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Abstract

We use stochastic differential equations (SDEs) to model the spread
of the malaria parasite through a compartmental model of the type

(SyLyl,RySy-1,). Considering the transmission rates B(r) and V(r)
by introducing standard Brownian motion in order to render the

ordinary differential equation into SDE, we obtain the existence and

uniqueness of the solution.
0. Introduction

Malaria is one of the infectious diseases transmitted to humans by a
highly anthropophilic mosquito, the (infected) female Anopheles, which
generally bites between dusk and dawn. Its mathematical modelling
dates back to the beginning of the 20th century [1]. Several mathematical
models have been developed to study the dynamics of the spread
of malaria. These include Ross’s (S,1,5,-S,1,S,) models, the
(SpI,RySy-S,1,) models in [3, 4], and the (S,E,I,R;,S),) models in [5,
6]. However, none of these models take account of the random nature of
the transmission of parasites. In this model, in addition to Plasmodium
falciparum transmission in a given area, we introduce any other random
form of contamination by other parasites. This article is structured as
follows: first we present some preliminary results, necessary for the
conduct of our work, then we present our results relating to the
stochastic approach to the spread of plasmodia. Finally, we simulate the

trajectories of our results.
1. Mathematical Preliminaries and Notations

1.1. Ross’s (S,1,S,,-S,1,S,) model

In 1911, Ross [1] proposed a model which took into account both
anopheline and human populations. This model is certainly the starting point
for vector-host models. In his model, Ross assumes that both the human and

Anopheles populations are constant and that one mosquito bites “a” humans
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9

per unit time where “a” is a constant [7]. The scheme for the spread of

malaria in Ross’s (S,1,S,-S,1,,S,) model is shown in Figure 1.

Humans

Anopheles
females

Figure 1. The final disease transmission graph.

He obtains the differential system (1) governing the (S,1,S,-S,1,S,)

model of malaria:

% = u,H —blalv% “Yulyp —Wply,
%:halv%—(yh + W) Iy, o
= balV = 1) =+,

% = bya(V - IV)%‘ = (Vs + 1)1,

After solving this system (1) by [7], we obtain the basic reproduction
number R defined by:

1 1
Ry = maby—a—>b 2)
0 ly T 2

and state the following theorem [8, 9]:

Theorem (Mosquito theorem). (1) If Ry <1, then disease disappears

completely from the population after a certain time.

(2) If Ry > 1, then disease remains endemic in the population.
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This so-called mosquito theorem can be used to determine the endemic

character of epidemics in a given region.
1.2. Model (ShIthSh _SVIV )

Since malaria provides temporary immunity and is not lethal if treated,
it is possible to use a SIRS (susceptible-infected-recovered-susceptible)
model, since recovered individuals return to the S class with probability
p (p > 0) or relapsed individuals become infected again with probability
1-p. To Ross’s (S,1,S,-S,1,S,) model, we add the R reinstated

compartment. These types of models are also solved by [10, 11]. Figure 2
illustrates the scheme of disease progression.

Human

Anophele
female

Figure 2. Malaria transmission diagram.

In this model, the differential equation system satisfies equation (3):

ds,(t) = [)\N —BS—I’\’,IV + pRy, — uSh}dt,

ai(©) = B + = )Ry = )1y

dRy(t) = [yl = (L +1)Ry]dt, (3
ds, (1) = [r]v - alf\;lh + az“;;Rh -~ r]SV}dt,

aS,1 a,S,R
dlv(t)z[ INV by 21\‘7} L —nlv}dt,
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where Sy, I, Ry, S, and I, represent the number of susceptible humans,

infectious humans, recovered humans, susceptible mosquitoes and infectious

mosquitoes, respectively. These types of models (Sj,1,R,S),-S,1,) are also

studied by authors such as [3, 4] and many others.
1.3. Model (S;,L,1,R;,S,-1,)

Studies have shown that the incubation period for plasmodia varies from
one plasmodium to another. As this incubation period is long, it is necessary

to extend the model (S;,1,R;,Sy,-S,I,) by introducing an additional class of
exposed or latent individuals Lj;. At this latent stage, the individual has a
probability p of being infectious and a probability 1 — p of recovering, then

becoming susceptible again. The disease progression diagram in this type of

model is represented in Figure 3.

Reservoir of transmission by plasmodia

Figure 3. Plasmodia propagation diagram.

The ordinary differential equations (ODEs) governing the deterministic

model (S;,L,1,R;S),-1,) are presented by the system of equations (4):

dS =[AN - f(S,Z, N)-uS +yR]dt, Sy >0,
dl =[f(S, Z, N') - (8 +p)L]dr, Ly >0,
dT =[8pL - (V(t) + n)I]at, T >0,
dR =[V()T +0(1- p)L - (y+W)R]dt, Ry >0.
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Mosquito ODEs are neglected here because susceptible humans have

already received infecting bites. All the parameters and their biological

interpretation are recorded in Table 1.

The dynamics of N is obtained by summing the equations of the
system (4). As

we obtain

N(@t) =8(t) + L(t) + Z(¢) + R(2),

dN (t)
N(t)

=A-p = N(r) = PR

* If A <, then N(r) O O[1 - 0, the population dies out.

o If A =, then the population remains constant for all ¢.

* If A >, then N (r) O OJ - oo, the population is exploding.

Table 1. Model parameters and their meanings

Parameter Name Unit Meaning
N Population si Number of Attime 1,
opulation size o
P individuals N() = 8() + £() + T(1) + R (1)
. Birth/person
A Birth rate (d—zllby) Rate of newborns per year
(D hs/ ) Natural death rate of susceptible, latent,
eaths/person . . .
H Death rate Tal; infectious and recovered individuals
per year
Rate of transition from latent to infectious
0 Incubation rate day*I state with probability p or from latent to
recovered state with probability 1 - p
Transmission rate Rate of ch 6 tible ¢
. L ate of change from susceptible to
(S, 7, N (susceptible to our™!
( ) ) tp 9 ! latent state
aten
Transmission rate . . . o
7 (infect . dav-! Rate at which an infectious individual
infectious to a . .
4 Y migrates into the recovered compartment
remove
ate of immuni e rate at which recovered individuals lose
Rate of ty The rate at which d individuals 1
Y loss (recovered to day™ their temporary immunity and become
susceptible) susceptible after infectious contact
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We make the following changes to the variables in the model (4): § =
SIN, L=L/N, 1=I/N, and R=R/N sothat S+L+I+R=1.

Then we work with proportional incidences. The system of equations (4)

then takes the form of the following relationship (5):

ds = [)\(l - §)- w 4 yR}a’t, S > 0,

_[S(S. T.N) _
dL = [T (6 + )\)L}dt, Ly >0, -
dl = [6pL — (V(t) + \)I]dt, Iy >0,

dR =[V(t)1 +8(1- p)L—(y+A)R]dt, Ry >0.

The transmission function g(S, I) defined by g(S, I) = kSI (where k

is a positive constant of proportionality) plays an important role in disease
dynamics. Researchers [5, 6] have obtained a ratio-dependent non-linear

incidence rate that takes the following form:

_ k/S)s  _ k"
f(8.1) = h~ oh [
1+a(1/S) S" +al

o being the parameter that measures the psychological or inhibitory effect.
Similarly, the proportional impact function in our model is defined by

(S, Z,N) _5 I,
N - B(I)SW, (6)

where [, represents the population of infectious mosquitoes and E(t) is a

random variable defined in Subsection 2.2. As in Ngwa and Shu’s model

[12], we define the force of infection from mosquitoes to humans by
1
k, = c,n, W", @)

where n, represents the number of bites a mosquito makes on humans per

unit of time; and ¢, is the probability of the parasite entering the body of a
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susceptible human bitten by an infectious mosquito 7,. By substituting

:kv

1,
N e

in equation (6), the incidence function becomes

8220 - B gs, ®)

Also, equation (5) takes the following form (9):

ds = [7\(1 -5)- ky B(r)s + yR}dt, Sy >0,

dL = [ ky B(r)s - (8 +7\)L}dt, Ly >0,
vty (9)
dl =[8pL — (V(t) + N\)I]at, Iy >0,

dR =[V(t)I +8(1- p)L-(y+A)R]dt, Ry >0.
2. Main Results

In this section, we first determine the base reproduction rates R, of
the models (S,1,R,S,-S,1,) and (SyL,I,R;,Sy-1,), then transform the
deterministic model (Sj,L;,1,R;,S),-1,) into a stochastic model and carry out

a comparative study.
2.1. Basic reproduction rate R
Proposition. The basic reproduction rates Ry of the models

(Sp1,R,Sy,-S,1,) of Subsection 1.2 and (S, Ly,1,R;,S,-1,) of Subsection 1.3

are given, respectively, by

R :\/ Bay (1 +p) + Bayy
Ty + )T+ ) Fny(-1+ p

Proof. To determine the basic reproduction rate R;, we apply the van

den Driessche method [8]. The non-linear system of ordinary differential

equations in the relationship (3) derived from the model in Figure 2 can be
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expressed as
dX

& = 5(0)-%(x).

where %(X ) represents new infections and %(X )= 1§+(X ) - 1§_(X )
represents the rate of individuals entering and leaving compartment j [8],

respectively. The Jacobian matrices of Z(X) and #(X) at equilibrium

without disease E are, respectively,

0 0 B y+u p-1 0
DZ(E)=F=|0 0 0| and D¥(Ey))=V =| -y H+1 0]
ap o 0 0 0 n

The inverse matrix of Vis

H+1 l-p
(Y+)u+D)+y(p-1) (y+w)E+1)+y(p-1)

vl = Y y+Hu
(Y+)u+D)+y(p-1) (y+w)E+1)+y(p-1) ’

0 0 n!

0 0 P

Fvl=lo 0 o
n n 0

with

__ay(l-p)+ax(y+p)
(y+) (I +p)+y(-1+p)

.= oy (1L +p) +ayy
P v+ )+ )+ y(-1+ p)

and »

The set Sp(FV ') of eigenvalues of the matrix FV ! is given by

iy 2o e [ Bau(l+ )+ Bayy
Sp(FV )‘{0’ ‘\/n(v+u)1(1+u)+nv(2-1+P)}'

The basic reproduction number R, is the spectral radius of the next

generation matrix:
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_ -1
Ry =p(FV™),

i.e., the basic reproduction number Ry; of our model (3) (Subsection 1.2) is:

R \/ Boy (1 + p) + Bayy
M=y + ) +p) +ny(-1+ p)’

Similarly for the model (9) (Subsection 1.3), we have

B(r)s1 -
e IO V/ORND
Z(S, L I)=F 1(\)’ d 7(S,L,1)=V = (9pL+( )+ )1 J
Hence,
[0 E(I)} [V(I)+7\ 0 J
F(DFE) = and V(DFE) = :
0 0 Bp V() + A
Therefore,
B()ép B(1)
Fvl=| (8+A)(V(r) +A) V() +A |,
0 0

Then the basic reproduction rate Ry, is given by the spectral radius of
Fv7l O

Corollary 1. The disease-free equilibrium of the system (3) is locally
and asymptotically stable if Ry, <1 and unstable if Ry, > 1.

Corollary 2. The malaria-free equilibrium Eqy of the system (9) is

locally asymptotically stable if Ry, <1 and unstable if Ry, > 1.
2.2. Stochastic formulation of the (S, L,1,R;,S,-1,) model

In this subsection, we study the (SjL,1,R;,S,-1,) model which takes

random effects into account. In her work, May [13] showed that all the

parameters involved in a population model fluctuate randomly because the
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factors controlling them are not constant. Suppose that such a system (9) is
affected by random disturbances of the white noise type. In this situation, it
is natural to describe its implementation by the corresponding system of

stochastic differential equations. In the case of malaria, we thus assume that
the transmission rates B(r) and V(¢) can fluctuate around a certain value

due to the continuous fluctuation of the environment. Thus the model (9) is

made stochastic by the following result:

Theorem. Consider the system of ordinary differential equations
(ODEs) (9) governing the spread dynamics of Plasmodium falciparum in a
given region. Then there are random effects of infection by other plasmodia
rendering this ODE system into a system of stochastic differential equations

(SDEs). Moreover, this SDE system exists and almost certainly admits in the

domain |0, 1]4 a unique solution X, = (S,, L, I, Rt)t20 for any initial
value Xy 0]0, 1]4.
Proof. Let us first consider the following results:

Lemma 1. The model (9) governing the dynamics of the spread of

Plasmodium falciparum in a given region can be made stochastic.

Proof. We define the transmission parameters B(z) and V(r) by:

{E(z) = B(t) + 0,8, (t)1/Vdr, i = 1, 2, an

V() = 8(t) + 0,8, (1)1/Vdr, i = 3, 4,

where 0;, i = {1, - 4} represents the noise intensities. In the following, we
assume that o;, i={1, - 4} are constant. Let us say 0; =0 or 1 (the
condition 0; =0 means that the disturbance does not exist); §&;(z),
i ={l,..,4} are iid white Gaussian noise terms of zero expectation
such that &;(t)Wdr =dB;(r). B;(t), i={l,..,4} are independent

standard Brownian motions defined on a filtered probability space
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(R%, B(RY), (F;),50- P). where B(R?) denotes the Borelian tribe of R.
We assume that {Sy, Ly, /o, Ro} is F; -measurable and independent of
B;(t) = Bi(ty), i ={L, ..., 4}. By transferring the relationship (11) into the

system of equations (9), we then obtain the system of stochastic differential

equations (12) governing the dynamics of the transmission of plasmodia:

ds = {)\(l -S)- ky B(z)s + yR}dt -0 ky SdB,(t), Sg >0,
vty Cvnv
dL = { ky B(r)S — (6 + )\)L}dt + 0,KLAB, (1), Ly >0,
dl =[6pL — (v(¢) + A\)I]dt — 031dBs(¢), Iy >0,
dR =[v(t)I +6(1 — p)L — (y + A)R]dt + 04RdB4(t), Ry > 0.
This completes the construction of the SDE system. (]

Let {X, ..., X4} be the pathological states corresponding respectively
to the {S, L, 1, R} states of malaria, and let dX;, i ={1, - 4} be the
small variation of the state X; and dr a variation of time. Let
(X( )50 = (S, Ly, I, R;),5( be an It diffusion homogeneous in time, i.e.,

a Markov process {X,(w)},,, whose state space is the probabilized space

(R%, B(R%), P) satisfying a stochastic differential equation of the form
dX;(t) = f(X;(t)dr + g(X;())dB,.  Xi(to) = Xo, i={l...4}, (13)

where B, is a standard Brownian motion of dimension 4, f : Ri - Ri the

drift coefficient and g : Ri - Ef *4 the diffusion coefficient are fixed so

that the SDE admits a single solution at all times. It is assumed that the
functions f and g are locally Lipschitzian and are defined for any
i ={1, ..., 4} by



A Stochastic Model for the Spread of Human Plasmodia 375

)\(1—5)—01‘;1
vy

B(r)S + YR

FOGE) =] em POSTEFAL )

OpL — (V(¢) + A\)I

V()1 +6(1-p)L—(y+A)R

-0, kg 0 0
CVnV
0 oKL 0 0
g(X; (1) =
0 0 _031 0
0 0 0 O4R
and
B,
B
B=| "
B;
By

We denote by P,(X(, A) the probability measure on the tribe generated
by all the random variables (X, )tzo defined by

[}(X(), A) = P{th O Al’ cens th O Ak}

for any choice of time 0<# <t, <---<f,, for any Borelian

AL Ay, A O B(Ri) and [X O R$. We define the differential operator
of the generator of the Itd diffusion of the relation (13) by

4 62
L= fi(x aX +3 Z aX ox ; (14

i=1 l j=1

where g’ is the transpose matrix of g in R4,
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Lemma 2. The domain of L contains the set of twice continuously

differentiable functions with compact support.

Proof. Let ¢ be a function of class C 2(Ri), i.e., twice continuously
differentiable with compact support, and apply 1t6’s formula to ¥, = ¢(X,).

In dimension 1, we obtain

= 000)+ [ 0 (X )ax, + 3 [ 4 0x)a(x),
h h
= 0(x0) + [ 90, (x,)as + [ 0'(X,) g, ) By

3]0 (xR

Taking the expectation of Y, (E(Y;)) evaluated at x such that X = x for

0 < s <t, we obtain
h 1¢h,, P
B03) = 000 + B[ 000 70X, )ds 5 [ 00X, ), P |

Hence

B0 0] 1 [ (g (x,) (¢ s + o [ 5@, (X)),

tim EIDEO0) = (19)(5) = 00 () + 5 ()5

The 4-dimensional case is treated in a similar way by applying the

multidimensional Itd formula. O

The operator L defined in this way is uniformly elliptic in Ri. That is,

by posing (gg')(X) = @;;(X), there exists a positive constant ¢ such that
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J

4
> a;(X)h0 j2 c|(1)|2 for all X OR% and for all non-zero vectors
,Jj=1

1

6= 0y, 04 ORY, where | @] =07 + 03 + 63 + 63

Lemma 3. The stochastic differential equation of the model (12) almost
certainly admits a single positive local solution X, =(S,, L, I,, R,) for
¢+ O[0, t,] and for any initial value X = Xo U ]o, 1 [4, where T, denotes
an extremely large finite time.

Proof. The solution to this stochastic differential equation can take on
negative values, which is not consistent with modelling disease states. To do
this, we pose:

Y, =In(X,), with Y, = (u,, v,, w;. z,) and X, = (S, L, I,, R,)

Then, using It6’s formula,

2 2
du = [)\e_” a-h B(r) + 47" —0—1% B(t)]dt

cyn, 2 e2n?
kV
~ 01 ——B(t)dB (1),
VY
_| & u 0% 2
dv = B(t)B(t)— =0 =N = —=K” |dt + 0,KdB, (1), (15)
cn, % 2
v O'2
dw = ep% _V(l) -A _73 dt - G3dB3(l),

2
dz = (V(I)% +0(1 - p)% +y+A- %Jdt + 04dBy(t)

at ¢ = 0 with the initial value ¥ = In(X,). According to Mao [14], we see

that the coefficients of the model (15) are locally Lipschitzian, i.e., there is a

unique local solution ¥; in [0, Te]. Therefore, for any initial values S, L,
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Iy and Ry, the unique positive local solutions of the model (15) are given

by S, = e”(t), L = ev(t), I, = ") and R, = 20, O

Lemma 4. The solution of the stochastic differential equation system

(12) is global in the sense that T, = .

Proof. For each integer n > nj, we define the stopping time as follows:

T, = inf{t a[o, t,]: X(z) DE, nH (16)

such that T, is increasing when n tends towards o and inf [1 = co, where

U denotes the empty set:

Te = limsupT, < T, as.
n - +oo

We want to show that T,, = © a.s. Let us proceed by absurdity, i.e.,
CT >0 and € 0] 0, 1] such that P{t, <T} >¢.

In other words, there exists an integer n; 2ny such that Q, =

P{t, <T} =€, forall n=n.
Consider the positive function V of class C 2 defined by
V:RY LR,
(S,L,I,R)— (S—-InS)+(L-InL)+(I —InI)+ (R —InR).

Applying 1t6’s lemma to the function V, we obtain:

dv = Lvdt - 0, k; B(t) (S —1)dB(t) + o,K(L —1)dB;(¢)

CVV

+ (1~ 1)dB3(1) + 04 (R - 1)dB4 (1),
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where

V= (1 —%)()\(l -S)- k; B(r)S + ij

CVV

v (1 _ %j[ b gi)s - (0+ }\)L) . (1 _ %j (OpL - (v(1) + \)1)

Gy,

#[(1-% )00 +6 = p)L=(y )R

2
K g()af + K203 + 63 +
+ Sy
2
k Ak S R L
=4\ +0+ L + +y-——-—2 ——-y=—-0p—=
MO+ B V) Y - g - B Y g

2 2 2 2

2
k
=5 B (1)} + k%03 + 03 + 0}

oL e - oy L e
V() ~ 601 - p) & + 5

2
k
ﬁﬁz(f)clz +K03 +03 + 0}
Sy

kv
<40+ L)+ vty ¢ -

forall >0, B(t), v(t) 0]0, 1[. Therefore, there exists M > 0 independent
of S, L, I and R such that LV(S, L, 1, R) < M. Consequently,

av(s, L, I, R) < Mdt - o, —2—B() (s - 1)dB, (1)

+ 0,K(L = 1)dB,(t) + 05(I —1)dBs(t)
+ 04 (R —1)dBy(t).

By integrating the two members of the above inequality from 0 to

1, OT, where 1,, 0T = min(t,, T) and taking the expectations, we obtain
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the following:

T, 0r
[, av(s(). Ls). 16). R(s)

0

< I(;[n ar Mdt — I(:n ar oy C]::lv B(l) (S(S) - 1)dBl(l)

T, 0r

T, 0r
] oaK(L(s) = 0By () + [ " 03(i(s) - 1)y ()

T, 0r
+[," 0ulR(s)-1)aB,(0)

E[V(S(t, OT), L(t,, OT), I(t, OT), R(t,, OT))]
< v(5(0), L(0), 1(0), R(0)) + MT. (17)

We know that Q, =P{t,, <T} > ¢, for any n = n; and according to

the relationship (16), for any w[lQ,, there exists a certain k such that

Xy (Tn, oo) is equal to either n or % for k =1, 2, 3, 4. Hence,

V(S(ty @), LT, @), (1, @), R(T,, o)) = min{(n ~Inn). [% In %)}
It follows from the relationship (17) that
v(s(0), L(0), 1(0), R(0)) + MT

2 BlXq, (@) (S(ta). L(T,). 1(1,). R(1,))]

2 Smjn{(n —1Inn), (%, ln%j},

where Xq (w) is the indicator function of Q,. Since n — o, we get
w0 > V(S(0), L(0), 1(0), R(0)) + MT = o as.,

which is a contradiction, because we must have T,, = . Consequently, the

solution of the stochastic differential equation system (12) is global.
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With the demonstration of these lemmas, the proof of the theorem is

complete. ([
2.3. Numerical simulations and interpretations

In this subsection, we make a comparative study of the trajectories of
solutions obtained by simulation in MATLAB R2022b.

1

S

0.9

Probability

0 2 4 6 8 10
Time (in months)

(a) Deterministic case

S

Probability
o
o

Time (in months)
(b) Stochastic case

Figure 4. Simulation of ODE and SDE solution trajectories.
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The introduction of Brownian motion induced a disturbance in the latent
individuals. This could be due to the variability in the latency period of the
different plasmodia. The spike of latent individuals in Figure 4(a) indicates
that 80% of these individuals are almost infected by the same parasite.
Similar variability between infected and recovered individuals can be
observed in Figures 4(a) and 4(b). The differences in probabilities observed
between the deterministic and stochastic cases mean that Figure 4(a) reflects
the image of an area where the only virulent plasmodium is present, whereas
Figure 4(b) illustrates the image of an area where several parasite strains are

present, making malaria diagnosis complex.
3. Conclusion and Perspectives

In this paper, we have proposed a stochastic approach to model the
random propagation of plasmodia through stochastic differential equations.
Presenting prototypes of existing models for the development of our model,
we have shown the existence and uniqueness of the differential equations

governing our model. Finally, we simulated the trajectories of the solutions.
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