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Abstract

Our work focused on solving a homogeneous linear fractional

diffusion, diffusion-convection and diffusion-convection-reaction
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model with various initial conditions and appropriate parameters. We
used the Adomian decomposition method (ADM) to find exact or
approximate solutions.

1. Introduction

For decades, mathematicians have paid particular attention to fractional
calculus, because a fractional derivative is not a derivative at the local point,
but takes into account history and non-local distributed effects. In addition,
fractional mathematical models are more realistic and practical than other
classical models. There are diffusion models, i.e., partial differential
equations describing the behavior of the collective displacement of particles,
convection-diffusion models, which are a combination of the diffusion and
convection equations and describe physical phenomena, and also linear or
non-linear homogeneous or non-homogeneous fractional reaction models.
Fractional models take into account the history and distributed effects of the
system under study. Any process modeled by fractional equations then has a
memory effect. Models can include linear and non-linear partial differential
equations (PDEs) or ordinary differential equations (ODEs). We took a
mathematical model of linear fractional diffusion-convection-reaction with
parameters whose problem is as follows:

0%u(x, t)

0%ul(x, 1) iy ou(x, t)

Py P . + Bu(x, 1) 1)

or*

u(x, O) =f (x)
with A the diffusion coefficient, y the convection coefficient, B the reaction
coefficient all positive reals; >0, x € R and 0 < o <1 and f(x) is the
initial condition.

Our main objective is to use Adomian’s decompositional method [2, 5, 8,
13, 15, 18-20], for solving the homogeneous linear fractional diffusion
equation, the homogeneous linear fractional diffusion-convection equation

and the homogeneous linear fractional diffusion-convection-reaction

equation.



Approximated Solutions of the Homogeneous Linear Fractional ... 259

2. Definitions

2.1. Gamma function

Function T'(c). It is defined by the following integral [1, 3, 4, 6, 7, 9-12,
14, 16, 17, 21]:

+oo

(o) = I N @)
where o is a complex number such that Re(oa) > 0. The Gamma function
I is decreasing on [0, 1].

Gamma function I'(a) satisfies [1, 3,4, 7,9, 11, 12, 14, 16, 17, 21]:
['(a+1) = al'(a), where o > 0. 3)
Euler’s Gamma function generalizes the factorial.

2.2. Beta function

The beta function is defined by the Euler integral of the first kind
1
B(p.q)= [ 1" -0 \dr, vp.g>o0. ©
2.3. Mittag-Leffler function

For z e C, the Mittag-Leffler function E,(z) is defined as follows:

0 k
z
Ey(z) = kE_O—r(ka ) where o > 0. (5)

In particular,
El (Z) = ez.

This function can be generalized for two positive parameters o and [ as

follows:
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% k
z
Eapld) = L iza 1) ®

3. Fractional Integral

A primitive of a continuous function on [a; b] is given by the

expression:
t
(1oh)(e) = [ #(x)ds. ™
For a primitive of order 2, we have
) tfpx t
(13h)(t) = j . JO h(s)ds |dx = j (6= (). (8)
If A(¢) = C with a constant C, then we have
a Ct*

4. Convergence and Uniqueness of the Solution

Consider the general form of the fractional-order partial differential
equation:

0%u(x,
(59s [t - Rt 1) (10)

u(x, 0) = p(x)

%ulx, t)  ou(x,t)
P Y=t Bu(x, t).

with 0 < a <1 and R(u(x, t)) = A

Setting Lu(x, t) =

(04
%;C’t) , we have

ot

Lu(x, t) = R(u(x, t)). (11)



Approximated Solutions of the Homogeneous Linear Fractional ... 261

Applying L; () = I$(-) to (11), we have

u(x, t) = p(x) + I§ (R(u(x, t))). (12)
The solution is sought in the form of a convergent series

o0

u(x, t) = Zun(x, t), n>0. (13)

n=0
By introducing (13) into (12), we obtain the following Adomian algorithm:

uo(x, 1) = p(x)

(14)
un+1(x’ t) = I(SX(R(”n(x, t))), n=0.
Theorem. We have _MTT <1, peCR"), u(x, t) e C(Q), thep
Coa+1)| 7 » ’

and u are respectively bounded by m and M such that 3m = sup| p(x)| and
xeR

IM = sup |u(x,t)|>0 or Q=R"x[0;T]; then the Adomian
(x,1)eQ

algorithm is convergent and problem (S) has a unique solution.
Proof. We have the following Adomian algorithm:

up(x, t) = p(x)
(15)
un+1(x’ t) = [(()X(R(un(x: t))): n 20,
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lug(x, t)| = | p(x)| < m
(e )] = 1 (Rl )| € g
a \2
2. 1) = | 1§ (R, )| < (%}
e ¥ (16)
|u3(x, )| = [ 15 (R(ua(x, 1)) | < (fiafgjj]
(o, )] = | 1§ (Rl (5, )| < (%J >0,

Summing member by member (16), we obtain

+o0 o
Z|un(x,t)|=m+ MT ;n>0.
o (o +1) = MT®

Hence

+00
Dl 1)
n=0

is absolutely convergent.
Uniqueness of solution

Let u,(x, t), v,(x, t) be solutions of (10) with u,(x, ¢) # v,(x, ¢). Then

for u and v, we have the following algorithms:

{uo(x,t) = p(x)
(17)
U1 (%, 1) = 15 (R(uy(x, 1)), 720
and
{VO(x,t) = p(x)
(18)
Var1 (%, ) = 15 (R(v, (x, 1)), n 2 0.
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Differentiating between (17) and (18) yields:
uo(x, 1) = vo(x, 1) = p(x) = p(x) = 0
= ug(x, t) = vo(x, 1)
uy(x, £) = vi(x, 1) = Ig (R(ug(x, 1)) = 1§ (R(vg (x, £))) = 0
= uy(x, t) = v(x, 1)
uy(x, 1) = va(x, 1) = 15 (R(uy(x, 1)) = 15 (R(vy(x, £))) = 0
= uy(x, 1) = w(x, 1)
w3 (x, 1) = v3(x, 1) = 1§ (R(uz(x, 1)) = 15 (R(v2(x, 1)) = 0

= uz(x, 1) = »3(x, t)

(%, 1) = vy (x, 1) = 1§ (R (x, 1)) = 15" (R(v, 1 (x, 1)) = O

= u,(x,t)=v,(x, 1)

So Vn>0, we have u,(x,t)—v,(x,1)=0=u,(x,1)=v,(x,1); or
according to the hypothesis u,(x, t) # v,(x, t); which is contradictory, so

the problem has a unique solution.

5. Homogeneous Linear Fractional Diffusion Equation

o%u(x, 1) N 0%u(x, t)
u(x, 0) = Asin(wx) + B cos(wx)

withkeRJr;A,Be]R,tZO;(oe]Ri,xeRand0<(xsl.

Proposition 1. The ADM method provides an exact solution to the
diffusion problem

u(x, 1) = [Asin(ox) + B cos(wx)] - Ey (- ho*®).



264 Bamogo Hamadou et al.

a
Proof. Let us ask Lu(x, t) = %;C’t). We have
ot
2
Lu(x, t) = A %’;”). (20)
ox
Applying L !()) = I$(*) to (20), we obtain
2
u(x, t) = Asin(wx) + B cos(wx) + M{;‘[%’;”)J. (1)
Ox

The solution of the problem is sought in the form of a convergent series:

0

u(x, t) = Zun(x, t), n>0. (22)

n=0
Replacing (22) in (21), we obtain the following Adomian algorithm:
ug(x, t) = Asin(wx) + B cos(wx)

2 (23)
U, q(x, 1) = M(()x(@ua”—(zx’z)} n>0.
x

Calculating the following terms, we obtain:

for n = 0,
2
w(x, 1) = MG a”0—(2)”)
ox
. — ho’®
= [4sin(wx) + B cos(cox)]m
for n =1,
2
uy(x, t) = Mg ulx, 1) ul(;’ )
Ox
(_ 7\,0)2la )2

= [4sin(ox) + B COS((Dx)]m
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for n = 2,

ox2

uz(x, t) = Mg(w]

B 032 o3
= [4sin(ox) + B cos(coﬂ]%.

Recursively, we have

up(x, t) = [4sin(wx) + B cos(wx)]

2.0
uy(x, t) = [4sin(ox) + B cos(mx)]%

2 a2
uy(x, t) = [4sin(wx) + B cos(mx)]%

_ 0)2 o3
uz(x, t) = [Asin(ox) + B cos(mx)]%

‘ R PIAY
u,(x, t) = [4sin(wx) + B cos(wx)]%.
The solution to the problem is

© 2 a\n
n=0

= [4sin(ox) + B cos(wx)]- Eq (- Ao*t*)

with Ey (- Ao*®) the Mittag-Leffler function.

6. Homogeneous Linear Fractional Diffusion-convection Equation

o 2

ulx, t) _ N 0“u(x, 1) iy ou(x, t)
o ox’ ox

u(x, 0) = Asin(wx) + B cos(wx)

Withk,yERJr;lZO;coeRi,A,Be]R;xe]R and 0 < a0 < 1.

Proposition 2. The ADM method provides an approximate 4th-order

solution to the diffusion-convection problem:

. 265
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tO(

u(x, t) = Asin(wx) + B cos(wx) + [4 sin(owx) + By cos(wx)] T(o + 1)

20

+ [ 4, sin(ex) + B, cos@x)]m

3a

+ [ 45 sin(ox) + B cos(wX)]m

4a

+ [A4 sin(oax) + B4 COS((DX)]m.

o
Proof. Let us put Lu(x, t) = L;C’t). We have
ot

ou(x, 1) iy Ou(x, t).

Lu(x, t) =\ o2 o

(25)
Let us apply L, '(-) = I§(-) fractional integral to (25), we obtain
2
u(x, t) = Asin(wx) + B cos(wx) + M{}(%};J)j + yIé‘(%j. (26)
x

The solution of the problem is sought in the form of a convergent series

0

u(x, t) = Zun(x, t), n=0. (27)

n=0
Replacing (27) in (26), we obtain the following Adomian algorithm:

ug(x, t) = Asin(ox) + B cos(wx)

2 28
U, q(x, )= M(()x(ﬁuan—(x,t)J + y]&(wj; n>0. (28)

2 Ox
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Calculating the following terms, we obtain:

for n =0,
0%ug(x, t) Oug(x, t)
a0 o\, of Y204 °J
uy(x, t) = M ( 2 )+ vl ( O j
s . a2 B
= (- Mo — yBo)sin(ox) + (- 1B0” + ydo) cos(@x)] s
. t(x
= [A1 sin(wx) + By cos(cox)]m
with
4 = —XAco2 - vBw
B = —ABw® + YA®
forn =1,
0%uy(x, 1) Ouy (x, 1)
_ o 1\As Q ;
up(x, t) = Mg ( ) J +1lo ( Ox j
20
a2 . 2 L
= (240" - yBw)sin(wx) + (-ABjo” + y4»)cos(wx)] T(2a +1)
' t2(x
= [4, sin(wx) + B, cos(wx)]m

with
Ay = —AA0° - yBo
= 32 4o* + 20yBo°® — y? 4w,
B, = —kBl(oz + vA®

= M Bo* - 2MA033 - yzBoaz
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for n = 2,
2
uy(x, 1) = M§ (%(;,t)} +1lg (%j
i | ) 3a
= (2,0 —yBy0)sin(ox) + (4B, + ) cos(o)} ey
3a
= [45 sin(wx) + B3 cos(oaﬂ]m
with
Ay = —kcozAz - YOB,
= X 40° - 332yBe’ + 30y%d0* + v’ B,
By = —Mang + Y04,
= XBo® + 332740° + 30y Bo®* -y 40’
for n =3,
ug(x, t) = 7»]8{%} + Ylg(%)
i | , t4q
= [(-20” ~yByo)sin(or) + (B30 + y50)cos(o)] oy
Ao
= [A4, sin(ox) + By COS(OJX)]m
with

A4 = —}\,A3032 — YB3(D
= 3}0¥4 + 3y0" B - 6327204 — 4030’ B + yre 4,
B4 = —7\.(,0233 + 'Y(DA3

= 2}0®B - 43y0’ 4 - 6)2720°B + 40y 4 + 0 B.
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The approximate solution to the problem (24) is
u(x, t) =ug(x, 1)+ u(x, t) + up(x, 1) + uz(x, 1) + ug(x, 1)

l(x

= Asin(ox) + B cos(wx) + [4; sin(wx) + B cos(wx)] T(o +1)

2a

+ [4, sin(ox) + B, cos(mX)]m

3a

+ [43 sin(ox) + B coswﬂm

4a
+ [Ay sin(wx) + By cos(mx)]m.
7. Homogeneous Linear Fractional Diffusion-convection-reaction

Equation

o%u(x, 1) %u(x, t)  ou(x,t)
Py A 2 Y5t Bu(x, t) (29)

u(x, 0) = Asin(wx) + B cos(wx)

Withl,y,BeR+;t20;meRi,A,BeR;xeRand0<aS1.

Proposition 3. The ADM method provides an approximate 3rd-order

solution to the diffusion-convection-reaction problem:

(03

u(x, 1) = Asin(wx) + B cos(wx) + [L sin(wx) + K cos(wx)] 1“(otc +1)

20

+[L; sin(ox) + K, cos(wX)]m

3a

+ [L2 sin(wx) + K2 COS((DX)]m .
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0%u(x, t)
or*

Proof. Let us put Lu(x, t) = . We have

Lu(x, t) =\ + Bu(x, t). (30)

ou(x, t) 8u(x t)
ox? Ox

Applying L71(-) = I$(-) to (30), we obtain

u(x, t) = Asin(ox) + B cos(wx) + M(()X[azu(x, t)J

ox?
¥ y]o‘[a”(x t)) + BIG(u(x, 1)). 31)
The solution of the problem is sought in the form of a convergent series
o0
u(x, t) = Zun(x, t), n=0. (32)
n=0

Replacing (32) in (31), we obtain the following Adomian algorithm:

ug(x, t) = Asin(wx) + B cos(wx)
Uy (x, )= M“[ ty (X, t)} (au (%, t)) +BIg (uy,(x, 1)); n > 0. (33)

Calculating the following terms, we obtain:
for n = 0,

2
u(x, t) = k]g[auao—(zx’t)j + y]&(%) + BIG (g (x, 1))

X

= [(-r40? = yBo + BA)sin(ox)

+ (~ABw? + yAw + BB) cos(oax)]ﬁ

(02

= [Lsin(wx) + K COS(@x)]m



Approximated Solutions of the Homogeneous Linear Fractional ...

with
= Mo? - vBo + B4

K = -\ABo’ + yAw® + BB

for n =1,
2
uz(x, t) — }JS{M;CJ)J + ,Y](x(aul(x t)j + BIO (ul(x t))
ox

= [(-ALo? - yKw + BL)sin(wx)

20
Ko _r
+ (-AKo” + yLo + BK) cos(wx)] 2o+ 1)
20
= [Ll s1n((ox) + Kl COS((DX)]m
with
L = -ALo® — yKo + BL
=240 + 20yBo® - 20BAw? — 2ByBo — Y2 Aw’ + B2 A,
K| = -\Ko® + yLo + K
= 32Bo* - 20yd®’ - 2ABBw” + 2Bydw — 2 Bw’ + BB
for n = 2,
o%u x, t Ouy(x, t
uz(x, t) = 7»]8{%} + y[“( 2( )) BIS (s (x, 1))
x
= [(-rLo? - yK o + BL; ) sin(ox)
5 3a
+ (—7\,K1(,0 + YLI(,O + BKl)COS(O)X)]m

3a

= [L, sin(wx) + K, cos(coﬂ]m

271
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with
Ly = -My0? - yKjo + BL
= W40’ - 332yBe’ + 332BA0* + 6XyBBw’ + 3Ny’ Aw?
—3AB%Aw? — 3By2 4w’ - 3yB%Bo + Y B’ + B4,
Ky = -AKj0® + yLjo + BK;
= B’ + 30%y4w° + 32BBo”* - 6AyBAw® + 3hy?Bo®
- 3%[3230)2 - 3By23®2 + 3y[32A03 - y3Aoa3 + B3B.
The general solution to the problem is
u(x, t) =ugy(x, t) +uy(x, t) + uy(x, 1) + uz(x, t)

a

= Asin(ox) + B cos(ox) + [L sin(ox) + K COS(@Xﬂm
t2a
+ [L; sin(wx) + K cos(coﬂ]m

3a

+ [L2 sin((ox) + K2 COS(COX)]m.

8. Conclusion

In this work, we have given a brief review of fractional calculations. We
used the ADM method to successfully solve the diffusion problem, while we
found approximate solutions for the diffusion-convection and diffusion-

convection-reaction problems. The analytical solution yielded one exact and

two approximate solutions.
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