPM). We vary the perturbation 
parameters μ  and λ  in order to observe their incidence on the approximate 

solutions. 

Tables 1 and 2 give some values of the solutions approached for 

16
1,8

1,4
1 =μ=μ=μ  and .32

1=μ  

Table 1. Numerical analysis for 002.0=λ  

(a) 4
1=μ  

t hpmU  rpmU  rpmhpm UU −  

0 1.0000 1.0000 0 

0.1 0.9950 0.9950 0 

0.2 0.9800 0.9800 0 

0.3 0.9552 0.9552 0 

0.4 0.9208 0.9208 0 

0.5 0.8770 0.8770 0 

0.6 0.8241 0.8241 0 

0.7 0.7625 0.7626 0.0001 

0.8 0.6927 0.6927 0 

0.9 0.6149 0.6150 0.0001 

1 0.5297 0.5299 0.0002 
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(b) 8
1=μ  

t hpmU  rpmU  rpmhpm UU −  

0 1.0000 1.0000 0 

0.1 0.9950 0.9950 0 

0.2 0.9800 0.9800 0 

0.3 0.9552 0.9552 0 

0.4 0.9208 0.9208 0 

0.5 0.8772 0.8772 0 

0.6 0.8246 0.8246 0 

0.7 0.7635 0.7635 0 

0.8 0.6944 0.6944 0 

0.9 0.6180 0.6180 0 

1 0.5347 0.5348 0.0001 

Table 2. Numerical analysis for 002.0=λ  

(a) 16
1=μ  

t hpmU  rpmU  rpmhpm UU −  

0 1.0000 1.0000 0 

0.1 0.9950 0.9950 0 

0.2 0.9800 0.9800 0 

0.3 0.9552 0.9552 0 

0.4 0.9209 0.9209 0 

0.5 0.8773 0.8773 0 

0.6 0.8248 0.8248 0 

0.7 0.7640 0.7640 0 

0.8 0.6953 0.6953 0 

0.9 0.6195 0.6195 0 

1 0.5371 0.5372 0.0001 
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(b) 32
1=μ  

t hpmU  rpmU  rpmhpm UU −  

0 1.0000 1.0000 0 

0.1 0.9950 0.9950 0 

0.2 0.9800 0.9800 0 

0.3 0.9552 0.9552 0 

0.4 0.9209 0.9209 0 

0.5 0.8773 0.8773 0 

0.6 0.8249 0.8249 0 

0.7 0.7642 0.7642 0 

0.8 0.6958 0.6958 0 

0.9 0.6202 0.6202 0 

1 0.5384 0.5384 0 

It is noted that the variation of the parameter λ  does not influence the 
approximate solutions so much. However the variation of the parameter μ  

disturbs the approximate solutions. For small time interval the solutions 
obtained by the two methods are practically the same. But for large time 
interval the solutions obtained by the two methods are different. We can 
observe it on Figures 2-4. 

 

(a) HPM and RPM: 1.0=λ         (b) HPM and RPM: 002.0=λ  

Figure 1. Comparison of the HPM solution with RPM solution for .4
1=μ  
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   (a) HPM and RPM: 1.0=λ      (b) HPM and RPM: 002.0=λ  

Figure 2. Comparison of the HPM solution with RPM solution for .8
1=μ  

 
      (a) HPM and RPM: 1.0=λ          (b) HPM and RPM: 002.0=λ  

Figure 3. Comparison of the HPM solution with RPM solution for .16
1=μ  

 
     (a) HPM and RPM: 1.0=λ    (b) HPM and RPM: 002.0=λ  

Figure 4. Comparison of the HPM solution with RPM solution for .16
1=μ  
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   (a) Solution by HPM: 32
1=μ                (b) Solution by RPM 32

1=μ  

Figure 5. Solution of the HPM and RPM solution for different values of .λ  

5. Conclusion 

In this paper, we applied HPM to obtain analytical solution of Duffing-
Van der Pol equation. The results obtained from this method have been 
compared with those obtained from regular perturbation. A numerical 
comparison between HPM and regular perturbation method is depicted         
in Figures 2-4. The HPM converges in a small time interval and 
computationally takes long time for a large interval. The HPM series gives 
reasonable results in the small time interval. 
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