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Abstract

In this paper, we study the existence and uniqueness of periodic

solution for Rayleigh type p-Laplacian equation
(@p (X)) + f(e. X(1)) + g(e. x(1)) = elr).

We prove the existence and uniqueness of periodic solution of the
given equation provided that there exist constants a > 0, b >0 such
Received: February 9, 2023; Accepted: March 18, 2023
2020 Mathematics Subject Classification: Primary 34C25; Secondary 34C15.

Keywords and phrases: p-Laplacian equation, periodic solution, continuation theorem.

FCorresponding author

How to cite this article: Congmin Yang, Zhihang Xu and Zaihong Wang, On the existence
and uniqueness of periodic solution for Rayleigh type p-Laplacian equation, Advances in
Differential Equations and Control Processes 30(2) (2023), 83-95.
http://dx.doi.org/10.17654/0974324323006

This is an open access article under the CC BY license (http://creativecommons.org/licenses/by/4.0/).
Published Online: April 13, 2023



84 Congmin Yang, Zhihang Xu and Zaihong Wang

that | f(t, s)| < d| s |p_1 +b, O(t, s) OR? or fis bounded below (or

above) and g satisfies the monotonicity condition.
1. Introduction

We consider the existence and uniqueness of periodic solution of the

following Rayleigh type p-Laplacian equation:
(@, (¥(1) + £t X)) + g(t, (1)) = e(0), (1.1)

where p>1, @,:R - R, (pp(s)=|s|p_2s for s #0, (pp(0)=0,

fOCR? R), g O0C(R% R), e dC(R, R), £, g are T-periodic in the first

variable ¢, and e is T-periodic with T > 0.

As is well known, the existence of periodic solutions for p-Laplacian
differential equations has been studied extensively in literature by using
various different mathematical techniques such as phase-plane analysis,
continuation theorems, upper and lower solutions methods and variational
methods (see [1-5, 7, 8, 10] and the references therein). In [1], Liu studied

the periodic problems for the Liénard type p-Laplacian equation

I

(@, (X)) + £ (x(1))x'(e) + g(x(r)) = e(r). (12)
Assume the following conditions hold:
(4) ¢ OC'(R), g'(x) <0, forall x OR.

(Ay) There exists a constant d > 0 such that x(g(z, x) — e(t)) < 0, for
all |x|>d and t OR.

It was proved in [1] that equation (1.2) has a unique 7-periodic solution.

Lately, Wang et al. [7] generalized (A,) to the condition
(A5) There exists a constant d > 0 such that x(g(x)—¢) <0, for all

| x| >d and t OR, where € :%J()Te(t)dt.
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For other related results, we refer to [3, 9]. In contrast to equation (1.2),
equation (1.1) is less studied on the existence and uniqueness of periodic
solutions. Since equations (1.1) and (1.2) have different structures, different
conditions should be introduced to ensure the existence of periodic solutions
for equation (1.1). In [8], Xiong and Shao studied the periodic problem for

equation (1.1). Assume that the following assumptions hold:
(By) (x; = x2)(g(t, x1) = (¢, x2)) <0, forall 1, x;, x, OR, x; # x,.
(B,) There exists a constant d > 0 such that

g(t, x)—e(t)<0,0x>d, tOR, g(x)=—e(t)>0,0x<0,t0R.

(B;) There exist nonnegative constants my, m, such that 2177 mT? <1,

and one of the following conditions holds:

i) f(,0)=0, O:rOR, f(t, x)=0, O x)OR? and g(t, x) =

—ml|x|p_1 -my, tOR, x20;

Gi) f(,0)=0, OrOR, f(r, x)<0, O x)OR?, and g(t, x) <

my| x|PV +my, Dt OR, x < 0.

It was proved in [8] that equation (1.1) has a unique positive T-periodic

solution.

It is noted that the monotonicity condition (B;) takes the same role
as (A;) in guaranteeing the uniqueness of T-periodic solution of related

differential equations.

In the present paper, we study the existence and uniqueness of periodic
solutions of equation (1.1) under new conditions. On one hand, we assume
that g only satisfies the sign condition in dealing with the existence of
periodic solutions of equation (1.1). On the other hand, we do not require f to
keep a constant sign. In Section 4, we give two examples to illustrate the

applications of our results.
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Throughout this paper, the usual norm in L”(0,T), 1< p < 4o, is
denoted by |[] . That is,

1
5], = (I()T|x(t)|pdtjp, +017(0, 7),

and for any continuous T-periodic function x(t), we set
| x|, = max{| x(¢)|: ¢t O[0, T]}.
Moreover, we set

ch ={x0Cc! (R, R)|x(t +T) = x(¢), Or O R}.
2. Preliminary Lemmas

We use a continuation theorem [6] to prove the existence of periodic
solutions of equation (1.1). We first restate it here. Consider the boundary

value problem

U

((pp(x')) =h(t, x, x'), x(0)=x(T), x'(0)=x'(T), (2.1)
where h U C (R3, R), and h is T-periodic in the first variable.

Lemma 2.1 [6]. Assume that Q is an open bounded set in C% such that

the following conditions hold:

(i) For each N\ T (0, 1), the problem

(0, (x)) =An(e, x, x'), x(0) =x(T), x'(0)=x(T)
has no solution on 0Q.

(ii) The equation

has no solution on 0Q [ R.
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(ii1) The Brouwer degree of F:
deg(F, QN R, 0) # 0.

Then the problem (2.1) has at least one T-periodic solution on Q.

Lemma 2.2. Assume that there exists a constant 1| > 0 such that

(v = x2) (g(t, 1) — g(r, x2)) <0, e OR, x1, xp O[-n, N, 3 # x,.
Then equation (1.1) has at most one T-periodic solution x(t) satisfying
| Xl <N,

We can use the similar method as in [8] to prove Lemma 2.2.
3. Main Results

Theorem 3.1. Assume that the following conditions are satisfied:

() There exists a constant d > 0 such that x(f(t, 0) + g(t, x) = e(t))
<0,0r0OR,|x|>d;

() (v = x)(g(t, %) — g(t, x2)) <0 forall t OR, x1, x, O[-d, d],
X1 z X253

() fis bounded from below or above. That is, there exists a constant ¢
such that f(t, x)=c or f(t, x) < c, O, x) O R2.

Then equation (1.1) has a unique T-periodic solution.

Proof. Consider the homotopic equation of equation (1.1):

1

(@p (X () +Af(t ¥'(1) + Ag(t, x(1)) = Ae(®), AD(0.1). (3.1
Let x(¢) be an arbitrary possible T-periodic solution of equation (3.1).
We proceed in three steps:

(1) We first prove that
| x|, <d, 3.2)
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where d is defined in (). Let ¢, t, [0, T] be such that

x(n) = e x(t),  x(r) = tDrflOi’nT ] x(t).

1

Thus, x'(t;) =0 and x'(t,) =0. Now, we prove that ((pp(x'(tl))) <0.

Assume by contradiction that ((pp(x'(tl)))’ > 0. Then there exists a

sufficiently small positive constant & such that

1

(@, (x())) >0, 10(n -8 1 +9),
which, together with x'(¢;) = 0, yields
K()>0,:0(, 4 +93), x(t)<0,t0( -9 1).

This contradicts with the fact that x(#;) is a maximum value. Since

(0, (n))) + M (a1, X(0)) + gy, x()) = Nefry),

we get f(#, 0) + g(t, x(#)) = e(f;) = 0. According to (k;), we obtain that
x(t;) < d. Similarly, we have that x(t,) = —d. Thus, —d < x(t,) < x(t)
< x(t) <d, 0t 00, T]. Hence, | x|, <d.

(2) We next prove that there exists a constant M > 0 such that
| x|, <M.

Integrating equation (3.1) from O to 7, we get

T

[ st xars [T gte s)ar = [ ety

0

It follows that

T , T T
“0 £t ¥ (0))dr sjo | g(. x(t))|dt+j0 let)|dr < (C +|e| )T, (3.3)

with C = max{| g(¢, x)|: ¢ O[0, T], | x| < d}.
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Let £ (r, x) = max{0, f(z, x)}, f~(r, x) = min{0, (¢, x)}. Then £(z, x)
= f*(@t, x) + f(t, x). Thus

T

T T _
j £t ¥(0))dr = jo £ X)) dr + jo (0, X)) ar. (3.4)

0

We now assume that f(f, x) is bounded from below. In this case,

_ T .
f (¢, x) is bounded and then I o/ (t, x'(¢))dt is bounded. It follows from

(3.3) and (3.4) that I()T ¥, x(t))dr is also bounded. Since

T , B T + , B '
[ 17 v @)1= [ ) + £ )

T oL, Too_
sj0|f (;,x(t))|dt+j0|f (r, X(1)) |dr

T

T
=[O - O)ar
we obtain that I 0T| f (&, x'(t))| dr is bounded. Hence, there exists a constant
M, > 0 such that jOT| £ X)) |dr < M,

As x(t) is T-periodic, there exists a #, [0, 7], such that x'(¢y) = 0.
Then we get that, for ¢ U [O, T],

0,0 = [ )

L; [-Af (2, X' (1)) — Ag(z, x(2)) + Ne(t)] dt

< [ UG K@)+ o, )]+ ) N

SM+T(C+|el,).
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Furthermore, we obtain that

1
| x(1)[ = [My +T(C +]e|,)p—1:= M.
Consequently,

| x|, <M. (3.5)

The case when fis bounded from above can be treated similarly.

(3) To use Lemma 2.1 to prove the existence of T-periodic solution of
equation (1.1), we set

h(t, x(¢) x'(1)) = =f (&, ¥'(e)) = g (2. x(£)) + e(2).

Then equation (3.1) is equivalent to the equation as follows:

1

(0, (x'(2))) = An(r, x(), X'(r)).
Choose a constant K = M +d +1 and set
Q={x0ck | x(r)| < K, | X' (t)| < K}.

In what follows, we check that all conditions of Lemma 2.1 are satisfied.
It follows from (3.2) and (3.5) that equation (3.1) has no T-periodic solutions

on 0Q. By the definition of F in Lemma 2.1, we have

1T 1T

F(a) = 71, h(t, a, 0)dt = 71, (et) = f(z, 0) - g(t, a))dt.

Since K >d, we obtain from (k) that F(K)>0, F(-K)<O.
Consequently, F(a) =0 has no solution on 0Q N R ={K, —K}. Finally,
it is easy to check that deg(F, Q R, 0) = 1. Therefore, it follows from

Lemma 2.1 that equation (1.1) has at least one T-periodic solution. The

uniqueness of T-periodic solution of equation (1.1) is guaranteed by (h,)

and Lemma 2.1 because we know from the proof of step (1) that each

T-periodic solution x(¢) of equation (1.1) satisfies | x|, < d. This completes

the proof.
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Suppose that f is not bounded from below or above, but there exist two
constants a > 0, b > 0 such that

(hy) | f(t. s)|<as|Pt+b, 000, T], s OR.
Then, we have the following result.

Theorem 3.2. Assume that conditions (k) (i =1,2,4) hold. Then

equation (1.1) has a unique T-periodic solution.

Proof. Let x(t) be an arbitrary possible T-periodic solution of equation

(3.1). It follows from the proof of Theorem 3.1 that | x|, < d. Next, we
prove that there exists a constant M' > 0 such that | x'| , < M'. Multiplying

both sides of equation (3.1) by x(¢) and integrating it over the interval
[O, T], we get
T
0

' T T
[, @ GO x()dr + [ Ao, ¥ @)+ [ Ao, () ()

B T
=\ j D)) (3.6)

In terms of (3.6) and (h4), we have

[NEQIL
0
T '
== @ (<)) x(e)as
_ T , T T
= j RYEIOEOrE j o Mo, x(0)x(0)dr =) j  l)x(0)dr

T , T T
< o 12O xO)de+ 15 ) ]0)lar + [ ] ele)]]x0) L
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T T T
<df |76 xO)de+af [l x0)dr+af Jelo)]ar
T -1
Sad.[o | X'(t)|P " dt +Td(b + C +]e]),

where C = max{| g(t, x)|: ¢ 0[0, T}, | x| < d}. By the Holder’s inequality,

we get
1

1
T — T o
h|ﬂﬁPm5mﬁPUOquM0q+M@+C+pk)

Therefore,
1
"p P, (p-l
|x|pSadT |x|p +Td(b+C +|el,).

Consequently, there exists a constant M, > 0 such that

| X[, < M. 3.7)

Since x(0) = x(T), there exists #y 0[0, T] such that x'(ty) = 0. Thus
we have for ¢ [0, T},

| @, (x'(1)) | = ‘ L; (0, (1)) dr

I :0 [-Af (2, x'(2)) = Mg (. x(2)) + Ne()]dt

T
<[ 1A SO+ gl 5O+ el GB)
From (hy), (3.7) and (3.8), we obtain
T
o) < [ 1 X O)ar +7(C +]el,)

T
Sah|f@ﬁﬂm+T@+C+kk)
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1 1
— T -
< aTPUO |x'(t)|pdtjq cT(b+C+|el)

1

<aT?MP™ +T(b+C+|el,),

1
4 |
which implies that | ¥'(r)| < [aT PME™ +T(b+C +|e|,)[p=1 := M. Hence

| x'|,, < M'. The reminder is similar to the proof of Theorem 3.1.
Remark 3.3. Obviously, if (h,) in Theorems 3.1 and 3.2 is replaced by
gx(t, x) <0, rOR, x0O [—d, d],

then still the conclusions of Theorems 3.1 and 3.2 hold.
4. Examples

In this section, we give two examples to illustrate the applications of
Theorems 3.1 and 3.2.

Example 4.1. Consider the following Rayleigh type p-Laplacian
equation:

I

(0, (x'(1))) +sin(t + x'(r)) = (3 + cosz) (2x + sin x?) = cost, 4.1)
where p >1. Here we have f(t, x) =sin(t +x), g(t, x) = (3 + cost)
[M2x +sinx2), e(r) =cost. Then f(t,0)=sinz, g (r, x) = —(3 + cos?)
02 + 2xcos x2). It is easy to check that

g(t, x) <-2,0x>1¢t0R, and g(t, x) >2 Ox < -1, ¢t0OR,

and so x(f(r, 0) + g(z, x) —e(t)) <0, for |x|>1, OR. Moreover, we

have

g.(t, x)<0, OxO[-1,1], tOR,
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and

liminf g, (t, x) = =0, limsup g (¢, x) = +oo. (4.2)

‘x‘_.+oo ‘x‘_.+oo

Thus conditions (%), (h,) and (h3) of Theorem 3.1 are satisfied. Therefore,
equation (4.1) has a unique 27 -periodic solution.

Example 4.2. Consider the following Rayleigh type p-Laplacian
equation:

I

(0, (x'(1))) +costin(l +]x'(c)]) - SN x(r) = sint, (4.3)

where p >1. Here we have f(t, x) = coszIn(l +|x|), g(t, x) = —e*"'x,

e(t) =sint. Then f(t,0)=0, g,.(t x)= AL (I easy to see that
x(£(t, 0) + g(t, x) = e(t)) = =x(e*™'x +sin ) < 0, Ox|>e, rOR and

g,(t, x)<0,0(, x)O R?. Meanwhile, we have

liminf f(f, x) = =0, limsup f(t, x) = +o0 (4.4)
‘ X ‘ - +oo ‘ X ‘ — 00
and
In(l +]x[) _ 0

i}

x| =40 | x|P7
which imply that there exists a constant ¢; > 0 such that
| £z, x)| < |x|p_l +¢, O, x) OR2.

Thus conditions (), (k) and (k) of Theorem 3.2 are satisfied. Therefore,
equation (4.3) has a unique 27 -periodic solution.
Remark 4.1. It follows from (4.2) and (4.4) that all results obtained in

[8, 10] and the references cited therein cannot be applicable to equations
(4.1) and (4.3).
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