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Abstract

The Lie symmetry method is introduced for the decoupling problem of
nonlinear control system. Firstly, the key technology of Lie symmetry
theory for differential equations is introduced; secondly, a kind of
nonlinear control system model is established, and the conditions and
properties of Lie symmetry are given in detail. Finally, the decoupling
global and local forms of the system are given through the derived
distribution of infinitesimal generators. The numerical results show
the effectiveness of Lie symmetry method. As long as the infinitesimal
generator is constructed, the cascade decoupling form of nonlinear

control system could be obtained.
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1. Introduction

Mathematically, the nonlinear control system with finite degrees of
freedom is usually described by ordinary differential equations in the form of
state space. The decoupling control refers to the matrix of transfer function
of the closed-loop system which is a diagonal matrix through a certain
control law such as state feedback [1]. Thus a coupling multivariable system
is transformed into an independent single variable system. At present, a
variety of control methods have been developed: modern frequency domain
method, adaptive decoupling control method, robust decoupling control,
intelligent decoupling control, predictive decoupling and disturbance
decoupling [2-7]. It should be said that each of the above decoupling
methods has its own unique advantages and limitations, such as the lack
of complete use of the system’s own characteristics such as symmetry
and similarity before the design of precise control laws. As we all
know, symmetric nonlinear control systems are widely used in practical
engineering [8], we have some advantages to study the control problems by
using symmetry. In the 19th century, Sophie Lie put forward the concept of
symmetry of differential equation in the theory of continuous groups, and
gave the general integration method of equation, namely, method by Lie
group analysis [9, 10]. This method is equivalent to linear and nonlinear,
constant coefficient and variable coefficient equations, and is applicable to
both ordinary and partial differential equations. In fact, the theory of Lie
group analysis has become the only general and effective method to solve

differential equations.

Some achievements have been made in the study of nonlinear control
problems by using the Lie symmetry method. Xiaoxin et al. [11, 12] had
studied the structural decomposition and controllability of symmetric
nonlinear control system; Palazoglu et al. [13, 14] proposed the idea of the
control of distributed parameter system by using symmetry group; Frederico
and Torres [15] and Torres [16] studied the optimal control problem and
obtained the controller conservation laws by using symmetry group. On one

hand, these works made the original complex and profound problems in
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nonlinear control that can be solved creatively, and on the other hand, they
promote the further development of the theory of Lie symmetry. However,
there is not a mature theory about using Lie symmetry method to study the

decoupling problem of nonlinear control system.

In this paper, the conditions and forms of decoupling for a kind of
nonlinear control problems by using Lie symmetry are discussed. The
approach of decoupling is given by using the infinitesimal generator of Lie

symmetry, and the results are illustrated numerically.

2. Theory of Lie Symmetry of First-order Ordinary
Differential Equations

For the first-order ordinary differential equations:

a
.%rzh@xﬂalewnL ()

a continuous transformation group with single parameter is

G ={T,|1 = 6@, x, @), x* =%, x, a)},

its tangent vector field is aaijlazo = (&(¢, x),n(z, x)), the infinitesimal

generator X () and first-order extension X 1) of G are, respectively,

xO=ggen 2 x0=xO0s @) -pig) 2
X D

- dx! ..
J = —_— =
p 7 (z, j=12, .., n). 2)

The sufficient and necessary conditions for the form invariance (Lie

symmetry) of equations (1) under G are as follows:

a
X(l){% - f4(t, x)} = 0. 3)

dx®
i Ja (£, x)=0

The group G is also called the symmetric group of equations.
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3. Lie Symmetry of Nonlinear Control System
A nonlinear control system with single input and output is a quintuple
Z(M xU, M, f,7Y, h), where f is a smooth mapping and T, (f) =TT

Ty, : TM — M is the tangent bundle projection, N: M XU — M is the

smooth fiber bundle, 2 : M - Y is a smooth mapping, M, U, Y are smooth
state input and output manifolds. If the coordinates of M are x, the
coordinate of U is u, the coordinate of Y is y, then the local coordinates of

the nonlinear system are:
x = f(x,u),
y = h(x). “

The Lie symmetry of the nonlinear control system (4) under fixed

control quantity can be described as follows:
X(l)[x - f(x’ u)] |x—f(x, u)=0 = 0,
xOn(x)] = o. 5)

Equation (5) indicates that the system has both state symmetry and output
symmetry.
Using the Lie bracket [,] in the differential operator space X (0), we get

the corresponding Lie algebra structure {X (0)}:
[x 0, x{0] = xOx ) - x(0)x(0), 6)

Let ®: GXM - M to be a smooth action of G to M. Then the
nonlinear control system Y is called Lie symmetry with (G, ®). The

symmetric nonlinear control system has some special properties, which will
bring some advantages to the solution of control problems, such as

decoupling control, noninteracting control and optimum control.
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4. The Decoupling of System

The global decoupling of symmetric nonlinear control system 2. refers
to: (1) @ is free and normal; (2) M is diffeomorphic to (M/G) x G, where

M /G is the quotient manifold, that is, there is a smooth cross section
s :M/G - M and for the projection mapping p: M — M/G, pos the

identity mapping, so that Y. can be decomposed in the large:
O JPOTEO RO R gyl
@ = QR0 0 ) @0,

y = h(z(l), 2(2)). (7)

Equation (7) shows that the symmetric nonlinear control system can
be expressed as a cascade decoupled system with quotient system and
independent subsystem. If the solution of the quotient system can be
obtained and the solution of the independent subsystem can be expressed by
the solution of the quotient system, then the entire system will be solved.

The proof can be found in [17].

The local decoupling of symmetric nonlinear control system 2. refers to:
If the action ® is nondegenerate at the point of p, then there are local

coordinates (zl, 295 e zn) of p M, namely, the coordinate transformation

z = W(x) which transforms the system to

0 = pOEO ),
2 = f@0 ;@) ),

y = h(z). )

Here Z(l) = (Zl, cens Zn—k)T, Z(l) = (Zn—k+l’ . Zn)T, k = dimG.

The coordinate transformation satisfies:

z; = iflh(x) (i=1,..7r),
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G =) (=l n—k),
7y = Gq_n+k(x) (g=n—-k+1,..,n). ©)]
Here r is the correlation degree of M and M / G,
L' (n(x) = d" (h(x))[f (x)])

is Lie derivative operation, A 0 C*(M/G), o O C*(M). The proof can be
found in [18].

5. Numerical Example

Consider the system with M = {x = (xl, s x4)|xl~ >0,i=1, 2,3, 4}:

X1 —x12x3_1 x12x3_1
X x x
N
X3 xilxg —X3
) el [ oxy
—_ 1
Yy =X x. (10)

According to (5), the invariance of equation (10) under a Lie group
satisfies:
0 =€ —n'(-2025" + 235 ") —n?(~xfx3%u) - n (kP x37) = 0,
0> - i¢-n'()-n* =0,
0’ = &€ -0’ (225 5 —u) - (x5 °x3) =0, an

I
=

A = i€ - n'(—x Paaxg) - 0P (0 ) = 0t (g - w)

nN'(-x2x,) + n?(x") = 0.

It is easy to see that (11) has a set of solutions as

g=1, n'=n*=n’=n*=o0 (12)
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Therefore, Lie symmetric group corresponding to (10) is G = (0, ..., +o),

and the action ® on M can be expressed as:

P:GxM - M, (g x) - ®,(x)=gr.

It is easy to check that k = dim G =1, r =2, and thus

a4 = x5,
| -1
0 =X X + X3 X,

X3_1X4,

3

4 = X1_1X2 In Xy + In X4

(13)

(14

From z() = (215 22, 23 )T OM/G, 23 = z4 UG, the system with coordinate

transformation is converted into

= 2o,

. -1 -1
2y =2z~ —(zp — )z (20 —z1)(zg +Du,

S -1
3 = Z1Z3(Z2 - Zl) -1,

. -1 -1 -1
24 = (g +1) “zp(zg +In(zy —2)z3 ) + 21 + (2 — )

Yy =2

15)

Obviously, the three equations in (15) are in the quotient space, and

the fourth equation becomes an independent subsystem without control

variables, which is in series with the quotient space, and the system is locally

decoupled.

6. Conclusion

In this paper, the decoupling of a kind of nonlinear control system is

obtained by using the classical Lie symmetry. A numerical example is given

to provide the specific steps of calculation. The main conclusions are as
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follows: (1) the decoupling of symmetric nonlinear control system only

needs to verify whether the derived distribution of infinitesimal generator

satisfies the controllability and compatibility; (2) the decoupling form of

symmetric nonlinear control system is equivalent to the quotient system

with dimension n — k (the difference between system and Lie group) and

independent subsystem with dimension k (Lie group), which are in series.
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