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Abstract

Dealing with a modified double Laplace transform (MDLT) technique,
we have established some convergence results. Then, using this new
technique, we propose resolutions of some equations such as pseudo-
hyperbolic and the Benney-Luke equations. The advantage of MDLT
is that we can obtain exact solutions in one step. The technique aims
to provide viable results with respect to particular cases. Finally, some
numerical results are presented.

1. Introduction

The nonlinear evolution equation (NLEE) has a lower number of
iterations due to its far-reaching decisions. In today’s natural sciences,
nonlinear phenomena need to take a prominent place in the moss-covered
oaks, excellent areas of research, and various extensions of science and

technology.

The NLEE-enabled solutions provided are based on data from
unpredictable physical phenomena surrounding the structure. These efforts
include homotopy checking strategies, gluing strategies, the variational
iteration strategy [12-16, 18], the projected differential transform method
and Laplace transform (Elzaki [17]), double Laplace transform (Dhunde
and Waghmare [15]), and double and modified double Laplace transform
[22-26].
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Numerous ways to explain and compute nonlinear partial differential
equations with fractional derivatives and replicate Laplace transforms have
been proposed (Wu et al.), [5-9] to solve the Benney-Luke (Islam et al.), [11]
and, solving singular system of hyperbolic equations, (Elzaki et al.) [1]. In
this paper, we present how to make the appropriate choice of the initial
values for solution using only one step. We also discuss the convergence of

one of the problems solved in this paper.

We propose a blend of the MDLT and the present day method to be
used. The single modified transform (SMT) is characterized by:

()] = () =12 [ * @luv)e ey

2. The MDLT

In this section, we present the MDLT of a function. Additionally, we

discuss its convergence.

Definition. A function ®(w, v), w, v OR", is said to be a convergent
infinite series if

e(P(w. v). n. y]

vy

=7T(n, ) = r]pJ‘O00 Jooo d(w, v)e_(n ujdwdv, w, v >0, €8

where N and U are complex numbers.

To obtain the solutions of the Benney-Luke and singular pseudo-
hyperbolic equations by the combination of MDLT and the unused strategy,
we begin with

0P _ 1 _
82[W}—5T(n, W) -n7(0, W),

0’0 | _ 1 ~ _aT(0, p)
Sz{m} = n—zT(ﬂ, W) - 7(0, p) n—3,
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fod] _ 1 _
52_@} = HT(n, W) —u7(n, 0),
O’ | _ 1 _ _ - 9T(n, 0)
Sz_avz :| - FT(H’ P—) T(ﬂ, 0) P—T,
&2 awav} - r]_pT(n’ W) ﬁT(ﬂ’ 0) HT(O’ W) +nu7(0,0). ()

For more details, see [16].
Here we ought to examine a few theorems of convergence of MDLT.

v

Theorem 1. If uj(:oe ECD(W, v)dv converges at W =\, then

v

uj:e HCD(W, v)dv converges at \L < l.

u

Proof. Let p(w, v) = uojge Hod(w, u)du, 0 <v < co. Then

(i) p(w, 0) =0,

(i) lim p(w, v) exists, and
V — 00

v

(iii) p,(w, v) = goe Hod(w, v).
Choosing €;, R;, such that 0 < g < Ry, we have

v

1%
o R —
uJ. Le Hd(w, v)dr = p.J. 1Le Mo, (w, v)eodr
€] p'()

€]

Ho~H
w L)
= L ! e HHo Dy (W, v) dv.
Ho &
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The last integral becomes

_ Ho‘uj
Muoph (uuo !

IJ'O €

Dy (w, v)dv

_(uo—ule _(uo—ujgl
=H£0 e “ MO T p(w, Ry) —e N HHO S p(w, g)

Ho~H

* (%H—H_oujj :l e_(mjvp(w, v)dvi.

Now as, &g - 0, Rl — oo, and p< o>

Ho~H

1%
T _(Ho =M [ _(HHOJV
HJO e Ho(w, v)dv ( ™ jJ‘O e pw, v)dv, H<py. 3

Theorem 1 is proved if the last integral converges.

Using the limit test for convergence, we obtain

_( Ko —uj )
lim vZe \ Mo

V — 00

p(w, v) =0,

v

and hence I :e Hd(w, v)dv converges when [ < .

\4

Theorem 2. If Q(w, 1) = uj;o e_HGJ(w, v)dv converges for U <,

w w

and nj(:o e_ﬁQ(w, W)dw converges at n =1\, then nj: e_ﬁQ(w, n)dw
converges for 1 < n.

Proof. Follows as that of Theorem 1.
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Theorem 3. If ®(w, v) is continuous and

nuf [ e

converges for W=y, N =1nNg, then n“j: I(:oe

vy
N Ho(w, v)dwdy

_v_
n

v
Hao(w, v)dwdy
converges for 1 < Ny, U < Ho.

Proof. We have

w v w v
o e W
m,lj.o J.O e ®(w, v)dwdv n.'.o e p.J.O e Hd(w, v)dvidw

w
0 ——

=n[ e 100w w)dw

where

14

O(w, p) = ujooo e_HCD(w, v)dv.

Using Theorems 1 and 2, we have that

i, fo ¢

We introduce the general equation that holds in the equations of Benney-

S|=

\4
Hd(w, v)dwdv converges for n < ng, 1 < K.

Luke and singular pseudo-hyperbolic in the following form:

U,, —aU,,, +bU Uy + AU Uy + €U U,

v wwww wwyy

) 2 () - 00 2 () = ).

where a, b, ¢, d and e are constants.
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Then
() If g(w) =0, e =2, a =d =1, then equation (4) becomes

Uy =Uyy t bUWWWW —cUypy TUU,,, t 2UWUWV = f(W, V)' )

Equation (5) is called the Benney-Luke equation, where ¢ = O —%, ois

the Bond number.

({i)Ifa=b=c=d =e=0, g(w) =—, then equation (4) becomes

1
w

li(aUJ 162(6U

U =5 aw " aw )~ awdy ijzf(w’ ) ©)

Equation (6) is called the singular pseudo-hyperbolic equation.
3. The New Strategy (MDLT)
To clarify our strategy, we consider

DU(w, v) + RU(w, v) + GU(w, v) + NU(w, v) = f(w, v), @)

where D may be a second order operator, R a linear operator, N a nonlinear
operator, and G a singular operator.
The initial conditions are
Uw.0) = filw), Uy(w, 0)= f(w). ®)

To reveal the solution of equations (7), (8), taking modified double
Laplace transform (MDLT) of equation (7), and SMT of equation (8), we
obtain

%SZ(U(W, v)) - K1(n) - K, (n)
u

= Ez[f(w, v) - RU(W, v) - GU(w, v) - NU(w, v)], 9)

where K;(n), K,(n) are single modified transforms of f;(w), fo(w),

respectively.



158 Tarig M. Elzaki, Mourad Chamekh and Shams A. Ahmed

We assume that the solution of equation (7) can be expressed in the

series form:
Uw, v) = D Uyw, v). (10)
n=0

Taking the inverse MDLT of equation (9), and making use of equation

(10), we get

ZU,,(W, v)
n=0
= F(w, v)+ Sil{uzsz[f(w, v) = RU(w, v) = GU(w, v) = NU(w, v)[}. (11)

This strategy depends on how to choose the beginning iteration Ug(w, v),

that goes to the exact solution in a few steps for the action in the case we

prefer, to choose, Ug(w, v) = F(w, v).

Then the solution, U(x, t), can be recursively decided by utilizing:
Upsr(w, v) = €3 {0%ea[f (w, v) = RU, (. v) = GU,, (w, v) = NU, (w. V)],
Uy(w, v) = F(w, v).

From these equations, we obtain

UO(W, v), Ul(w, v), Uz(w, v), s

and after that we get the solution in a series form for equation (10).
4. Application

To demonstrate the productivity of this strategy in solving Benney-Luke
hyperbolic and singular pseudo-hyperbolic equations, we consider the

following examples:
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Example 1. In equation (5), we put f(w, v) =2v with the initial

conditions:
Uw,0)=1 U,(w,0)=w. (12)
Utilizing the same steps in area 3,

1
FEZ(U (w, v)) - n* - pn’

= &[U,y = U o + €U oy = U U,y = 2U,U,,,,, + 20). (13)
Applying the inverse MDLT to equation (13), we obtain
Ulw,v) =1+ wy + Sgl{uzsz[UWW =bU oow T €U vy
-u,U,,, —22U0,U,, +2].
At that point, the recursive relation is as follows:

(Un )ww - b(Un )wwww + C(Un )wwvv }}
- (Un)v (Un)ww - 2(Un)W(Un)WV +2v ||’

Upsi(w, v) = EEI{HZQ[
Ug(w, v) =1+ wv. (14)
The primary components are given by
Up(w, v) =1+wv, Uj(w,v)= S_I{MZSZ[O]} =0.
Then the solution of equation (5) with f(w, v) = 2v is

00
Uw, v) = ZU,,(W, v) =1+ wy
n=0
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Figure 1. Result obtained in Example 1 of Benney-Luke and singular

pseudo- hyperbolic equation.

Example 2. In this example, we put
flw, v) = —=(w?sinv + 4sinv + 4cos v)
in equation (6), with
U(w, 0) =0, U,(w,0)=w? (15)
Here we use the same steps which we used as before in Example 1:

&(U(w v))

3.4 2
- 20 +82{li( "UJN 9 (wa—Uj—4sinv—4cosv}. (16)

B 1+u? wow "W ow )" woway " ow

Taking the inverse MDLT of equation (16), we obtain

U(w, v)

= w¥siny + &5 e, L0, QU L O (L0 o
=w7sinv +§€, {u sz{waw(wawj*-wawav(waw) 4sinv 4cosv}}.
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At that point, the recursive relations is given by

Un+l(W’ V)
_ )2 (19 ( dU, Y, 1 9% (AU, _ .
=€ {u Sz{waw(w T j+ o awar " 4sinv —4cosv |,

Uoy(w, v) = w? sin v.

From above, the primary components take the form:
Uy(w, v) = w? sin v, Ui(w, v) = Sil{pzsz[O]} =0.
Then, the solution of equation (6), with
flw,v) = —(w2 sinv + 4sinv + 4 cosv)

is

Ulw,v) = ZUn(w, v) = w? sinv.
n=0

Figure 2. Solutions in Example 2 of Benney-Luke and singular pseudo-
hyperbolic equation.
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Figures 1 and 2 present the solutions of Benney-Luke and singular

pseudo-hyperbolic equations in Examples 1 and 2, respectively.
5. Convergence Analysis

Here we study the convergence of MDLT, for the singular pseudo-

hyberbolic equation

10 ( aUY, 1 9> ( aU
UVV = %a—(WWJ + (ij + f(W, V). (17)

w W Owdv

Consider the Hilbert space, H = L*((k, k) [0, T]), defined by the set

of applications:

(U, V): (k, h) x[0, T], with

EH}H[HZIO” ey [U (v, v) (K, h)]dp}, (w, v) < oo (18)

We write the operator in the form:

0’U _ aU o%U .\ o%U o°U

B ow W Fowan T Vo, T ) (19

o) =w

The proposed analytical technique is convergent if we consider the

following:
N1. (Q(U)-0(V).U-V)<q|U-V|,0OU,VOH, q>0.

N2. If B > 0 is a positive constant such that |U | < B, ||V | £ B, then

there exists a constant C(B) > 0 such that
QW)-o(v). g)scB)|U-Vlgl. Dg U, VvOH.

The next theorem tells us about the sufficient condition for the

convergence.
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Theorem 4. The following holds:

U 0’U U U
QW) =5 Wiz Y awar Vo )

To prove this theorem, we just verify N1 and N2 for the above equation.
We have

_(3U _av U _ o) (90U _ %
o) -o(v)| = (W ‘W) * (W o WawzJ +(6w6v " owdy

+[w ou__,, oV j+w<f(v)—f(v))

w20y w20y

2 2
= %(U -V)+ W_aiz U -v) +—6?vav U -v)
63
P V)l U) = £ V)

Therefore, the inner product is given by
W) -o(v).Uu-Vv)

:(%(U—V),U—Vj+(wa—22(U—V),U—VJ

ow

9° 9’
+(W(U -V),U —V] +(W6w26v U-v)u —VJ
+(w(fU) - fV)).U-V) (20)
if there exists o; such that

0
(%(U—v),U—vjan—V"z, Iw| < a. @1
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It follows by the use of Schwartz inequality that

O w-v)

U=V
ow

“lw—U -V ), U -V [<|w
( o> J " ”

2
< 00,|U -V

or

2
(wa_z(U -V),U —Vj > —aya,| U -V |,
ow

i(U—v)

2
2 Ju-visaju-v[ @

62
—(W(U -V),U —VJ <

or

02 2
(m(u—v),u—sz -o3|U =V |7,

63 3
-lw (U-V)U-=-V|<|w w-v)|||u-Vv
i J<twi] 2w -mfio -vi
< a4 U -V | (23)
or
03 2
w——(U-V)U-V|z-oy|U-V]|". (24)
ow“odv

If fis a Lipschitzian function and ¢ >0, then according to Cauchy-

Schwartz inequality, we have
(-w(f(U)-r(vV),U-V)
<[wll f@) = fWIIIU =V < af fU) - W)U -V

<o qu-vP
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or
w(f(U) - fV).U=-V)z-oyqU -V . (25)
Substituting (21)-(25) into (20), we obtain
QW) -0(V). U -V) =z (og ~0oqay — a3 —04dy = aiQ),
|v-vIFew)-ow)u-v)zk|u -V,
K = a; — a0, — a3 — 004 — 4G,
where a;, 0,, 03 and 04 are constants.

Thus N1 holds.

Now, we verify N2. We have

(W) -0v). g)

= (%(U -V), gj+[w%(U -V), gj+(%(U -V), gJ

w2y

63
(5T =V i) - ) ), 2
Exploiting Schwartz inequality, and the fact that U and V are bounded,
there exists a number 05 such that
QW)-0V), g) < as|U-V]|g].
Thus N2 holds.

6. Conclusion

Using a newly developed strategy, we found the exact solutions of the
Benney-Luke and singular pseudo-hyperbolic equations. More generally, we

observe that this strategy is more time-efficient and less demanding.
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