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ON THE EXISTENCE AND UNIQUENESS OF 

PERIODIC SOLUTION FOR RAYLEIGH 

TYPE p-LAPLACIAN EQUATION 

 

Abstract 

In this paper, we study the existence and uniqueness of periodic 

solution for Rayleigh type p-Laplacian equation 

( ( )( )) ( )( ) ( )( ) ( ).,, tetxtgtxtftxp =+′+′′φ  

We prove the existence and uniqueness of periodic solution of the 

given equation provided that there exist constants ,0>a  0>b  such 
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that ( ) ( ) 21
,,, R∈∀+≤ −

stbsastf
p

 or f is bounded below (or 

above) and g satisfies the monotonicity condition. 

1. Introduction 

We consider the existence and uniqueness of periodic solution of the 

following Rayleigh type p-Laplacian equation: 

 ( ( )( )) ( )( ) ( )( ) ( ),,, tetxtgtxtftxp =+′+′′φ  (1.1) 

where ,1>p  ,: RR →φ p  ( ) sss
p

p
2−=φ  for ,0≠s  ( ) ,00 =φ p  

( ),,2
RRCf ∈  ( ),,2

RRCg ∈  ( ),, RRCe ∈  f, g are T-periodic in the first 

variable t, and e is T-periodic with .0>T  

As is well known, the existence of periodic solutions for p-Laplacian 

differential equations has been studied extensively in literature by using 

various different mathematical techniques such as phase-plane analysis, 

continuation theorems, upper and lower solutions methods and variational 

methods (see [1-5, 7, 8, 10] and the references therein). In [1], Liu studied 

the periodic problems for the Liénard type p-Laplacian equation 

 ( ( )( )) ( ( )) ( ) ( )( ) ( ).tetxgtxtxftxp =+′+′′φ  (1.2) 

Assume the following conditions hold: 

( )1A  ( ) ( ) ,0,1 <′∈ xgCg R  for all .R∈x  

( )2A  There exists a constant 0>d  such that ( ) ( )( ) ,0, <− textgx  for 

all dx >  and .R∈t  

It was proved in [1] that equation (1.2) has a unique T-periodic solution. 

Lately, Wang et al. [7] generalized ( )2A  to the condition 

( )2A′  There exists a constant 0>d  such that ( )( ) ,0<− exgx  for all 

dx >  and ,R∈t  where ( )=
T

dtte
T

e
0

.
1
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For other related results, we refer to [3, 9]. In contrast to equation (1.2), 

equation (1.1) is less studied on the existence and uniqueness of periodic 

solutions. Since equations (1.1) and (1.2) have different structures, different 

conditions should be introduced to ensure the existence of periodic solutions 

for equation (1.1). In [8], Xiong and Shao studied the periodic problem for 

equation (1.1). Assume that the following assumptions hold: 

( )1B  ( ) ( ) ( )( ) ,0,, 2121 <−− xtgxtgxx  for all .,,, 2121 xxxxt ≠∈ R  

( )2B  There exists a constant 0>d  such that 

( ) ( ) ( ) ( ) .,0,0,,,0, RR ∈≤∀>−∈>∀<− txtexgtdxtextg  

( )3B  There exist nonnegative constants 21, mm  such that ,12 1
1 <− pp

Tm  

and one of the following conditions holds: 

 (i) ( ) ,00, ≡tf  ,R∈∀t  ( ) ,0, ≥xtf  ( ) ,, 2
R∈∀ xt  and ( ) ≥xtg ,  

;0,,2
1

1 ≥∈∀−− −
xtmxm

p
R  

(ii) ( ) ,00, ≡tf  ,R∈∀t  ( ) ,0, ≤xtf  ( ) ,, 2
R∈∀ xt  and ( ) ≤xtg ,  

.0,,2
1

1 ≤∈∀+−
xtmxm

p
R  

It was proved in [8] that equation (1.1) has a unique positive T-periodic 

solution. 

It is noted that the monotonicity condition ( )1B  takes the same role           

as ( )1A  in guaranteeing the uniqueness of T-periodic solution of related 

differential equations. 

In the present paper, we study the existence and uniqueness of periodic 

solutions of equation (1.1) under new conditions. On one hand, we assume 

that g only satisfies the sign condition in dealing with the existence of 

periodic solutions of equation (1.1). On the other hand, we do not require f to 

keep a constant sign. In Section 4, we give two examples to illustrate the 

applications of our results. 
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Throughout this paper, the usual norm in ( ),,0 TL
p  ,1 ∞+<< p  is 

denoted by .
p

⋅  That is, 

( ) ( ),,0,

1

0
TLxdttxx

ppT
p

p
∈







=   

and for any continuous T-periodic function ( ),tx  we set 

( ) [ ]{ }.,0:max Tttxx ∈=∞  

Moreover, we set 

{ ( ) ( ) ( ) }.,,: 11
RRR ∈∀=+|∈= ttxTtxCxCT  

2. Preliminary Lemmas 

We use a continuation theorem [6] to prove the existence of periodic 

solutions of equation (1.1). We first restate it here. Consider the boundary 

value problem 

 ( ( )) ( ) ( ) ( ) ( ) ( ),0,0,,, TxxTxxxxthxp ′=′=′=′′φ  (2.1) 

where ( ),,3
RRCh ∈  and h is T-periodic in the first variable. 

Lemma 2.1 [6]. Assume that Ω  is an open bounded set in 1
TC  such that 

the following conditions hold: 

  (i) For each ( ),1,0∈λ  the problem 

( ( )) ( ) ( ) ( ) ( ) ( )TxxTxxxxthxp ′=′=′λ=′′φ 0,0,,,  

has no solution on .Ω∂  

 (ii) The equation 

( ) ( ) ==
T

dtath
T

aF
0

00,,
1

 

has no solution on .R∩Ω∂  
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(iii) The Brouwer degree of F: 

( ) .00,,deg ≠Ω R∩F  

Then the problem (2.1) has at least one T-periodic solution on .Ω  

Lemma 2.2. Assume that there exists a constant 0>η  such that 

( ) ( ) ( )( ) [ ] .,,,,,0,, 21212121 xxxxtxtgxtgxx ≠ηη−∈∈∀<−− R  

Then equation (1.1) has at most one T-periodic solution ( )tx  satisfying 

.η≤∞x  

We can use the similar method as in [8] to prove Lemma 2.2. 

3. Main Results 

Theorem 3.1. Assume that the following conditions are satisfied: 

( )1h  There exists a constant 0>d  such that ( ) ( ) ( )( )textgtfx −+ ,0,  

;,,0 dxt >∈∀< R  

( )2h  ( ) ( ) ( )( ) 0,, 2121 <−− xtgxtgxx  for all [ ],,,, 21 ddxxt −∈∈ R  

;21 xx ≠  

( )3h  f is bounded from below or above. That is, there exists a constant c 

such that ( ) cxtf ≥,  or ( ) ( ) .,,, 2
R∈∀≤ xtcxtf  

Then equation (1.1) has a unique T-periodic solution. 

Proof. Consider the homotopic equation of equation (1.1): 

 ( ( )( )) ( )( ) ( )( ) ( ) ( ).1,0,,, ∈λλ=λ+′λ+′′φ tetxtgtxtftxp  (3.1) 

Let ( )tx  be an arbitrary possible T-periodic solution of equation (3.1). 

We proceed in three steps: 

(1) We first prove that 

 ,dx ≤∞  (3.2) 
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where d is defined in ( ).1h  Let [ ]Ttt ,0, 21 ∈  be such that 

( )
[ ]

( ) ( )
[ ]

( ).min,max
,0

2
,0

1 txtxtxtx
TtTt ∈∈

==  

Thus, ( ) 01 =′ tx  and ( ) .02 =′ tx  Now, we prove that ( ( )( )) .01 ≤′′φ txp  

Assume by contradiction that ( ( )( )) .01 >′′φ txp  Then there exists a 

sufficiently small positive constant δ  such that 

( ( )( )) ( ),,,0 11 δ+δ−∈>′′φ ttttxp  

which, together with ( ) ,01 =′ tx  yields 

( ) ( ) ( ) ( ).,,0,,,0 1111 ttttxttttx δ−∈<′δ+∈>′  

This contradicts with the fact that ( )1tx  is a maximum value. Since 

( ( )( )) ( )( ) ( )( ) ( ),,, 111111 tetxtgtxtftxp λ=λ+′λ+′′φ  

we get ( ) ( )( ) ( ) .0,0, 1111 ≥−+ tetxtgtf  According to ( ),1h  we obtain that 

( ) .1 dtx ≤  Similarly, we have that ( ) .2 dtx −≥  Thus, ( ) ( )txtxd ≤≤− 2  

( ) [ ].,0,1 Ttdtx ∈∀≤≤  Hence, .dx ≤∞  

(2) We next prove that there exists a constant 0>M  such that 

.Mx ≤′ ∞  

Integrating equation (3.1) from 0 to T, we get 

( )( ) ( )( ) ( )  =+′
T T T

dttedttxtgdttxtf
0 0 0

.,,  

It follows that 

( )( ) ( )( ) ( ) ( )  ∞+≤+≤′
T TT

TeCdttedttxtgdttxtf
0 00

,,,  (3.3) 

with ( ) [ ]{ }.,,0:,max dxTtxtgC ≤∈=  
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Let ( ) ( ){ },,,0max, xtfxtf =+  ( ) ( ){ }.,,0min, xtfxtf =−
 Then ( )xtf ,  

( ) ( ).,, xtfxtf
−+ +=  Thus  

( )( ) ( )( ) ( )( )   ′+′=′ −+T T T
dttxtfdttxtfdttxtf

0 0 0
.,,,  (3.4) 

We now assume that ( )xtf ,  is bounded from below. In this case, 

( )xtf ,−  is bounded and then ( )( ) ′−T
dttxtf

0
,  is bounded. It follows from 

(3.3) and (3.4) that ( )( ) ′+T
dttxtf

0
,  is also bounded. Since 

( )( ) ( )( ) ( )( )  ′+′=′ −+T T
dttxtftxtfdttxtf

0 0
,,,  

( )( ) ( )( )  ′+′≤ −+T T
dttxtfdttxtf

0 0
,,  

( )( ) ( )( )  ′−′= −+T T
dttxtfdttxtf

0 0
,,,  

we obtain that ( )( ) ′T
dttxtf

0
,  is bounded. Hence, there exists a constant 

01 >M  such that ( )( ) ≤′T
Mdttxtf

0 1.,  

As ( )tx  is T-periodic, there exists a [ ],,00 Tt ∈  such that ( ) .00 =′ tx  

Then we get that, for [ ],,0 Tt ∈  

( )( ) ( )( ) ′φ′=′φ
t

t
pp dttxtx

0

 

( )( ) ( )( ) ( )[ ] λ+λ−′λ−=
t

t
dttetxtgtxtf

0

,,  

( )( ) ( )( ) ( )[ ] ++′≤
T

dttetxtgtxtf
0

,,  

( ).1 ∞++≤ eCTM  
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Furthermore, we obtain that 

( ) [ ( )] .:1

1

1 MeCTMtx p =++≤′ −∞  

Consequently, 

 .Mx ≤′ ∞  (3.5) 

The case when f is bounded from above can be treated similarly. 

(3) To use Lemma 2.1 to prove the existence of T-periodic solution of 

equation (1.1), we set 

( ) ( )( ) ( )( ) ( )( ) ( ).,,,, tetxtgtxtftxtxth +−′−=′  

Then equation (3.1) is equivalent to the equation as follows: 

( ( )( )) ( ) ( )( ).,, txtxthtxp ′λ=′′φ  

Choose a constant 1++= dMK  and set 

{ ( ) ( ) }.,:1
KtxKtxCx T <′<∈=Ω  

In what follows, we check that all conditions of Lemma 2.1 are satisfied. 

It follows from (3.2) and (3.5) that equation (3.1) has no T-periodic solutions 

on .Ω∂  By the definition of F in Lemma 2.1, we have 

( ) ( ) ( ) ( ) ( )( )  −−==
T T

dtatgtfte
T

dtath
T

aF
0 0

.,0,
1

0,,
1

 

Since ,dK >  we obtain from ( )1h  that ( ) ,0>KF  ( ) .0<−KF  

Consequently, ( ) 0=aF  has no solution on { }., KK −=Ω∂ R∩  Finally,          

it is easy to check that ( ) .10,,deg =Ω R∩F  Therefore, it follows from 

Lemma 2.1 that equation (1.1) has at least one T-periodic solution. The 

uniqueness of T-periodic solution of equation (1.1) is guaranteed by ( )2h  

and Lemma 2.1 because we know from the proof of step (1) that each            

T-periodic solution ( )tx  of equation (1.1) satisfies .dx ≤∞  This completes 

the proof. 
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Suppose that f is not bounded from below or above, but there exist two 

constants ,0>a  0>b  such that 

( )4h  ( ) [ ] .,,0,,
1

R∈∈∀+≤ −
sTtbsastf

p
 

Then, we have the following result. 

Theorem 3.2. Assume that conditions ( )ih  ( )4,2,1=i  hold. Then 

equation (1.1) has a unique T-periodic solution. 

Proof. Let ( )tx  be an arbitrary possible T-periodic solution of equation 

(3.1). It follows from the proof of Theorem 3.1 that .dx ≤∞  Next, we 

prove that there exists a constant 0>′M  such that .Mx ′≤′ ∞  Multiplying 

both sides of equation (3.1) by ( )tx  and integrating it over the interval 

[ ],,0 T  we get 

( ( )( )) ( ) ( )( ) ( ) ( )( ) ( )   λ+′λ+′′φ
T T T

p dttxtxtgdttxtxtfdttxtx
0 0 0

,,  

( ) ( )λ=
T

dttxte
0

.  (3.6) 

In terms of (3.6) and ( ),4h  we have 

( ) ′
T

p
dttx

0
 

( ( )( )) ( )
′′φ−=

T

p dttxtx
0

 

( )( ) ( ) ( )( ) ( ) ( ) ( )  λ−λ+′λ=
T T T

dttxtedttxtxtgdttxtxtf
0 0 0

,,  

( )( ) ( ) ( )( ) ( ) ( ) ( )  ++′≤
T T T

dttxtedttxtxtgdttxtxtf
0 0 0

,,  
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( )( ) ( )( ) ( )  ++′≤
T T T

dtteddttxtgddttxtfd
0 0 0

,,  

( ) ( ) ∞
− +++′≤

T
p

eCbTddttxad
0

1
,  

where ( ) [ ]{ }.,,0:,max dxTtxtgC ≤∈=  By the Hölder’s inequality, 

we get 

( ) ( ) ( )  ∞+++






 ′≤′
T qT

ppp
eCbTddtxadTdttx

0

1

0

1

.  

Therefore, 

( ).1

1

∞
− +++′≤′ eCbTdxadTx

p
p

pp
p

 

Consequently, there exists a constant 02 >M  such that 

.2Mx
p

≤′  (3.7) 

Since ( ) ( ),0 Txx =  there exists [ ]Tt ,00 ∈  such that ( ) .00 =′ tx  Thus 

we have for [ ],,0 Tt ∈  

( )( ) ( ( )( ))
′′φ=′φ

t

t
pp dttxtx

0

 

( )( ) ( )( ) ( )[ ] λ+λ−′λ−=
t

t
dttetxtgtxtf

0

,,  

( )( ) ( )( ) ( )[ ] ++′≤
T

dttetxtgtxtf
0

.,,  (3.8) 

From ( ),4h  (3.7) and (3.8), we obtain 

( )( ) ( )( ) ( ) ∞++′≤′φ
T

p eCTdttxtftx
0

,  

( ) ( ) ∞
− +++′≤

T
p

eCbTdttxa
0

1
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( ) ( )∞+++






 ′≤  eCbTdttxaT
qT

pp

1

0

1

 

( ),1
2

1

∞
− +++≤ eCbTMaT

pp  

which implies that ( ) [ ( )] .:1

1
1

2

1

MeCbTMaTtx p
pp ′=+++≤′ −∞

−
 Hence 

.Mx ′≤′ ∞  The reminder is similar to the proof of Theorem 3.1.  

Remark 3.3. Obviously, if ( )2h  in Theorems 3.1 and 3.2 is replaced by 

( ) [ ],,,,0, ddxtxtgx −∈∈∀< R  

then still the conclusions of Theorems 3.1 and 3.2 hold. 

4. Examples 

In this section, we give two examples to illustrate the applications of 

Theorems 3.1 and 3.2. 

Example 4.1. Consider the following Rayleigh type p-Laplacian 

equation: 

( ( )( )) ( )( ) ( ) ( ) ,cossin2cos3sin 2
txxttxttxp =++−′++′′φ  (4.1) 

where .1>p  Here we have ( ) ( ),sin, xtxtf +=  ( ) ( )txtg cos3, +−=  

( ),sin2 2
xx +⋅  ( ) .cos tte =  Then ( ) ,sin0, ttf =  ( ) ( )txtgx cos3, +−=  

( ).cos22 2
xx+⋅  It is easy to check that 

( ) ,,1,2, R∈>∀−< txxtg  and ( ) ,,1,2, R∈−<∀> txxtg  

and so ( ) ( ) ( )( ) ,0,0, <−+ textgtfx  for ,1>x  .R∈t  Moreover, we 

have 

( ) [ ] ,,1,1,0, R∈−∈∀< txxtgx  
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and 

( ) ( ) .,suplim,,inflim ∞+=∞−=
+∞→+∞→

xtgxtg x
x

x
x

 (4.2) 

Thus conditions ( ),1h  ( )2h  and ( )3h  of Theorem 3.1 are satisfied. Therefore, 

equation (4.1) has a unique π2 -periodic solution. 

Example 4.2. Consider the following Rayleigh type p-Laplacian 

equation: 

( ( )( )) ( )( ) ( ) ,sin1lncos sin
ttxetxttx

t
p =−′++′′φ  (4.3) 

where .1>p  Here we have ( ) ( ),1lncos, xtxtf +=  ( ) ,, sin
xextg

t−=  

( ) .sin tte =  Then ( ) ,00, =tf  ( ) ., sin t
x extg −=  It is easy to see that 

( ) ( ) ( )( ) ( ) ,0sin,0, sin <+−=−+ txextextgtfx
t  ,ex >∀  R∈t  and 

( ) ( ) .,,0, 2
R∈∀< xtxtgx  Meanwhile, we have 

( ) ( ) +∞=−∞=
+∞→+∞→

xtfxtf
xx

,suplim,,inflim  (4.4) 

and 

( )
,0

1ln
lim

1
=+

−+∞→ px x

x
 

which imply that there exists a constant 01 >c  such that 

( ) ( ) .,,, 2
1

1
R∈∀+≤ −

xtcxxtf
p

 

Thus conditions ( ) ( )21 , hh  and ( )4h  of Theorem 3.2 are satisfied. Therefore, 

equation (4.3) has a unique π2 -periodic solution. 

Remark 4.1. It follows from (4.2) and (4.4) that all results obtained in 

[8, 10] and the references cited therein cannot be applicable to equations 

(4.1) and (4.3). 
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