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SUMUDU AND ELZAKI INTEGRAL TRANSFORMS 

FOR SOLVING SYSTEMS OF INTEGRAL AND 

ORDINARY DIFFERENTIAL EQUATIONS 

 

Abstract 

We present two integral transforms namely Sumudu (ST) and Elzaki 

(ET) transforms for solving systems of integral and ordinary 

differential equations. Also, we study some properties of these 

transforms. The presented integral transforms are new and simple          

for solving problems in systems of integral equations and ordinary 
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differential equations. Some examples were successfully solved using 

these integral transforms. The obtained results reveal that the two 

integral transforms are effective. 

1. Introduction 

During the last years, many techniques and integral transforms were   

used to solve different types of problems in integral, ordinary and partial 

differential equations by researchers in sciences and engineering fields. 

Finding solutions to these problems of integral, ordinary and partial 

differential equations is very important nowadays. The integral and 

differential equations play an important role in a wide variety of applied 

science fields, including mathematics, geometry, analytical mechanics, 

biology, physics, chemistry, economics, engineering and others. Therefore, it 

is still finding new applications. 

Factually, many integral transforms like Fourier [1], Laplace [2], 

Aboodh [3], Mahgoub [4, 5], Sumudu [6] and T. M. Elzaki and S. M. Elzaki 

[7] are tools which are convenient to solve linear and nonlinear mathematical 

problems. In our work, we focus on Sumudu and Elzaki transforms with their 

applications to systems of integral and ordinary differential equations. Also, 

we describe the basic ideas and properties of these integral transforms. 

In recent decades, much work has been conducted by researchers on 

studding novel methods for solutions of systems of integral and ordinary 

differential equations. Among these are optimal homotopy asymptotic 

method [8], homotopy analysis method [9], Adomian decomposition method 

[10], iterative method [11], differential transform method [12], Laplace 

transform [13] and Sawi transformation [14]. 

 In this article, we present four sections: Section 2 introduces basic ideas 

and properties of these integral transforms. In Section 3, some applications 

of systems of integral and ordinary differential equations are presented. In 

Section 4, we present conclusions. 
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2. Preliminaries 

In this section, we present some basic relevant concepts [6, 7, 9, 10]. 

Definition 2.1. The general IVP for a system of ODEs is given by 

        ,, 00 UzUzUzA
ds

zdU   (1) 

where  zU  is a column vector and  zA  is a square matrix. 

Definition 2.2. The IEs: 

         
 

 
xb

a

baxdttutxkxfxu ,,,,  (2) 

where the functions  ,),(),( txktxk ji   )(...,),(),()( 21 xfxfxfxf n  

and  )(...,),(),()( 21 xuxuxuxu n  are column vectors and i  are 

constants. 

Definition 2.3. Let a function in the set A be defined as 

        .,01;,0,: 21  jk
t

tMetfkkMtfA j  

Then the ET is stated as 

      
 


0

.0, tdtetfvvTtfE v
t

 (3) 

Definition 2.4. The ST is obtained over the following set: 

        ,,01;,0,: 21  jk
t

tMetfkkMtfA j  

as 

      
 


0

.0,
1

tdtetf
v

vFtfS v
t

 (4) 
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Theorem 2.1 (Linearity property). Let  tf  and  tg  be two functions, 

and a and b be constants. Then: 

(1)           ,tgbEtfaEtbgtafE   (5) 

(2)           .tgbStfaStbgtafS   (6) 

Proof. (1) 

         
 


0

dtetbgtafvtbgtafE v
t

 

   
  


00

dtetbgvdtetafv v
t

v
t

 

   
 


00

dtetgbvdtetfav v
t

v
t

 

     .tgbEtfaE   

(2) 

         
 


0

1
dtetbgtaf

v
tbgtafS v

t

 

   
  


00

11
dtetbg

v
dtetaf

v
v
t

v
t

 

   
 


00

dtetg
v
b

dtetf
v
a v

t
v
t

 

     .tgbStfaS   

Theorem 2.2 (Differentiation property). If     vTtfE   and 

    ,vFtfS   then 
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(1)          ,...,2,1,0
1

1

0

2  




 nfvvT
v

tfE k
n

i

kn
n

n  (7) 

(2)          ....,2,1,0
1

1

0

 




nfvvF
v

tfS k
n

i

k
n

n  (8) 

Proof. We can use mathematical induction to prove this theorem. 

Theorem 2.3 (Convolution property). If  tf  and  tg  are two 

functions, then 

(1)           ,1
tgEtfE

v
tgtfE   (9) 

(2)           ,tgStfvStgtfS   (10) 

where 

        .

0

duutguftgf
t

   

Proof. (1) Let     
 


0

1
dxexf

v
tfE v

x

 and      .
1

0

dsesg
v

tgE v
s


 

  

Now, we have 

          










































 

 dsesgdxexf
v

tgEtfE
v

v
s

v
x

00

11
 

   
 

.
1

0 0

dxdsesgxf
v

v
sx

 
  














  

Let ,sxt   so ,dsdt   and 

    dxdtextgxf
v

v
t

 
  
















0 0

1
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        .1

0 0

tgfEdxdtxtgxfe
v

v
t














  

 

 

(2) Similarly. 

Corollary 2.1. ET and ST of some standard functions are given in the 

following table: 

Table 1. ET and ST of some standard functions 

 tf      vTtfE       vFtfS   

1 2v  1 

nt  1! nvn  nvn!  

ate  
av

v
1

2
 av1

1  

atsin  
22

3

1 va

av


 221 va

av


 

atcos  
22

2

1 va

v


 21

1

av
 

atsinh  
22

3

1 va

av


 221 va

av


 

atcosh  
22

2

1 va

v


 221

1

va
 

 atf   vaT   vaF  

Proof. We can use Definitions 2.3 and 2.4 to prove the above corollary. 

3. Application of the ET and ST to Systems of Integral and 

Ordinary Differential Equations 

Some applications are given to explain the procedure of solving the 

systems of integral and ordinary differential equations using ET and ST. 
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Example 3.1. Consider a system of two ODEs 

,0 y
dt
dx

 

,0 x
dt
dy

 (11) 

where   10 cx   and   .0 2cy   

Solution using ET: 

By taking ET to both the sides and using its properties, we have 

          ,000 




 vYvx

v
vX

EyE
dt
dx

E  

          .000 




 vXvy

v
vY

ExE
dt
dy

E  

By substituting   10 cx   and   20 cy   into the above system, we have 

    ,1vcvY
v
vX   

    .2vcvX
v
vY   

Now, the solution of the above system is given as 

  ,
11 2

3
2

2

2
1









v

vc

v

vc
vX  

  .
11 2

2
2

2

3
1









v

vc

v

vc
vY  

From the inverse ET, we have 

    ,,sincossincos 233121 cctctctxtctctx   

    .,cossincossin 142421 cctctctytctcty   
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Solution using ST: 

By taking ST to both the sides and using its properties, we have 

          ,0
0

0 




 vY

v
x

v
vX

SyS
dt
dx

S  

          .0
0

0 




 vX

v
y

v
vY

SxS
dt
dy

S  

Substituting   10 cx   and   20 cy   into the above system, we get 

    ,1
v
c

vY
v
vX   

    .2
v
c

vX
v
vY   

The solution of the above system is 

  ,
11 2

2
2
1









v

vc

v

c
vX  

  .
11 2

2
2
1









v

c

v

vc
vY  

By taking the inverse ST, we have 

    ,,sincossincos 233121 cctctctxtctctx   

    .,cossincossin 142421 cctctctytctcty   

Example 3.2 [15]. Consider a system of three ODEs 

,tey
dt
dx   

,1 xz
dt
dy

 

,sin tx
dt
dz   (12) 

where     100  yx  and   .00 z  
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Solution using ET: 

Applying ET to system (12) and using the properties, we get 

          ,
1

0
2

v
v

vYvx
v
vX

eEyE
dt
dx

E t







  

              ,01 2vvXvZvy
v
vY

ExEzE
dt
dy

E 




  

          .
1

0sin
2

3

v

v
vXvz

v
vZ

tExE
dt
dz

E







  

Using initial condition, the system becomes 

    ,
1

2

v
v

vvY
v
vX


  

      ,2vvvZvX
v
vY   

    .
1 2

3

v

v
vX

v
vZ


  

This in turn gives 

  ,
111

2

2

3

23

32

v
v

v

v

vvv

vv
vX









  

  ,
12

2




v

v
vY  

  .
11

2
2

3

v
v

v
v

v
vZ





  

For solving this system, we take inverse ET to both the sides: 

  ,sin tetx t   

  ,cos tty   

  .1 tetz   
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Solution using ST: 

Here, by applying ST and using its properties, we get 

          ,
1

10
v

vY
v

x
v
vX

eSyS
dt
dx

S t







  

              ,1
0

1 




 vXvZ

v
y

v
vY

SxSzS
dt
dy

S  

          .
1

0
sin

2v

v
vX

v
z

v
vZ

tSxS
dt
dz

S







  

Using initial condition, the system becomes 

    ,
1

11
vv

vY
v
vX


  

      ,
1

1
v

vZvX
v
vY   

    .
1 2v

v
vX

v
vZ


  

The solution of this system is given by 

  ,
1

1

11

1
223 vv

v

vvv

v
vX









  

  ,
1

1
2 


v

vY  

  .
1

1
1 v

v
v

v
vZ





  

Now, by taking inverse ET to both the sides, we have 

  ,sin tetx t   

  ,cos tty   

  .1 tetz   
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Example 3.3 [15]. Consider a system of second order ODEs 

,023
2

2
 yx

dt

xd
 

,053
2

2

2

2
 yx

dt

xd

dt

yd
 (13) 

with IC:     ,000  yx    30 
dt
dx

 and   .20 
dt
dy

 

Solution using ET: 

Applying ET to both the sides in system (13), we have 

     023
2

2
EyExE

dt

xd
E 








 

          ,02300
2

 vYvXx
dt
dx

v
v

vX
 

     053
2

2

2

2
EyExE

dt

yd
E

dt

xd
E 

















 

                .0530000
22

 vYvXy
dt
dy

v
v

vY
x

dt
dx

v
v

vX
 

Using IC, the following system becomes: 

      ,0233
2

 vYvXv
v

vX
 

        .05323
22

 vYvXv
v

vY
v

v

vX
 

The solution of the above system is 

   
,

14
11

19

3
12
1

1109

253
2

3

2

3

24

23



























v

v

v

v

vv

vv
vX  
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   
.

91

3
4
1

14
11

1109

122
2

3

2

3

24

35



























v

v

v

v

vv

vv
vY  

Taking inverse ET to both the sides, we have 

  ,sin
4

11
3sin

12
1

tttx   

  .sin
4
1

sin
4

11
ttty   

Solution using ST: 

Applying ST to both the sides in system (13), we have 

     023
2

2
SySxS

dt

xd
S 








 

          ,023
00

2
 vYvX

v
x

v
dt
dx

v

vX
 

     053
2

2

2

2
SySxS

dt

yd
S

dt

xd
S 

















 

                .053
0000

22
 vYvX

v
y

v
dt
dy

v

vY
v

x
v

dt
dx

v

vX
 

Using IC, the following system becomes: 

      023
3

2
 vYvX

vv

vX
 

      ,
3

23
2 v

vYvX
v

vX   
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        053
23

22
 vYvX

vv

vY
vv

vX
 

        .
5

53
22 v

vY
v

vY
vX

v

vX   

The solution of the above system is 

   
,

14
11

19

3
12
1

1109

253
2224

2

























v

v

v

v

vv

vv
vX  

   
.

91

3
4
1

14
11

1109

122
2224

3

























v

v

v

v

vv

vv
vY  

By inverse ET to both the sides, the solution is 

  ,sin
4

11
3sin

12
1

tttx   

  .sin
4
1

sin
4

11
ttty   

Example 3.4. Consider a system of second kind IEs 

    ,1
0

2
2

1 dttuxxu
x

  

    .
0

12 dttuxxu
x

  (14) 

Solution using ET: 

Applying ET to both the sides in system (13), we have 

          ,21 2
42

1
0

2
2

1 vvUvvvUdttuExExuE
x














   

          .1
3

2
0

12 vvUvvUdttuExExuE
x














   
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This in turn gives 

    ,2 42
21 vvvvUvU   

    .3
12 vvvUvU   

The solution of the above system is 

  ,2
1 vvU        .2 3

2 vvU   

Taking inverse ET to both the sides, we have 

  ,11 xU        .22 xxU   

Solution using ST: 

          ,211 2
2

1
0

2
2

1 vvUvvUdttuSxSxuS
x














   

          .12
0

12 vvUvvUdttuSxSxuS
x














   

This in turn gives 

    ,21 2
21 vvvUvU   

    .12 vvvUvU   

The solution of the above system is 

  ,11 vU       .22 vvU   

Taking inverse ST to both the sides, we have 

  ,11 xU       .22 xxU   

Example 3.5. Consider a system of second kind delay IEs 

         ,2
0

211 dttututxexu
x

x     
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         .22
0

212 dttututxeexxu
x

xx     (15) 

Solution using ET: 

By taking ET to both the sides and using its properties, we have 

              












 

x
x dttututxEeEExuE

0
211 2  

     ,
1

2 2
2

1
2

2
2

1 vUvvUv
v

v
vvU 


  

                












 

x
xx dttututxEeEeExExuE

0
212 22  

     .
11

2 2
2

1
2

22
3

2 vUvvUv
v

v
v

v
vvU 





  

This in turn gives 

      ,
1

2
1

21
232

2
2

22
1 v

vv
v

v
vvUvvvU





  

      .
1

2
1

2

235

1
22

2
v

vvv
vUvvvU



  

The solution of the above system is 

  ,
1

2

1 v
v

vU


       .
1

2

2 v
v

vU


  

Taking inverse ET to both the sides, we have 

  ,1
xexU        .2

xexU   
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Solution using ST: 

Taking ST to both the sides and using its properties, we get 

              












 

x
x dttututxSeSSxuS

0
211 2  

     ,
1

1
2 2

2
1

2
1 vUvvUv

v
vU 


  

                












 

x
xx dttututxSeSeSxSxuS

0
212 22  

     .
1

1
1

1
2 2

2
1

2
2 vUvvUv

vv
vvU 





  

This in turn gives 

      ,
1

12
1

1
21 2

22
1 v

v
v

vUvvvU




  

      .
1

222
1

2

3

1
22

2
v

vv
vUvvvU



  

The solution of this system is 

  ,
1

1
1 v

vU


       .
1

1
2 v

vU


  

By inverse ET to both the sides, we have 

  ,1
xexU        .2

xexU   

4. Conclusion 

We have provided two integral transforms, namely ST and ET for 

solution of systems of integral and ordinary differential equations. We have 

applied the selected integral transforms for solving some examples of 

systems of integral and ordinary differential equations. Clearly, these 
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transforms are characterized by their simplicity of use. Also, it is accurate 

and efficient method for solving such systems of equations. 
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