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Abstract 

In this paper, we prove the existence in small of classical solution          

of one-dimensional mixed problem for one class of fourth order 

semilinear Sobolev type equations by combining the generalized 

contracted mapping principle with Schauder’s fixed point principle. 

1. Introduction 

This work is dedicated to the study of the existence of classical solution 

for the following one-dimensional mixed problem: 

( ) ( ) ( ) ( ) ( ) ( )( )xtuxtuxtuxtuxtFxtuxtu xxxxxxxxxxtxx ,,,,,,,,,,, =⋅α−  

                         ( ),0,0 π≤≤≤≤ xTt  (1) 

( ) ( ) ( ),0,0 π≤≤ϕ= xxxu  (2) 

( ) ( ) ( ) ( ) ( ),00,0,,0, Tttutututu xxxx ≤≤=π==π=  (3) 

where 0>α  is a fixed number, ;0 ∞+<< T  F and ϕ  are given functions, 

and ( )xtu ,  is a sought function. 

We call a function ( )xtu ,  a classical solution of the problem (1)-(3) if 

this function and all its derivatives involved in equation (1) are continuous in 

[ ] [ ]π× ,0,0 T  and the conditions (1)-(3) are satisfied in the usual sense. 

There have been many works devoted to the study of initial boundary 

value problem for nonlinear Sobolev equations (see [1, 6, 8, 10, 11, 13] and 

references therein), where the problem of existence and uniqueness in 

appropriate Sobolev spaces, the problem of blow up of solutions and the 

problems of asymptotic behavior of solutions are studied. 

In [2], by means of Schauder’s strong principle on a fixed point for any 

dimension n, the existence in large theorem (i.e., for any finite value of T) of 

generalized solution of the problem (1)-(3) has been proved. But in [3] using 

the method of a priori estimates for any dimension n, the existence in large 

theorem of almost everywhere solution of problem (1)-(3) is proved. 
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We also note works [4, 5, 12], of which some approaches are used in this 

work. 

2. Auxiliaries 

In this section, we introduce a number of concepts, notations, and facts 

to be used later. 

(1) As the system { } ...,2,1,sin 1 =∞
= nnx n  forms a basis in the space 

( ),,02 πL  it is obvious that every classical solution ( )xtu ,  of the problem 

(1)-(3) has the following form: 

( ) ( )
∞

=
=

1

,sin,

n

n nxtuxtu  (4) 

where 

( ) ( ) [ ]( )
π

∈=π=
0

.,0...;,2,1sin,
2

Ttnnxdxxtutun  (5) 

By using the Fourier’s method, we can easily see that ( ) ( )...,2,1=ntun  

satisfy the following system of countable many nonlinear integral equations: 

( ) ( )( ) 
πα− τ⋅

π
−⋅ϕ=

t
tn

nn nxxuE
n

etu
0 02

sin,
22

 

( ) [ ]( ),,0...;,2,1
2

Ttndxde
tn ∈=τ⋅ τ−α−  (6) 

where 

( ) ( )
π

=ϕπ≡ϕ
0

,...,2,1sin
2

nnxdxxn  (7) 

( )( ) ( ) ( ) ( ) ( )( ).,,,,,,,,,, xtuxtuxtuxtuxtFxtuE xxxxxx≡  (8) 

Proceeding from the definition of classical solution of the problem      

(1)-(3), it is easy to prove the following: 
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Lemma. If ( ) ( )
∞

=
=

1

sin,

n

n nxtuxtu  is any classical solution of the  

problem (1)-(3), then functions ( ) ( )...,2,1=ntun  satisfy the system (6). 

Besides, with the aim to study the existence of classical solution of the 

problem (1)-(3) in this work, assuming that 

( )( ) ( )( ){ } [ ] [ ]( ),,0,0,,, π×∈∂
∂

TCxtuE
x

xtuE  

( )( ){ } [ ] ( )( ),,0;,0, 22

2

π∈
∂
∂

LTCxtuE
x

 (9) 

( )( ) ( )( ) [ ],,0,0,, 0 TtxtuExtuE
xx

∈∀== π==  (10) 

and integrating by parts in x twice on the right side of (6), we transform 

system (6) to the following form: 

( ) ( )( ){ } 
πα− τ

∂
∂⋅

π
+⋅ϕ=

t
tn

nn nxxuE
xn

etu
0 0 2

2

4
sin,

22
 

( ) [ ]( ).,0...;,2,1
2

Ttndxde
tn ∈=τ⋅ τ−α−  (11) 

(2) We denote by l

l T
B

αα
ββ

...,,
,...,,

0

0
 a totality of all the functions ( )xtu ,  of  

the form (4) considered in [ ] [ ]π× ,0,0 T  for which all the functions ( ) ∈tun  

( ) [ ]( )TC
l ,0  and 

( ) ( )( ) 
=

β∞

=

β

≤≤
α ∞+<



















 ⋅≡

l

i n

i
n

Tt
T

ii
i tunuJ

0

1

1
0

,max  

where 0≥l  is an integer, ( ),,00 lii =≥α  ( ).,021 lii =≤β≤  We 

define the norm in this set as ( ).uJu T=  It is evident that all these spaces 

are Banach spaces [9, p. 50]. 
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Throughout this paper, we use the following notations for functions: 

( ) ( )
∞

=

αα
ββ∈=

1

...,,
,...,,

:sin, 0

0
n

Tn
l

l
Bnxtuxtu  

( )( ) ( ) 
=

β∞

=

β

≤τ≤
α ≤≤



















 τ⋅≡αα

ββ

l

i n

i
n

t
B

Ttunu
ii

i
l
tl

0

1

1
0

.0max...,,0
,...,,0

 

(3) It is obvious that if ( ) ( )
∞

=
∈=

1

,2sin,

n

k
Tn Bnxtuxtu  ( 1≥k  is a 

positive ),integer  then [ ]:,0 Tt ∈∀  

( ) 
∞

=

∞

=≤τ≤
−














≤τ⋅≡−

1

2

1

1
20

1 1
max1

,1
n n

n
t

k
B

n
unu k

t
 

( ) .
6

max
,2

2

1

1

2

0
k

t
B

n

n
t

k
uun ⋅π=



















 τ⋅⋅ 

∞

= ≤τ≤
 (12) 

Let ( ) ( )
∞

=
∈≡

1

5
,2 .sin,

n

Tn Bnxtuxtu  Then, using estimate (12), we have 

for [ ]Ttk ,0,5 ∈∀=  and [ ],,0 π∈x  

( ) ( ) ( ) 
∞

=

∞

= ≤τ≤
τ⋅≤⋅≤

∂
∂

1 1
0
max

,

n n

n
t

i
n

i

i

i

untun
x

xtu
 

( )
∞

= ≤τ≤
τ⋅≤

1
0

4
max

n

n
t

un  

( ).4,0
6

5
,2

4
,1

=⋅π≤= iuu
tt BB

 (13) 

From estimates (13) and structure of space ,5
,2 TB  it follows that 

 ( ) ( ) ( ) ( ) ( ) [ ] [ ]( ).,0,0,,,,,,,,, π×∈ TCxtuxtuxtuxtuxtu xxxxxxxxxx  (14) 
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Besides, it is obvious that [ ],,0 Tt ∈∀  

( ) ( ( )) 
π ∞

=
⋅⋅π=

0
1

252

2
,

n

nxxxxx tundxxtu  

( )
∞

= ≤τ≤
⋅π=






 τ⋅⋅π≤

1

2
2

0

5
.

2
max

2 5
,2n

B
n

t t

uun  

From here, due to the structure of space ,5
,2 TB  it follows that 

( ) [ ] ( )( ).,0;,0, 2 π∈ LTCxtuxxxxx  (15) 

(4) For a positive integer k, let 

( ) ( ) [ ]( ) ( )( ) ( ),,0,,0 2
1 π∈ϕπ∈ϕ −

LxCx
kk  

( )( ) ( )( ) .
2

1
,000 22 












 −==πϕ=ϕ k

s
ss  

Then, integrating by parts, using Bessel’s inequality (for odd values of k) 

and Parseval’s equality (for even values of k), it is easy to obtain that 

 ( ) ( )( ) ( )
∞

=
πϕ⋅π≤ϕ⋅

1

2
,0

2
,

2

2
n

L
k

n
k

xn  (16) 

where the numbers ( )...,2,1=ϕ nn  are defined by (7). Note that it is 

evident that the estimate (16) is also true for 0=k  if ( ) ( ).,02 π∈ϕ Lx  

3. Main Result 

In this section, by combining the generalized contracted mapping 

principle and Schauder’s fixed point principle, the following existence            

in small (that is, true for sufficiently small values of T) theorem for the 

classical solution of the problem (1)-(3) is proved: 
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Theorem. Let 

(1) 

( ) ( ) [ ]( ) ( )( ) ( )π∈ϕπ∈ϕ ,0,,0 2
54

LxCx  and 

( ) ( ) ( ) ( ) ( )( ) ( )( ) .0000 44 =πϕ=ϕ=πϕ′′=ϕ′′=πϕ=ϕ  

(2) 

( ) ( ) ( ),4,0...,,,,,...,,,, 410410 =ξξξξξξ ξ itFtF
i

 

( ) ( ) ([ ] [ ] ( ) ).,,0,04,0,...,,,,
4

410 ∞∞−×π×∈=ξξξξξ TCjitF
ji

 

(3) 

( ) ( ) ,0,0,,0,,,0,,0,0, 4242 =ξξπ=ξξ tFtF  

[ ] ( ).,,,,0 42 ∞∞−∈ξξ∈∀ Tt  

Then there exists in small a classical solution of the problem (1)-(3). 

Proof. For each fixed ,4
,1 TBu ∈  we define in ,5

,2 TB  the operator uP  

relative to V: 

( )( ) ( ) ( )
∞

=

≡=
1

,sin
~

,
~

,

n

nu nxtVxtVxtVP  (17) 

where 

( ) ( )( ) 
πα− τΦ⋅

π
+⋅ϕ=

t

u
tn

nn nxxV
n

etV
0 04

sin,
2~ 2

 

( ) [ ]( ),,0...;,2,1
2

Ttndxde
tn ∈=τ⋅ τ−α−  (18) 

the numbers ( )...,2,1=ϕ nn  are defined by (7), 

( )( ) ( )( ) ( )( ) ( ),,,,, xtVxtugxtuGxtV xxxxxu ⋅+≡Φ  (19) 

( )( ) ( ) ( ) ( ) ( )( ),,,,,,,,,,,
4

xtuxtuxtuxtuxtFxtug xxxxxxξ≡  (20) 
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( )( ) ( )( ){ } ( )( ) ( ),,,,,
2

2

xtuxtugxtuE
x

xtuG xxxxx⋅−
∂
∂≡  (21) 

the operator E is defined by (8), and 4ξ  is a variable of the function 

( )....,,,, 410 ξξξtF  

It is evident that 

( )( ) ( )( ){ }.,,,
2

2
5
,2 xtuE

x
xtuBu uT

∂
∂=Φ∈∀  (22) 

From (18), we obtain for any fixed ,4
,1 TBu ∈  5

,2 TBV ∈∀  and 

[ ],,0 Tt ∈  

( )
∞

= ≤τ≤





 τ⋅≡

1

2

0

52 ~
max

~
5
,2 n

n
tB

VnV
t

 

( )( ){ } 
π

ττΦ⋅απ+≤
t

u dxdxVa
0 0

2
0 ,,

2
 (23) 

where 

 ( )
∞

=

ϕ⋅≡
1

25
0 ,2

n

nna  (24) 

when 0a  follows from (16) for .5=k  

Thus, for any fixed 4
,1 TBu ∈  by virtue of (23), ,5

,2 TBV ∈∀  we have 

( ) ( )
2

1

22

5
,2

5
,2

5
,2

sin
~~

T
TT

Bn

n
BB

u nxtVVVP 
∞

=

≡≡  

( )
∞

= ≤τ≤






 τ⋅=

1

2

0

5 ~
max

n

n
T

Vn  

( )( ){ } 
π

ττΦ⋅απ+≤
T

u dxdxVa
0 0

2
0 .,

2
 (25) 
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Next, due to the structure of space ,4
,1 TB  we have for every 4

,1 TBu ∈  

and [ ],,0 T∈τ  

( )

[ ]( )
( ).4,0

,
4
,1

4
,1,1

,0

=≤≤≤
∂

τ∂
ττ

π
iuuu

x

xu

T
i

BBB
C

i

i

 (26) 

Besides, for any ( ) ( )
∞

=
∈==

1

5
,2sin,

n

Tn BnxtVxtVV  and [ ],,0 Tt ∈∀  

( ) ( ( )) 
π ∞

=

⋅⋅π=
0

1

252

2
,

n

nxxxxx tVndxxtV  

( )
∞

= ≤τ≤
⋅π=





 τ⋅⋅π≤

1

2
2

0

5
.

2
max

2 5
,2n

B
n

t t

VVn  (27) 

Now, using condition (2) of this theorem and estimates (26), it is easy to 

obtain that, for any ,4
,1 TBu ∈  

( )( ) ( ) ( ) ( )( ) ( ) ( ),,,, uCxtuGuCxtug
TT QCQC

≤≤  (28) 

where ( )( )xtug ,  and ( )( )xtuG ,  are defined by (20) and (21), [ ]TQT ,0≡  

[ ],,0 π×  ( ) 0>uC  is a constant. 

Thus, from (25) using estimates (28), (27) and relation (19), we obtain 

for any fixed ,, 5
,2

4
,1 TT BVBu ∈∀∈  

( ) ( )( ){ } 
π

ττΦ⋅απ+≤
T

u
B

u dxdxVaVP
T 0 0

2
0

2
,

2
5
,2

 

( ) ( ) .
24 222

0 5
,2 tB

VuC
T

uC
T

a ⋅⋅α+⋅α+≤  (29) 

It follows from (29) that for any fixed ,4
,1 TBu ∈  the operator uP  acts in 

,5
,2 TB  boundedly. 
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Now, using relations (17)-(21) and estimates (28), (27) ( =Vfor  

),21 VV −  similar to (23), we obtain that for any fixed ,4
,1 TBu ∈  ∈∀ 21, VV  

:5
,2 TB  

( ) ( ) 2
21 5

,2 tB
uu VPVP −  

( )( ) ( )( ){ } 
π

ττΦ−τΦ⋅απ≤
t

uu dxdxVxV
0 0

2
21 ,,

2
 

( ) [ ( ) ( )]  τ






 τ−τ⋅⋅απ≤

πt

xxxxxxxxxx ddxxVxVuC
0 0

2
,2,1

2 ,,
2

 

( )  τ−π⋅⋅απ≤
τ

t

B
dVVuC

0

2
21

2
5
,2

2

2
 

( ) ,
1 2

21
2

5
,2

tVVuC
TB

⋅−⋅⋅α≤  (30) 

( ) ( ) 2
21 5

,2 t
B

k
u

k
u VPVP −  

( ( )) ( ( )) 2
2

1
1

1
5
,2 t

B

k
uu

k
uu VPPVPP

−− −=  

( )
!

1 2
21

2
5
,2

k

t
VVuC

k

B

k

T

⋅−⋅






 ⋅α≤  

( ) ,
!

1 2
21

2
5
,2

k

T
VVuC

k

B

k

T

⋅−⋅






 ⋅α≤  

where k is a positive integer. 

Thus, for any fixed ,,, 5
,221

4
,1 TT BVVBu ∈∀∈  we have 

( ) ( ) ( ) ,5
,2

5
,2

2121
TT

BkB
k

u
k

u VVuqVPVP −⋅≤−  
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where 

( ) ( ) .
1

!

1 22

k

k TuC
k

uq






 ⋅⋅α⋅≡  

It is obvious that for sufficiently large k, ( ) .1<uqk  For such a k, the 

operator k
uP  is a contraction in space .5

,2 TB  Hence, by virtue of the 

generalized contracted mapping principle, the unique fixed point V of the 

operator k
uP  in 5

,2 TB  is the unique fixed point of the operator uP  in :5
,2 TB  

( ) ., 5
,2 Tu BVVPV ∈=  

Matching to each ,4
,1 TBu ∈  the unique fixed point V of the operator uP  

in ,5
,2 TB  we generate the operator H: 

( ) ( ).VPVuH u==  

To show the continuity of the operator H, consider 

( ) ( ) 4
,10

4
,1 ,,

4
,1

T

B

kT BxtuxtuB
T ∈ →∋  as .∞→k  

Then, due to (26) for ,0uuu k −=  it is evident that 

( ) ( ) ( )
i

i
QC

i
k

i

x

xtu

x

xtu T

∂
∂ →

∂
∂ ,, 0  as ( )4,0=∞→ ik  

and there exists a number 00 >R  such that ( )...,2,1=∀ kk  and 

[ ],,0 Tt ∈  [ ],,0 π∈x  

( ) ( ) ( ) ( ) ( ) .,,,,,,,,, 0,,,,0 RxtuxtuxtuxtuxtuR xxxxkxxxkxxkxkk ≤≤−  

Consequently, 

( )( ) ( )( ) ( ) 0,, 0 →ε≡− kQCk T
xtuGxtuG  as ,∞→k  (31) 
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( )( ) ( )( ) ( ) 0,, 0 →δ≡− kQCk T
xtugxtug  as ,∞→k  (32) 

( )( ) ( ) ( ),...,1,0, 0 =≤ kCxtug
TQCk  (33) 

where 00 >C  is a constant. 

We use the notations: 

( ) ( ( )) ....,1,0, === kVPVVuH kukkk k
 

Then, using relations (19)-(21), (31), (32), estimate (33) and estimate         

(27) for 0VVV k −=  and ,0VV =  similar to (30), we obtain that k∀  

( )...,2,1=k  and [ ],,0 Tt ∈  

( ) ( ) 2
0 5

,2 tB
k uHuH −  

( ) ( ) 2
0

2
0 5

,2
05

,2 t
k

t B
uku

B
k VPVPVV −≡−≡  

{ ( )( ) ( )( )} 
π

ττΦ−τΦ⋅απ≤
t

uku dxdxVxV
k0 0

2
0 ,,

2
0

 

 τ−⋅⋅α+








⋅δ+εα≤

τ

t

B
k

B
kk dVVCV

T

T 0

2
0

2
0

2
0

22 .
3

2
3

5
,2

5
,2

 (34) 

From (34), on applying Bellman’s inequality [7, pp. 188-189], we obtain 

that 

( ) ( ) 









⋅δ+εα≤−≡− 2

0
222

0
2

0 5
,2

5
,2

5
,2

2
3

TTT
B

kk
B

k
B

k V
T

VVuHuH  

....,2,1,
3

exp 2
0 =







 ⋅⋅α⋅ kTC  

From here, due to (31) and (32), it follows that 

( ) ( )0

5
,2

uHuH
T

B

k  →  as .∞→k  



On the Existence of Classical Solution ... 177 

Thus, the operator H acts continuously from 4
,1 TB  to 5

,2 TB  and, moreover, it 

acts continuously on .4
,1 TB  

Now, we show the compactness of the operator H in .4
,1 TB  Let RKK =  

be any closed ball of the space 4
,1 TB  with the center at zero having the radius 

R. Then it evident that for any ,RKu ∈  due to (26), [ ]Tt ,0∈∀  and 

[ ],,0 π∈x  

( ) ( ) ( ) ( ) ( ) .,,,,,,,,, RxtuxtuxtuxtuxtuR xxxxxxxxxx ≤≤−  

Besides, it is evident that ,RKu ∈∀  

( )( ) ( ) ( )( ) ( ) ,,,, RQCRQC
CxtuGCxtug

TT
≤≤  (35) 

where 0>RC  is a constant. 

Using estimates (35), (27) and relations (17)-(21), similar to (23), we 

obtain that RKu ∈∀  and [ ],,0 Tt ∈∀  

( ) ( ) 222
5
,2

5
,2

5
,2 ttt B

u
BB

VPVuH ≡≡  

( )( ){ } 
π

ττΦ⋅απ+≤
t

u dxdxVa
0 0

2
0 ,

2
 

 τ⋅⋅α+⋅α+≤
τ

t

B
RR dVCC

T
a

0

222
0 .

24
5
,2

 (36) 

From (36), on applying Bellman’s inequality, we obtain that ,RKu ∈∀  

( ) .
2

exp
4 222

0
22

5
,2

5
,2

RRR
BB

aTCC
T

aVuH
TT

≡






 ⋅⋅α⋅





 ⋅α+≤≡  (37) 

Further, since ,4
,1 TBu ∈∀  ( ) ( )

∞

=
≡=

1

,sin

n

n nxtVVuH  where ( )tVn  

( )...,2,1=n  is equal to the right side of (18), it follows that 
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( )
2

2 22

n
entV

tn
nn

π
α−⋅ϕ⋅α−=′ α−  

( )( ) ( )
 

π τ−α− τ⋅τΦ⋅
t

tn
u dxdenxxV

0 0

2
sin,  

( )( ) [ ]( )
π

∈=Φ⋅
π

+
04

.,0...;,2,1sin,
2

TtnnxdxxtV
n

u  

From here, it is evident that ( )...,2,1=∀ nn  and [ ],,0 Tt ∈  

( ) ( )( )
2

1

0

2

03

2 sin,
2













τ




 τΦ⋅
π

α+ϕ⋅α≤′  
πt

unn dnxdxxV
n

ntV  

( )( )[ ] .,
2 2

1

0

2

4 





 Φ⋅

⋅π
+ 

t

u dxxtV
n

 (38) 

On the other hand, using relations (19)-(21) and estimates (35), (27), 

(37), we have RKu ∈∀  and [ ],,0 Tt ∈  

( )( )[ ]
π

Φ
0

2
, dxxtVu  

( )[ ] [ ( )] 
π π

+⋅≤+⋅≤
0 0

2222 ,12,1 dxxtVCdxxtVC xxxxxRxxxxxR  

( )2222
5
,2

5
,2

2
2

2
Tt

B
R

B
R VCVC +⋅⋅π≤








 π+π⋅⋅≤  

( ).2 22
RR aC +⋅⋅π≤  (39) 

Then, using estimate (39), from (38), we obtain that ( )...,2,1=∀ nn  

and [ ],,0 Tt ∈  
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( ) ( )( )
2

1

0

2

03
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2













τ




 τΦ⋅
π

α+ϕ⋅α≤′  
π2 T

unn dnxdxxV
n

ntV  

( ).2
2 22

4 RR aC
n

+⋅π⋅
⋅π

+  

Consequently, 

( )
∞

= ≤≤






 ⋅

1

2

0

3
max

n

n
Tt

tVn  

( ) ( ) 
∞

=

∞

= π
α+⋅+⋅+ϕ⋅⋅α≤

1 1
22

22252 61
2123

n n

RRn
n

aCn  

( )( )  
∞

=

π









π⋅Φπ⋅
T

n

u dtnxdxxtV
0

1

2

0
sin

2
,

2
 

( ) ( )
∞

=
π
α+π⋅⋅++ϕ⋅⋅α=

1

2
22252 3

6
2123

n

RRn Can  

( )( ){ } 
π

Φ⋅
T

u dxdtxtV
0 0

2
.,  

Hence, using estimate (39), we have 

( )( ) 2
3
,2 TB

tuH  

( )
∞

= ≤≤






 ′⋅≡≡

1

2

0

32
max

3
,2 n

n
TtB

t tVnV
T

 

( ) ( ) ( )
∞

=

≡⋅+⋅α+⋅+π+ϕ⋅⋅α≤
1

222222252
.23223

n

RRRRRn bCaCan  (40) 
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Thus, from the estimates (37) and (40), it follows that ,RKu ∈∀  

( ) ( ) ( )( ) .3
,2

5
,2

3,5
,2,2

2
RRRBtB

B
cbauHuHuH

TT
T

≡+≤+=  (41) 

Consequently, the set ( )RKH  is bounded in .
3,5
,2,2 TB  It follows the 

validity of the following two facts: 

 (i) for each fixed ( ),...,2,1=nn  the set of nth components of all 

elements from ( )RKH  is bounded in ( ) [ ]( )TC ,01  and, therefore, compact in 

[ ]( );,0 TC  

(ii) by virtue of estimates 

( )
∞

= ≤≤
⋅

Nn

n
Tt

tVn
0

4
max  

( ) ,
1

max
1 2

1

2

2

1

1

2

0

5
2

1

2 
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 ⋅⋅














≤ 

∞

=

∞

= ≤≤

∞

= Nn

R

n

n
Tt

Nn
n

atVn
n

 

for any ,0>ε  there exists a number ,εn  the same for all 

( ) ( ) ( )
∞

=
∈≡=

1

,sin

n

Rn KHnxtVVuH  

such that 

( ) ( )
∞

= ≤≤
ε

∈∀ε<⋅
nn

Rn
Tt

KHVtVn ,,max
0

4  

where N is a positive integer and Ra  is defined by (37). 

Consequently, by Theorem 1.1 [9, p. 51], the set ( ),RKH  considered as 

a subset of the space ,4
,1 TB  is compact in .4

,1 TB  Thus, the operator H acts 
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compactly in .4
,1 TB  Since the operator H acts (as proved above) in 4

,1 TB  and 

is continuous, it acts in 4
,1 TB  completely continuously. Next, due to 

estimates (12) for 5=k  and (37), we have ,RKu ∈∀  

( ) ( ) RBB
auHuH

TT
⋅π≤⋅π≤

66
5
,2

4
,1

 

,
1

exp
4

6

22

1

2
0 






 ⋅⋅α⋅






 ⋅α+⋅π= TCC

T
a RR  (42) 

where the numbers 0a  and RC  are defined by relations (24) and (35). 

From (42), it follows that, if the fixed number 

( ) ,
36

1

25
0 

∞

=
ϕ⋅⋅π=⋅π>

n

nnaR  (43) 

then for sufficiently small values of T, we have 

( ) ,4
,1

RuHKu
TBR ≤∈∀  i.e., ( ) .RR KKH ⊂  

Thus, for any fixed R satisfying condition (43), for sufficiently small 

values of T, the operator H transforms the ball RK  into itself completely 

continuously. Consequently, by the Schauder’s principle about fixed point, 

for sufficiently small values of T, the operator H has at least one fixed point 

u in :4
,1 TR BK ⊂  

( ).uHu =  (44) 

As ( ) ( ),VPVuHu u===  ,Vu =  and consequently, 

( ) ( ),uPuHu u==  

while due to (44) and (41), we have ( ) .,
3,5
,2,2 TBxtu ∈  
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Next, by virtue of (22), 

( ) ( )( ){ },,
2

2

xtuE
x

uu
∂
∂=Φ  

and consequently, for the found fixed point 

( ) ( ) ,sin,

1

3,5
,2,2

∞

=
∈==

n

Tn Bnxtuxtuu  (45) 

the functions ( ) ( )...,2,1=ntun  satisfy the system (11). 

Now, we show that the obtained function (45) is a classical solution of 

the problem (1)-(3). 

From ( ) ,, 4
,2 TBxtu ∈  due to estimates (26) and the structure of space 

,4
,1 TB  it follows that 

 ( ) ( ) ( ) ( ) ( ) [ ] [ ]( ).,0,0,,,,,,,,, π×∈ TCxtuxtuxtuxtuxtu xxxxxxxxxx  (46) 

Next, from ( ) ,, 3
,2 Tt Bxtu ∈  due to estimate (12) for ,3=k  it follows 

that ( ) ., 2
,1 Tt Bxtu ∈  From here, by virtue of the structure of space ,2

,1 TB  we 

have 

 ( ) ( ) ( ) [ ] [ ]( ).,0,0,,,,, π×∈ TCxtuxtuxtu txxtxt  (47) 

Thus, as follows from (46) and (47), the function ( )xtu ,  is continuous 

in the closed domain [ ] [ ]π× ,0,0 T  together with all its derivatives entering 

into equation (1). 

Further, the fulfillment of conditions (3) for the function 

( ) ( )
∞

=

=
1

sin,

s

n nxtuxtu  
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is obvious, because, as follows from the relation ( ) ,, 4
,1 TBxtu ∈  

( )
∞

= ≤≤
∞+<⋅

1
0

4
max

n

n
Tt

tun  

and, moreover 

( )
∞

= ≤≤
∞+<⋅

1
0

2
.max

n

n
Tt

tun  

Then, it is obvious that for a function ( ) ,, 5
,1 TBxtu ∈  by virtue of conditions 

(2) and (3) of this theorem and properties (14), (15), (3), conditions (9) and 

(10) are satisfied. Therefore, functions ( ) ( )...,2,1=ntun  satisfying system 

(11) also satisfy system (6). 

Further, from system (6), it follows that 

( ) ( ) ( ) ( ) 
∞

=

∞

=
π≤≤ϕ=⋅ϕ==

1 1

,0sinsin0,0

n n

nn xxnxnxuxu  

because, by virtue of condition (1) of this theorem and estimate (16) for 

,5=k  

( )
∞

=
∞+<ϕ⋅

1

25

n

nn  

and, moreover 


∞

=
∞+<ϕ

1

.

n

n  

Thus, the function ( )xtu ,  satisfies conditions (2) and (3) in the usual sense. 

Now, using the fact that the function ( )xtu ,  has properties (46) and 

(47), it is easy to obtain from system (6) that for each fixed [ ]Tt ,0∈  and 
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[ ],,0 π∈x  

( ) ( ) ( )( ) 
∞

=

π
⋅









π=⋅α−
1

0
sinsin,

2
,,

n

xxxxtxx nxnxdxxtuExtuxtu  

( ) ( )( )
∞

=
=≡

1

.,sin;

n

n xtuEnxtuE  

Consequently, the function ( )xtu ,  satisfies equation (1) everywhere in 

[ ] [ ].,0,0 π×T  

Thus, the function ( ) 3,5
,2,2, TBxtu ∈  is a classical solution of the 

problem (1)-(3).  
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