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A NUMERICAL METHOD TO SOLVE THE VISCOSITY 

PROBLEM OF THE BURGERS EQUATION 

 

 

 

Abstract 

Considering the viscosity problem of the Burgers equation, we give a 

numerical solution using the Cole-Hopf transformation. 
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1. Introduction 

Burgers equation is a partial differential equation which is important in 

the study of modeling turbulence, mass transport, the modeling of shock-

wave formation and the gas dynamics. It was discovered in 1948 by physicist 

Johannes Martinus Burgers. 

In the mathematical literature, we find a set of nonlinear partial 

differential equation problems. Among these equations, we have the 

equation of Schrödinger [15, 17], KdV equation [14], Burgers equation         

[8, 16], Burgers inhomogeneous equation, sine-Gordon [12], and others. 

Some methods have been invented to solve. We quote the inverse scattering 

method [3, 6], the decompositional method of Adomian [4, 5, 15], the SBA 

method [1, 2, 17], Backland transformation [14], the variational iteration 

method [9-11], and fractional differential equations [13]. In this article, we 

use the Cole-Hopf transformation to simplify the equation and then use the 

SBA method to solve it. 

In the literature, we find the Burgers inhomogeneous equation that is 
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where the inhomogeneous term or the source term is the given function 

( ),, txF  t is the time variable and x is the space variable. 

We have again Burgers equation with evanescent viscosity 
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where .0>ε  

There is another equation which does not have source term. It is 
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where 0>ε  is the viscosity term. When ,0=ε  we get the inviscid equation 

(3) which will be the subject of our study. 

2. Application of the SBA Method to the Viscosity 

Problem of the Burgers Equation 

Consider Burgers viscosity equation which is a nonlinear parabolic PDE 

problem: 

,xxxt uuuu ε=+  (4) 

where 0>ε  is the viscosity constant. 

Now consider Burgers viscosity problem with an initial value: 
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2.1. Operation with the Cole-Hopf transformation 

The Cole-Hopf transformation is defined by 

.2 ϕ
ϕε−= xu  (6) 

By making a change in (6), we find that 
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By substituting these expressions into (4), we have 

 .xxt εϕ−ϕ=ϕ  (8) 

Therefore, if ϕ  solves the heat equation ,xxt εϕ−ϕ  ,R∈x  then ( )txu ,  

gives by transformation of (6) the solution of the Burgers viscosity equation 

(4). 

To completely transform the problem (4), we still have to work with the 

initial condition of the function. 

To do this, note that (6) can be written as 
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It is clear from (6) that multiplying ϕ  by a constant does not affect u, so 

we can write the last equation as 
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The initial condition in (5) can therefore be transformed using (9) into 

( ) ( )
( )

.0, 2
0

0 ε
−

=ϕ=ϕ
dy

yu

exx  



A Numerical Method to Solve the Viscosity Problem ... 157 

We have ( ) .cotan
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In summary, we reduced the problem (4) to this one 
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3. Solving the New Equations Using the SBA Method 

3.1. The case when 0=ϕ  

Integrating the heat equation with respect to t, we obtain 
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Applying the SBA algorithm, we obtain 
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For ,1=n  we have 
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For ,2=n  we have 
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For ,3=n  we have 
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So step by step, we arrive at 
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Therefore, the approximate solution is  
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3.2. The case when 0≠ϕ  
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Applying the SBA algorithm, we obtain 
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For ,3=n  we have 
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For ,4=n  we have 
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So step by step, we arrive at 
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The solution ( )tx,1ϕ  is therefore written as  
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