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EXISTENCE OF FIXED POINT FOR NONLINEAR 
OPERATOR IN PARTIALLY ORDERED 

METRIC SPACES 

 

Abstract 

In this article, first we introduce new notions of a contractive mapping 
and establish some fixed point theorems for the contractive mapping in 
the setting of LG-complete LG-metric spaces. Further, we establish a 
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new criterion between weakly regular cone and normal cone, and we 
also obtain a fixed point result in the same LG-complete LG-metric 
spaces by making use of analysis technique. Later, we give some 
examples to illustrate the valid of our main results. 

1. Introduction 

Banach contraction mapping principle is one of excellent results in 
functional analysis fields. Following the well-known results, many 
researchers have paid their attention to improving, generalizing, extending 
and enhancing this theory. Most of the authors have devoted to generalize 
some nice results to various abstract spaces such as quasi-metric spaces, 
partial order metric spaces, G-metric spaces and so on (see, e.g., [1-29]). 

It is well known that fixed point theory in ordered metric space is 
important in many research fields of mathematical problems, sciences, 
technology, economics etc (see, [3-10]). For decades, the classical theory of 
fixed points in ordered metric space and G-metric space has been brought to 
light as crucial and powerful tool in the study of nonlinear problems. The 
existence and uniqueness of fixed point with fixed point iterative techniques 
have been successfully applied in many research areas such as chemistry, 
physics and so forth. One refers to see ([10-29]) and the references therein. 

Many authors considered fixed point theory by applying simultaneously 
enriching metric space structure with partial orders afterwards. One can refer 
[1-29], where many famous researchers improved and generalized some 
fixed point results. All in all, the results of fixed points of contractive 
mappings have been a center on rigorous research for a long time. 

Recently, many nice fixed point results have been obtained in G-metric 
space, one can see ([10, 11]) and the references therein. Samet et al. showed 
that some fixed point theorems in the circumstance of a G-metric space could 
be showed (by simple change) applying associate existing results in the 
ascertained a (quasi-) metric space [27]. It means that, if the contraction 
condition of the nonlinear operator on G-metric space can be split into two 
variables, then one can give an equivalent nonlinear operator equation in the 
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ascertained usual order metric space. Newly, Karapinar and Agarwal 
established many nice results [15]. They presented new contraction condition 
in G-metric space. Agarwal et al. considered some excellent results for a 
class of generalized contractions in ordered metric spaces ([3-5]). Karapinar 
et al. studied a few results on fixed points [16]. 

Mustafa and Sims constructed a structure of generalized G-metric space 
and presented certain basic topological properties of G-metric spaces (see 
[18]). Mustafa proved new fixed point theorems of various mappings in 
G-metric spaces. Since then, many authors have studied and expanded fixed 
point theory on G-metric spaces [23], and further results one can see ([7-24]). 
Popescu gave the definition of multi-valued operators [26]. For more 
interesting results, one can also refer to ([12-14], [18-21]), in which listing 
the fixed point theory in G-metric space. And some other new fixed point 
theorems for operators satisfying various contractive conditions in G-metric 
spaces were showed in ([19-29]). Karapinar et al. proposed a number of 
coupled fixed point results in G-metric spaces [17]. 

From then on, the G-metric space has been attracted serious concern of 
both mathematicians and natural philosopher. Thus, the theory about the 
G-metric space became a very popular topic largely in the sense of 
perspective of fixed point theory. For other definitions of G-metric space, 
one can refer the author to see [2-7] and [18]. 

As far as we know that a few of authors have used fixed point theory to 
study the existence of solutions to a singular and/or nonsingular boundary 
value problem. The text by Agarwal [2-4], Ćirić and Lakshmikantham [6], 
Gaba [10, 11] are excellent resources for the use of fixed point theory in the 
considering the existence of solutions to boundary value problem. While 
much attention has been focused on the Cauchy problem for differential 
operator. 

In the present article, one of the novelties is the fact that existence of a 
solution is established in terms of the functional associated to the nonlinear 
differential operator. It is also found that the fixed point of nonlinear operator 
is equivalent a solution of nonlinear differential equation boundary value 
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problem. It would be interesting to consider the existence of fixed point for 
nonlinear operator in partially ordered metric spaces. It is well known that 
real ecosystems demonstrate patters of complex competitive relations 
containing multiple species. However, to solve this kind of problem, there is 
no equivalent theorem for systems. The purpose of this note is to fill this gap. 
Now we might as well try to put forward the following new definitions on 

contracting metric space. Denote ,,R  .,0R  

Definition 1.1. Let E be a nonempty set and REEEL :  be a 
nonnegative function satisfying the following properties: 

(C1) ,0,,, wvuL  and 0,,, wvuL  if and only if 

,,wvu  for any ;;,,, EwEvu RR  

(C2) ,,,,,,,0 wvuLwuuL  for any ,, Evu  ,w  

,; ERR  ;vw  

(C3) ,,,,,,,,, wuvLvwuLwvuL  

,,,,,,,,,, uvwLvuwLuwvL  

 for any ;,,,, RREwvu  

(C4) ;,,,,,,,, wwtLttuLwvuL  

;,,,,,,,, wvtLtvuLwvuL  

,,,,,,,,,, wvtLwtuLwvuL  

for any Etwvu ,,,  and ., RR  (rectangle inequality). 

Then the function L is said a generalized metric, or, more specifically, a 
LG-metric on E, and the pair LGE,  is said to be a LG-metric space. 

Noticing that every LG-metric on E induces a metric LGd  on E defined 

by 
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21

0
3,

LL
LG dvud  for all ,, Evu  (1.1) 

where .,,,,, 21 uvvLLvuuLL  

In order to get better idea about the subject, we would give the following 
examples of LG-metrics. 

Example 1.2. Let LGE,  be a metric space. The function EEL :  

,,0E  defined by 

 uwdwvdvudwvuL LGLGLG ,,,,,,,sup,,,  (1.2) 

for any .;,,, EwEvu RR  

Example 1.3. Let .,RE  The function EEEL :  

,0  defined by 

 vuwvwuwvuL ,,,,,  (1.3) 

for any EwEvu ;,,, RR  is a LG-metric on E. 

Example 1.4. Let LGE,  be a LG-metric space and 1, nnnw  be 

a sequence of points of E. We call that 1, nnnw  is LG-convergent to 

Ew  if 

0,,,,lim
,

mmnn
mn

wwwL  (1.4) 

that is, for any ,0  there exists a positive integer number NN  such 
that 

mmnn wwwL ,,,,  

for any ., Nmn  We say that w  is the limit of the sequence and denote 

www nn 00,,  or .,,lim 00 www mmm
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Proposition 1.5. Let LGE,  be a LG-metric space. Then the following 

conditions are equivalent: 

  (i) 1, nnnw  is LG-convergent to ;, 00 ww  

 (ii) ;0,,,,lim wwwL nnnn
n

 

(iii) ;0,,,lim wwwL nn
n

 

(iv) .0,,,,lim
,

wwwL mmnn
mn

 

Remark 1.1. If ,, nnn xw  then we would obtain the same 

properties as some papers (see [2-15]). 

Definition 1.6. Let LGE,  be a LG-metric space. A sequence 

Ew nnn 1,  is said to be a LG-Cauchy sequence if 

,0,,,,,lim
,,

ssmmnn
snm

wwwL  

that is, for any ,0  there exists a positive integer number NN  such 
that 

ssmmnn wwwL ,,,,,  for all .,, Nsnm  

Definition 1.7. Let LGE,  be a LG-metric space. Then the following 

conclusions are equivalent: 

(1) the sequence Ew nnn 1,  is LG-Cauchy; 

(2) for any ,0  there exists a positive integer number NN  such 
that 

mmmmnn wwwL ,,,,,  for all ., Nnm  

Definition 1.8. A LG-metric space LGE,  is called LG-complete if 

every LG-Cauchy sequence is LG-convergent in ., LGE  
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Definition 1.9. Let LGE,  be a LG-metric space. A mapping 

EEEE:K  is called LG-completely continuous if K  is compact 
and LG-metric continuous. 

Definition 1.10. Let LGE,  be a LG-metric space. A mapping 

:Q EEEE  is said to be LG-metric continuous if for any three LG-

convergent sequences ,1 Eu nn  ,1 Ev nn  Ew nnn 1,  

satisfying ,lim uun
n

,lim vvn
n

,,lim ww nnn
 respectively, 

such that 

,,,,,,lim wvuwvu nnnnn
QQ  for any .,, Ewvu  

Notice that each LG-metric on E induces a topology LGd  on E. For any 

Eu  and ,0  ,,,,,, wwuLEuuLGB  ,Ew  

RR,  is a family of open LG-balls in E. A nonempty set EM  

is LG-closed in the LG-metric space LGE,  if .MM  We see that 

,, MuMu LG ∩B  for all .0  (1.5) 

Definition 1.11. Let LGE,  be a LG-metric space and M be a 

nonempty subset of E. Then M is LG-closed if for any LG-convergent 
sequence. A mapping EEEE:Q  is said to be LG-metric 

continuous if for any LG-convergent sequences Mw nnn 1,  with 

limit ,w  one has .Mw  

Motivated and inspired by above excellent articles, we would like to 
overcome the difficulties caused by compactness, and construct a new 
contracting operator as well present a new technique to establish the 
existence and uniqueness of fixed point. In this work, we extend, generalize, 
improve, enrich, boost, fortify, heighten, promote and enhance the above 
mentioned fixed points results of nonlinear contraction mapping in partially 
ordered LG-metric spaces under some weaker conditions. We also present 
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some examples to demonstrate our results. Firstly, we give some new 
definitions and fixed point results in a LG-complete LG-metric space. Then 
the aim of the article is also to propose an original criterion that a weakly 
regular cone is a normal cone on LG-complete LG-metric spaces and prove 
the corresponding results. We should address here that our new results 
extend and complement some known results. 

The rest of the article is organized as follows. In Section 2, some 
elementary and new definitions are introduced. Then the main results and 
proofs are presented in Section 3. Some examples are given to demonstrate 
the application of our main results, and some discussion is provided in 
Section 4. 

2. Preliminaries 

In this section, we consider a few of elementary definitions from the 
asymmetric topology and the order metric space, which are necessary for a 
good understanding of the work below. 

The following definitions and results (cf. [18, 26, 29]) which is studied a 
comparison result about the LG-convergent and some notions of LG-metric 
space. Now let us go to see some corresponding concepts and results of 
LG-metric spaces. In the following paper, we denote ,, LGEE  

baJ , .1R  

Lemma 2.1. Let 3RE  be a subset. If there exists a function 
,0,0,0:  such that, for any ,0  ,d  

and 

 (i) ,,0,0,:,sup dvuvud  and 

(ii) Ewvu ,,  and ,,0,,0, ddvu  imply w  

,,0  then there exist functions ,0,0,0:,g  such 

that, for any ,,,,,0 g  and Ewvu ,,  with 

,,0,,0, ggvu  imply .,w  
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Lemma 2.2. Let 3RE  be a subset. If there exists an upper semi-
continuous function ,0,0,0:  such that  is non-

decreasing uvu,  for ,,0,0, vu  and Ewvu ,,  

implies ,, vuw  then there exists a lower semi-continuous function 

,0,0,0:  such that  is non-decreasing, for any 

,,,0 d  and Ewvu ,,  with 

,,0,,0, ddvu  

imply .w  

Let 1,0CE  be endowed with norm .,max
1,0

Eztzz
t

 Then 

E is a Banach space. 

Theorem 2.3. Let K be a self-map of Banach space ,E  and .0b  

Assume that 

1A  ,vuKvKu  for any u, v with ;0 bvu  

2A  For any ,0 b  there exists a real number b0,  

such that for any vuEvu ,,  implies .KvKu  Then 

we have 

D1  If there exists Eu0  such that ,00 bKuu  then the sequence 

0uKn  converges to a fixed point of K. 

D2  If ,E  is set of b-chainable points, then K has a unique fixed 

point ,u  and uuK n  for any .Eu  

Theorem 2.4. Suppose that E is a complete LG-metric space and 
EP  is a cone. If P  is weakly regular, then P  is a normal cone. 

3. Main Results 

Inspired by many nice ideas in [6-12, 16] and [19-29] with some 
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extensive research of the subject (see, e.g., [3-23]). In what follows, we 
would study weak -contractions on LG-metric spaces. 

Theorem 3.1. Suppose that EF nn 1  is a family of nonempty 

LG-closed subsets sequence of a LG-complete LG-metric space LE,  with 

∪
1n

nF  and for all ., mn FFmn ∩  Let :K be a map 

satisfying 

...,2,1,11 nKFKFF nnn  (3.1) 

and ,0,0:  be a positive continuous function with 00  

and 0  for 0  such that 

,,,,,,,,, wvuPwvuPKwKvKuL  (3.2) 

for all ...,,2,1,,,,, nFFFwvu nnn  where 

,,, wvuP  

,,,,,,,,,,sup
,

KvKvvLKuKuuLwvuL
nn FF

 

                         ,,,,, KwKwwL  

for any ,,, nn FFwvu  ....,2,1n  Then K has a unique fixed point in 

∩
1

.
n

nF  

Proof. Since 1F  is a nonempty subset of E, choose an arbitrary 10 Fu  

and define the sequence nu  as  

....,3,2,1,1 nKuu nn  (3.3) 

It follows from (3.1) that ....,, 312201 FKuuFKuu  If there exists 

Nn  such that ,
1nn

uu  we see that .
1 nnn

uuKu  Then, we 
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easily know that 
n

u  is a fixed point of K. Without loss of generality, we 

assume that nn uu 1  for any .Nn  Thus, for any ,Nn  by making use 

of (3.2), we know that 

22111 ,,,, nnnnnn uuuLKuKuKuL  

,,,,, 1111 nnnnnn uuuPuuuP  (3.4) 

where 

,,,,,,max,, 1111 nnnnnnnnn KuKuuLuuuLuuuP  

221111 ,,,,, nnnnnn uuuLKuKuuL  

.,,,,,max 22111 nnnnnn uuuLuuuL  (3.5) 

If  

,,,,, 22111 nnnnnn uuuLuuuL  

then 

.,,,, 22111 nnnnnn uuuLuuuP  

Hence, (3.4) induces that 

 221221221 ,,,,,, nnnnnnnnn uuuLuuuLuuuL  (3.6) 

which contradicts the assumption 1nn uu  for all .Nn  Consequently we 

see that .,,,, 22111 nnnnnn uuuLuuuL  Thus 11,, nnn uuuP  

.,, 11 nnn uuuL  From (3.4), we get that 

1111221 ,,,,,, nnnnnnnnn uuuLuuuLuuuL  

.,, 11 nnn uuuL  (3.7) 

Thus, we see that the sequence 11,, nnn uuuL  is a nonnegative 

nonincreasing sequence which converges to .0D  Letting n  in (3.7), 
we obtain 

.DDD  (3.8) 
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It follows from that .0D  So .0D  Thus, we have 

.0,,lim 11 nnn
n

uuuL  (3.9) 

We claim that 1nnu  is a LG-Cauchy sequence in ., LE  If not, there 

exists 00  and corresponding subsequences 1ssn  and 1ssm  of 

N  satisfying ssmsn  for which 

,,, 0snsnsm uuuL  (3.10) 

where sn  is chosen as the smallest integer satisfying (3.10), that is 

.,, 011 snsnsm uuuL  (3.11) 

By making use of (3.10) and (3.11) with the rectangle inequality, it is 
easy to see that 

snsnsm uuuL ,,0  

snsnsnsnsnsm uuuLuuuL ,,,, 111  

.,,10 snsnsn uuuL  (3.12) 

Taking limit as n  in (3.12) and applying (3.9) we get that 

.,,lim 0snsnsm
n

uuuL  (3.13) 

Observe that for every ,Ns  there exists sr  satisfying isr0  

such that 

.imsrsmsn  (3.14) 

Therefore, for large enough values of s we get 0srsmsh  and 

shu  with snu  lie in the consecutive sets jF  and ,1jF  respectively, for 

some ,0 ij  we substitute shuu  and snuwv ,  in (3.2) to 

get that 
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snsnsh KuKuKuL ,,  

,,,,, snsnshsnsnsh uuuPuuuP  (3.15) 

where 

snsnsh uuuP ,,  

,,,,,,max 11 snsnshsnsnsh uuuLuuuL  

           .,, 11 snsnsn uuuL  (3.16) 

Employing rectangle inequality repeatedly we obtain that 

snsnsh uuuL ,,  

snsnshshshsh uuuLuuuL ,,,, 111  

22111 ,,,, shshshshshsh uuuLuuuL  

 snsnsh uuuL ,,2  

1

11 ,,,,
m

hj
snsnsmsjsjsj uuuLuuuL"  (3.17) 

or equivalently 

snsnsmsnsnsh uuuLuuuL ,,,,0  

1

11 .,,
m

hj
sjsjsj uuuL  (3.18) 

Notice that the sum on the right-hand side of inequality (3.18) consists of 
finite ir 1  number of terms, and applying (3.9) each term of this sum 
convergent to 0 as .s  Therefore 

.,,lim,,lim 0snsnsm
s

snsnsh
s

uuuLuuuL  (3.19) 
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By making use of rectangle inequality, we get 

111 ,,0 snsnsh uuuL  

111 ,,,, snsnsnsnsnsh uuuLuuuL  

snsnshshshsh uuuLuuuL ,,,,1  

 11,, snsnsn uuuL  (3.20) 

from which we obtain 

.,,lim 0111 snsnsn
s

uuuL  (3.21) 

Letting s  and employing (3.9), (3.15) and (3.19) with (3.21) we 
have 

00000 0,0,max0,0,max  (3.22) 

and hence .00  We claim that 00  which contradicts the 

assumption that nu  is not LG-Cauchy. Thus, the sequence nu  is 

LG-Cauchy, and since LE,  is LG-complete space; it is LG-convergent to a 

limit, call .Ez  It can be easily gotten that ∩
i

s
sFz

1
.  Since ,10 Fu  the 

subsequence ,111 Fu nnm  the subsequence .11 mnmn Fu  All the 

m subsequences are LG-convergent in the LG-closed sets sF  and therefore, 

they all convergent to the same limit ∩
i

s
sFz

1
.  

To show that the limit of the Picard sequence is the fixed point of K, that 
is, .Kzz  Due to (3.4) with .,, zwvuu n  This induces to 

,,,,,,, zzuPzzuPKzKzKuL nnn  (3.23) 

where 

 .,,,,,,,,max,, 11 KzKzzLuuuLzzuLzzuP nnnnn  (3.24) 
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Letting ,n  we have 

.,,,,,, KzKzzLKzKzzLKzKzzL  (3.25) 

Thus 0,, KzKzzL  and hence, ,0,, KzKzzL  that is .Kzz  

Finally, we prove that the fixed point is unique. Assume that Ey  is 

another fixed point of K such that .zy  Then, since both y and z belong to 

∩
i

s
sF

1
,  we set yu  and zwv ,  in (3.4) which yields 

,,,,,,, zzyPzzyPzzyL  (3.26) 

where 

.,,,,,,,,,,max,, zzyLKzKzzLKyKyyLzzyLzzyP  

 (3.27) 
Then (3.26) becomes 

zzyLzzyLzzyL ,,,,,,  (3.28) 

and clearly, ,0,, zzyL  so we claim that ,zy  that is, the fixed point 

of K is unique. This completes the proof of the theorem.  

4. Examples and Discussions on the Conditions of Theorems 

To illustrate the -contractions on LG-metric spaces, we give the 

following example. 

Example 4.1. Let 1, 22 yxyxE  and EEEK :  be 

given as .4
1 xKx  Let 

11,01,1, 22 yxyxyxA  

and  

.11,10,1, 22 yxyxyxB  
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Define the function ,0: EEEL  as 

.,, 2
1222 xzzyyxzyxL  (4.1) 

Clearly, the function L is a LG-metric on E. Define also ,0:  

,0  as .4
15,0,2tt  Obviously, the map K has a unique 

fixed point .11,0,0,0, yxyxBAyx ∩  

It can be easily shown that the map K satisfies the condition (3.2). 
Indeed, notice that 

222,, KxKzKzKyKyKxKzKyKxL  

222
16
1 xzzyyx  

,,,16
1 zyxL  

,max,, 222 xzzyyxzyxP  

         ,,,,,,,,, KzKzzLKyKyyLKxKxxL  

,4
25,,,4

25,, yKyKyyLxKxKxxL  

,4
25,, zKzKzzL  

zyxP ,,  

,4
25,4

25,4
25,max 222 zyxxzzyyx  

.,,,, 2 zyxPzyxP  
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Then 

zyxPzyxPyyxP ,,1,,,, 2  (4.2) 

and clearly 

222
16
1,, xzzyyxKzKyKxL  

22221 xzzyyx  

.,,1 2 zyxP  

Hence, K has a unique fixed point by Theorem 3.1.  

It is also found that the differential equations boundary value problems 
and Cauchy problems provide an excellent instrument for the description of 
memory and hereditary properties of various materials and processes. With 
these features, various differential equations models become apparent in 
modeling electrical and mechanical properties of real materials. It is 
necessary to present the fixed point theory in a complete metric space. 

We discuss the conditions in this paper. It is easy to see that the functions 
satisfying the conditions of the theorems are rather wide. For example, we 
can obtain the following corollary: 

Corollary 4.2. Let E be a complete LG-metric space and EEK :      

be a -contractive single-valued operator with KuwwL ,,,,  

KuwwP ,,,,  for EEwvu ,,,,  implies 

,,,,, vuuPKvKuKuL  (4.3) 

where 

.,,,,,,,,max,, KvvvLKuuuLvuuLvuuL  

Then K has a fixed point. 
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In Section 2, we have shown how to construct the weakly regular cone. 
We also have provided the simplest way and technique to prove the original 
conclusion on the LG-metric space. In Section 3, by using monotone theory, 
the existence and uniqueness of fixed point theory is established. First we 
transform the original metric space to the complete metric space by 
constructing each LG-Cauchy sequence which is convergent. Then we 
compute the approximate subsequence and get the unique limit point on the 
LG-metric space. 

Remark 4.3. From above discussions, it is clear that our results improve 
and extend the results in [6, 11] and [12] with [23]. 
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