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Abstract

The 2-D Boussinesq equation of 10th order is derived from its bilinear
form. Its soliton solutions are studied in detail using the Hirota’s
bilinear method. Since the 2-D Boussinesq equation is not completely
integrable, we only obtain its 1-soliton and 2-soliton solutions. The
equation is solved by the tanh method to reconstruct the 1-soliton
solution obtained by the Hirota’s method.
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1. Introduction

The study of nonlinear partial differential equations and analysis of their
solution is one of the most fascinating research works. Bounded solutions
to such equations, in particular, soliton solutions have gained significance
after the pioneering works of Hirota, Hietarinta, Malfliet, Wazwaz and
many others in the recent literature. It is well recorded that the Boussinesq
equation is used to model the propagation of long waves in shallow water
[14]. The 2-D Boussinesq equation governs the propagation of gravity waves
on water surface [6]. Soliton solutions can be obtained from many standard

methods such as: inverse scattering method, G'/ G method, tanh method,

tanh-coth method, perturbation method, the Hirota’s method and so on
1,2, 12, 14].

In this paper, we derive the 10th order 2-D Boussinesq equation applying
Hirota’s direct method which expresses it in a bilinear form. Any Hirota’s
bilinear form possesses 1-soliton and 2-soliton solutions [4, 5]. We also treat
the derived equation with tanh method to get the soliton solution which

agrees with the 1-soliton solution of Hirota’s method.
2. Derivation of 10th Order 2-D Boussinesq Equation

In this section, we derive the 10th order 2-D Boussinesq equation. For

that we make use of Hirota’s bilinear form and the works of Hietarinta [4].

The (k, m)-order bilinear partial derivative of a function

f(x, t) Of (x, t) is defined in the literature [6] as follows:

DD (f (x. 1) OF (x. 1))
- [(g V(- 2) e t))}

Consider the two dimensional Boussinesq equation [7]:

xX'=x,t'=t

2 —
Wit = Wxx — 3(W )xx T Wyxxx T Wyy T 0. (1)



Soliton Solutions of 10th Order 2-D Boussinesq Equation 75

Integrating (1) twice with respect to x, we obtain
IJ. Wy dxdx —w — 3w? - Wiy — IJ. wyydxdx = 0. 2)

Using Hirota’s bilinear form [6, 12, 14], (2) can be expressed as

2
(D} - D3 =D} = D})(f OF) = 0, where w = 2:—210g flx, t,y). 3
X

Now, we extend the idea of Hirota’s bilinear form and consider the tenth
order bilinear form

P(D) = (D} - DY - Df —aD} -BD} - yD,’ - DY) (f OF) =0, (4)
where Q, 3 and y are real constants and the relation between w and f is same.

On expanding Hirota D-operators, we obtain

A(fuf = £7) = (fucf = £2) = (ax = 4Ff3x + 30
- a(ﬁ6x - 6fxf5x + lsfxxf4x - lofxzxx)
—B(ffsx = 8fcfrx + 28Fxcfox = 56 f3ufsx + 3514

- y(ﬂle - 10fxf9x + 45fxxf8x - 120f3xf7x + 210f4xf6x - 126f52x)

= (fpf =N =0. )
62

Using w = 26—210g f(x,t, ¥), (5 has the corresponding nonlinear
X

PDE:
2 2
Wit = Wxx — 3(W )xx Wy T a(w6x + 15WW4X + 30wa3x + 15(W2x)
+ 90ww)% + 45w2wxx) - Blwg, + 28wwg, + 56ws, W, + 98wy wy,
2 2 2 3
+70w3, + 210w wy, + 840ww, w3, + 420wwy, + 420w w,,

+1260w?w? + 420wy w?) = y(wyg, + 45wwg, + 90wy W,
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+ 255w, Wy, + 420ws, w3, + 210w§x + 4410wwy Wy,
+3150ww3, + 6300w, wy w3, +1575w3, + 630w wg,
+2520ww, s, + 1260wy, w2 + 3150wy,
+18900w>w wy, + 9450w w2, + 18900ww>w, .

+18900w w3 + 4725w wy ) = wy, = 0. (6)

In the next two sections, solutions are worked out for (4) and (6),
respectively.

3. The Hirota’s Method for 1-soliton and 2-soliton Solution

In this section, the Hirota’s direct method [6] is applied to deduce
1-soliton and 2-soliton solutions of the nonlinear PDE (4). Since the multi-
soliton beyond 2 for the 2-D Boussinesq equation is not in Hietarinta’s list

[3], they are not attempted here.
3.1. One soliton solution
In this subsection, we deduce the one soliton solution to (4).

For 1-soliton solution, we consider the auxiliary function f given by

kx+ly+ct

f=1+¢e , where €, k, [ and c are real constants in the tenth order

bilinear equation (4):
P(D) = (D} = D = D —aDy - BD} - D,° - DY) (f TF) = 0.
By using the formulas of Hirota operators [14] in (4), we obtain

2e(c? - k% —k* —ak® - Bk® — k!0 - 12) et = ¢,

Therefore, ¢ = i\/kz + k4 +ak® + Bk8 + yklo +72
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Solution of (6) is given by

sl

kK ofkx+ly—ct
= = sech (Tj 7)

where

¢ =+ k2 + kY +ak® + BrS + k10 + 12,
3.2. 2-soliton solution
In this subsection, we obtain 2-soliton solution of (4).

To deduce the 2-soliton solution, we choose the auxiliary function f in
(4) where

fElvefi+E2 ),
fi =+,
= a12691+92, 6, =kix+lLy—ct, i=12.
k;, l;, ¢; are real constants and the constant a;, is to be determined.
For more details, see [6, 13].

Now, by simplifying f and by equating the coefficients of e in

P(D)(f Of) = 0, we obtain
PD)(10f, + fOA + £, 0)=0,
(D7 - D = DY —abD? - B0} - yD,’ = D7) (2(£, O) + (£ Of)) =0,
Aap[(cf + e2)* = (kg + ky)? = (ky + ko )* = a(ky + kp)® = By + ko)
=k + k)"0 = (i + L)1+ (e = 2)* = (ky = k2)* = (ky — ky)*

—a(k; — ky)® = Blky — kp)* = ylky — k)"0 = (1 - 1,)*] = 0.
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Also,

(cr —e2)? = (ky = k2)* = (ky = kp)* —ailky = kp)°

ay = - Bk = k2)® = Y(ki = k)" = (4 - b)?
(e + 2)* = (ky + kp)? = (ky + k)t = ai(ky + &y)°

— Bk + ky)® = Ylky + k)10 = (1 + 1p)?

_ _ Pl —ky, e —cr [y — 1)
Plky +ky, ¢ +cp, ) +1)

Now, we obtain f as

f=1+ I»:(.eel + eez) + 82a12861+62

= 6 82y _ ZP(kl_kza Cl_Cz,ll_lz) 0,+6,
1+eg(e™ +e2)—¢ P(k1+k2,cl+c2,ll+12)e .

2
Using the above f in w = 26—210g f(x,t, y), we obtain 2-soliton
Ox
solution of (4).
4. Tanh Method

In this section, we transform the PDE (6) into an ODE and solve the

resulting differential equation using tanh method.

To convert the PDE (6) into an ODE, we introduce a variable
z=kx+1ly—ct and w(x, t, y) =W(z). Then the PDE (6) reduces to the

following ODE:
(2 -k = 12)W,, —{6k*WW,, + 6k*W2 + k*W, }

4 4
— a{15k " WW,, +30k"W,W.

. H15KWE + 90KPWW 2 + 45K°W W,
+ kOWe,} — B{28KkOWW, + 56kOW, W5, + 98kOW,, Wy, + TOKOWE

+ 210k W W, + 840k WW, W5 + 420k 'WWZ + 4206°W3W,,
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+ 1260k W 2W2 + 420k W, W2 + kK3Ws.} — k! Ow,
+ 45kSWW, + 90KS W5 W, + 255k3W, W, + 42065 W5, W5,
+ 210k3W2, + 4410kWW, Wy, + 3150k WWZ, + 6300k W, W, W3,
+1575k°W5, + 630k°W W, + 2520kWW, W5, +1260kSW, W2

+ 3150k W W, + 18900k W W, W5 + 9450k W W5

+ 18900k 'WW W, + 18900k°W W2 + 4725k*W *W,.} = 0, (8)
_dw
where W, = o

The tanh method [9-11] admits the finite series expansion in terms of

M
tanh series given by W = ZakYk, where Y = tanh%, M N need to be
k=0

determined.

To find M, we balance the highest order Wy, and the exponent of

nonlinear term W3WZ2. This, in turn, implies that M +10 =3M +2(M +1),
so M =2.

On substituting M = 2 in the above series, we obtain
wix, t, y) =W(Y) =qg + ;Y + a2Y2. 9

Using (9) in the ODE (8), and collecting the coefficients of Y, we obtain

2 2
a; = 0. Now, fix qg = -5 and a, = 5 to get the desired solution

W = ﬁ[l - tanh2(éﬂ = ﬁ(l -Y?)
2 2 2 '

In order to examine the value c as in (7), we simplify the terms of the
ODE (8) as follows:
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2
(2 -k =2y, = (P -2 =)y -1 (- 7?),

6
2 22 o by =k 2 2
6k “WW,, + 6k“ W + k"Wy, _T(3Y -1)(1-Y7),
15*WW,, +30k* W, W, +15k* W5 + 90k*Ww 2

7722

+ 45K W W, + koW,

8
Eert-ne-r?),
28k OWW, . + 56kOW.W=. + 98kW, W, + 70kOW2
6z z"5z 274z 3z

+ 210k W2W,, + 840k WW_Ws, + 420k 'Ww5,

+ 420k2W3W,, +1260k*W W2 + 420k W, W2 + kP,

10
E-eri-ne-r?),
10 8 8 8
KWy, + 45KSWWy, + 90KSW; W, + 255k3We W,,
8 8yy72 6
+ 420k3Ws, Ws, + 210k3W2 + 4410kSWW,, W,
6 2 6 6yr73
+ 3150k SWWZ + 6300k°W, W, W5, +1575k5Ws5,
6172 6 6 2
+ 630kW W, + 2520k SWW, W5, + 1260k W, W

+ 3150k *W3W,, + 18900k W W Wy, + 9450k ‘W 2w,

+ 18900k 'WW 2 W, + 18900k *W W2 + 4725k W *W,,



Soliton Solutions of 10th Order 2-D Boussinesq Equation 81

Using the above simplification in the ODE (8), we obtain

¢ =+ k2 + kY +ak® + BrS + k10 + 12,

Finally, the solution to (8) is precisely (9):

2
_k 2 kx + 1y —ct
w——2 sech (—2 j

with ¢ = 2k + k% + ak® + kS + yk'® + 12, which agrees with the
1-soliton solution in (7).

Thus, we have successfully constructed the 1-soliton solution of
nonlinear PDE (6) by two efficient methods, namely, Hirota’s method and
tanh method.

5. Discussion

It is shown that the derived 10th order 2-D Boussinesq equation admits
1-soliton and 2-soliton solutions. It is worth noting that 2-D Boussinesq
equation is not completely integrable but it exhibits periodic solutions
[8]. Further work on finding other types of solutions of 10th order 2-D
Boussinesq equations such as periodic solutions, singular solutions and

shock wave solutions can be attempted if they exist.
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